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ABSTRACT.  ^This  monograph  presents  new  methods  of  calculating  electromagnetic 
fields  using  modeling  and  electronic  computers,  describes  the  operating 
principles  and  the  design  of  models  of  the  most  complex  mathematical  operations 
and  examines  the  methods  of  calculating  specialized  modeling  machines  for 
calculating  electromagnetic  fields.  The  last  chapter  considers  the  theory  of 
models  of  spatial  static  fields  with  an  optimal  boundary  structure.  Examples 
are  included  of  the  calculation  and  building  of  models  with  minimum  distorting 
boundary  and  new  methods  of  modeling.  The  book  contains  basically  original 
material  which  can  be  used  in  the  design  of  new  types  of  electromagnetic 
equipment.  The  book  is  intended  for  researchers  and  engineers  concerned  with 
calculating  elec tromagne tic  fields  and  developing  and  designing  new  types  of 
electrical  and  radio  equipment. 
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In  monograph  are  presented  new  methods  of  calculation  of 
electromagnetic  fields  with  the  help  of  simulation  and  electronic 
computers,  are  described  principles  of  action  and  construction 
of  models  of  separate  most  complicated  mathematical  operations, 
are  given  methods  of  design  of  specialized  analog  compute* s 
for  calculation  of  electromagnetic  fields.  In  last  chapter  is 
presented  theory  of  models  of  space  static  fields  with  optimum 
structure  of  boundary.  Are  given  examples  of  calculation 
and  construction  of  models  with  minimumly  distorting  boundary 
and  new  methods  of  simulation. 

Book  contains  -.sically  original  material  which  it  is  possible 
to  use  when  designing  new  types  of  electromagnetic  devices. 

It  is  intended  for  scientists  and  engineers  occupied  with 
calculations  of  electromagnetic  fields  and  also  developing 
and  designing  of  new  types  of  electro-  and  radlotechnical 
devices. 


Editor-In-Chief 
Associate  Member  of  Ukranian 
Academy  of  Sciences 
G.  Ye.  Pukhov 


FTP-MT-66-86 


iv 


PREFACE 


Calculation  of  electromagnetic  fields  in  linear  media  usually  reduces  to 
solution  of  boundary  value  problems  for  partial  differential  equations  of  elliptic 
type.  Analytic  solution  of  these  problems  as  a  rule  is  very  complicated  and  is 
labor-consuming.  Technology  presents  ever  more  stringent  requirements  or.  speed 
and  accuracy  of  calculation  of  fields.  Distribution  of  field  determines  all 
properties  and  characteristics  of  any  electromagnetic  mechanism,  therefore  creation 
of  new  electrical  machine  or  insta]lat?on  is  inconceivably  without  preliminary 
calculation  and  analysis  of  picture  of  electromagnetic  field  in  it.  Earlier 
during  designing  of  one  or  another  electromagnetic  mechanism  it  was  possible  to 
be  satisfied  with  qualitative  character  of  distribution  of  field  and  for  calculation 
to  use  set  of  experimentally  obtained  relationships  very  approximately  reflecting 
essence  of  phenomenon.  At  present  the  power  of  electromagnetic  devices  has 
grown  so  much  that  an  error  during  their  design  of  several  percents  in  determination 
of  field  leads  to  impermissible  losses  of  energy  in  the  prepared  device  or  to  the 
device  not  satisfying  its  technical  requirements. 

These  circumstances  cause  necessity  of  developing  effective  methods  of 
calculation  of  electromagnetic  fields  based  on  strict  mathematical  relationships 
and  creation  of  specialized  computers  to  sufficiently  accurately  and  rapidly 
realizing  these  methods.  Application  of  universal  computers  discrete  action  for 
calculation  of  fields  frequently  turns  out  to  be  unjustified  since  it  requires  great 
expenditure  of  time  on  programming  of  every  concrete  problem  and  large  machine 
time  expended  on  its  solution.  For  complicated  forms  of  investigated  regions 
which  usually  are  met  in  practical  problems,  the  necessary  accuracy  of  solution 
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is  not  ensured  because  of  the  impossibility  to  operate  with  large  numbers  of 
Initial  data  with  a  limited  fast  store  in  the  machine. 

The  best  solution  would  be  simulation  of  the  calculated  fo.eld  by  a  field  of 
another  physical  nature  in  an  analog  model.  However  there  exist  fields  for 
simulation  of  which  it  is  not  possible  to  construct  analog  model.  Besides,  even 
for  those  fields  which  it  is  possible  to  model,  to  construct  model  ensuring 
assigned  accuracy  is  costly  and  complicated.  Expenditure  of  labor  on  manufacture 
of  model  would  be  Justified  if  it  in  a  certain  sense  was  universal,  i.e.,  allowed 
simple  change  of  circuit  of  region  of  investigated  field  and  boundary  conditions 
on  it  and,  due  to  this,  could  be  used  for  solution  of  many  practical  problems  of  the 
same  kind.  However,  to  construct  such  a  model  has  not  yet  been  managed. 

In  connection  with  this  there  is  a  rational  solution  of  problem  of  calculation 
of  a  field  by  complex  means,  i.e.,  analytic  calculation  should  be  combined  with 
simulation  of  separate,  most  complicated  and  labor-consuming  operations.  For 
this  is  required  to  construct  algorithm  of  solution  of  problem  such  that  it 
consists  of  small  number  of  well  modeled  mathematical  operations  common  to  the 
given  class  of  problems,  combined  with  simple  and  efficient  arithmetical 
calculations.  Similar  structures  of  electromagnetic  fields  different  in  nature 
permits  constructing  an  algorithm  satisfying  these  requirements.  Models  of 
separate  operations  entering  into  it  can  be  made  sufficiently  accurate  and  either 
universal,  in  the  sense  of  simplicity  of  change  of  boundary  conditions,  or  simple 
and  cheap. 

Advantage  of  proposed  algorithmic  method  of  simulation  is  possibility  of 
appraisal  of  upper  limit  of  methodical  error  of  obtained  solution  with  limitations, 
put  on  boundary  conditions,  satisfied  in  the  majority  of  practical  cases.  This 
maker  solution  of  problem  with  the  help  of  simulation  not  less  reliable  then 
wnen  using  direct  analytic  methods. 

At  present  has  appeared  possibility  of  creating  complex  of  modelling  devices 
for  calculation  of  electromagnetic  plane-parallel  fielas.  Such  a  complex  can 
be  considered  as  a  specialized  computer  whose  clement  are  adjusted  for  simulation 
of  limited  number  of  complicated  mathematical  operations.  From  sequence  of 
these  operations  it  is  possible  to  construct  algorithm  of  solution  of  majority 
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of  problems  of  calculation  of  plane-parrallel  electromagnetic  fields  met  in 
practice. 

In  book  are  presented  element  of  theory  of  devices  simulating  mathematical 
operations  encountered  during  calculation  of  fields,  the  construction  and  principle 
of  operation  of  these  devices  are  described  and  algorithms  are  given  of  solution 
of  separate  problems  by  calculation  of  fields,  adjusted  for  realization  of  them 
with  the  help  of  analog  computers  ana  on  universal  computers. 

Analytic  methods  of  calculation  of  volume  fields  are  developed  considerably 
worse  than  methods  of  calculation  of  flat  fields.  Up  to  now  to  the  most  effective 
means  of  determination  of  space  static  fields  has  been  their  simulation  in  a 
conducting  medium  or  in  a  volume  grid  by  a  direct  current  field.  However  during 
simulation  also  appear  difficulties  connected  with  unlimited  extent  of  the  field. 

It  is  impossible  to  present  an  infinite  model.  Eoundary  of  model,  being 
interface  of  two  different  media,  distorts  modelled  field.  The  error  appearing 
here  frequently  attains  an  inadmissible  magnitude.  It  is  of  great  interest 
to  construct  a  model  in  which  boundary  would  not  introduce  distortions. 

It  is  known  that  it  i.;  impossible  to  construct  a  model  of  volume  field  in 
which  completely  absent  will  be  distortions  introduced  by  its  boundary  without 
application  of  active  element,  of  adjusted  every  time  for  maintainance  of  concrete 
boundary  conditions.  However  if  one  were  to  definitely  select  the  form  and 
structure  of  boundary  of  model  then  error  introduced  by  boundary  can  be  made 
small,  independently  of  distribution  of  sources  of  modelled  field.  A  theory  of 
models  for  investigation  of  space  fields  possessing  such  properties  is  discussed 
in  the  last  chapter  of  this  book.  J.n  it  is  considered  how  to  determine  form 
and  structure  of  boundary  of  model  ensuring  expedient  minimum  of  distortions 
of  modelled  field  in  assigned  region,  independent  of  location  of  field  sources 
and  properties  of  medium  in  which  it  is  modelled.  On  the  basis  of  solution  of 
this  problem  was  developed  a  new  analog  computer  for  calculation  and  design  of 
optimum  electro-protection  of  the  underground  pipeline  or  cable  network  from 
soil  corrosion  and  from  corrosion  caused  by  stray  currents  of  electrified 
railroads,  a  new  method  of  simulation  of  volume  fields  of  great  extent  by  sections 
was  presented,  attenuators  for  \ ~j.ume  grids  and  electrolytic  baths  was  designed. 
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Book  Is  intended  for  engineers-electricians  therefore  author  strives,  with 
ideas  lying  at  basis  of  analytic  methods  of  calculation  of  fields,  to  give  physical 
or  geometric  interpretation.  With  this  goal  in  first  chapter  are  given  necessary 
relationships  from  field  theory  and  the  connection  is  shown  between  plane-parallel 
electromagnetic  fields  and  the  theory  of  analytic  functions  of  complex  variable. 
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CHAPTER  I 

ANALYTIC  FUNCTIONS  AND  FLAT  FIELD 
§  i.  Harmonic  Functions  on  Plane 

Potential  of  electrostatic  field  of  charges  distributed  in  space  satisfies  the 
Poisson  equation 

du-gradt'-;  -®-  (1.1) 

Here  U  -  potential;  p  —  volume  density  of  charge;  e  -  dielectric  constant  of 
medium. 

For  plane-parallel  field  this  relationship  In  right-angle  coordinates  is 
recorded  so: 

&U  &U  t  ,, 


where  t  —  limit  of  relation  of  magnitude  of  charge  in  volume  of  filament  with 
cross  section  AS  and  unit  length  to  area  of  cross  section  AS  as  AS— 0  In  that 
part  of  space  where  charges  are  lacking  (t  =*  0)  potential  satisfies  the  Laplace 
equation 


A U 


av  .  m 


=  o. 


(1-3) 


A  function  satisfying  the  Laplace  equation  is  called  harmonic.  Since  subsequently 
we  wii..  frequently  need  to  deal  with  harmonious  functions,  let  us  consider  their 
characteristic  properties. 

A  harmonic  function  can  have  neither  a  maximum  nor  a  minimum  at  any  of  +he 
internal  points  of  the  region  since  for  an  absolute  maximum  or  minimum  of  a 
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harmonic  function  in  any  point  it  in  necessary  that  all  its  partial  derivatives 
of  second  order  be,  at  t.iis  point,  cither  negative  only  or  positive  only  and  this 


is  incompatible  with  the  Laplace  equation. 

It  follows  from  this  that  potential  —  harmonic  function  —  can  take  a  maximum 
and  minimum  value  only  at  the  boundary  of  the  region  (for  instance  on  surface  of 
charged  conductors)  with  the  exception  of  that  case  when  it  is  constant  in  the 
entire  region  (e.g.,  inside  a  conductor). 

Let  us  write  the  Laplace  equation  on  a  plane  in  polar  coordinates 


At' 


<3HJ 

dr* 


I  dU  *U  0 
+  -rdr+7<&m0 


(1.4) 


Here  ,  .  |  />  f  .  c  _  arctg  * . 

Let  us  select  some  point  on  the  plane  as  the  origin  of  coordinates  and  plot  a 
circle  of  radius  R  with  its  center  at  this  point  (Fig.  1).  Since  potential  Is  e 
single-valued  function,  on  this  circle  tf(r.  %)-U(r,t  +2*.i)  (k  —  whole  number), 
i.e.,  potential  is  a  periodic  function  of  6  with  a  period  of  2s.  This  permits 
representing  it  in  the  form  of  a  Fourier  series  whose  coefficients  will  be  functions 
only  of  the  radius  of  the  circle. 

t/(r.»)  -*,(r)+  J)  (ff.(r)cosfri  +■  S.(r)siiwi4|.  (1.5) 

mrnl 


Let  us  find  these  functions.  We  differentiate  expression  (1.5)  and  substitute  in 
equation  (1.4): 
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(1.6) 


Fig.  1. 


This  equality  will  be  satisfied  for  any  9  only  under 
the  condition  that  all  amplitudes  of  harmonics  equal 
zero,  i.e.,  if 


0. 

#.“0. 

Z  +  jS,-f,s.  =  o. 


(1.7) 


Solving  these  equations  we  find  an  expression  for  the  coefficients  of  series  (1.5). 

'  "  dv 

We  set  RQ  =  y,  then  RQ  =  and 

t  dr  r  i/ 


A* 

hence  —  hir  —  Iny  —  In8,  =  In  R,=  y 

"i 

or 


and 


•  i  > 


ftW-A  +  l,taa 


(1.8) 


p 

Multiplying  the  second  of  equations  (1.71  by  p  (r  >  0)  we  reduce  it  to  the 
well-known  Euler  equation  ’ 

+  =  0. 

Let  us  seek  a  solution  in  the  fora  Rn(r)  =.jrk.  Placing  this  solution  In  the 
equation  we  obtain 

*(*— +  «V*  =  0. 

or,  elliminating  r  , 


**-**-0,  -  ±  «. 


Consequent ly 

V"  +  8^-. 

(1.9) 

analogously 

“ 

S.(r)  «*  Cj*  +  Ov-. 

(1.10) 

Placing  these  values 

In  series  (1.5)  we  have 

an 

U (h *)“''♦  +  8. In r  -r  V  (^'  -r  fl.r-'qcos/ri  + 

««4 

(l.ll) 
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( 


+  S  <£./*+ 


(l.ii) 

(Cont'd) 


Thus  potential  of  plane-parallel  electrostatic  field  In  uniform  isotropic 
dielectric  can  be  represented  In  the  form  of  series  (1.11). 

Let  us  assume  that  origin  of  coordinates  is  selected  at  point  of  field  M. 
Potential  at  this  point  is  limited  and  r  =  0,  therefore  we  should  have 

at  mB,  =  0.~O.  L'(M)  -  4/(01  -  A,. 

Potential  In  neighborhood  of  point  M  will  be  In  the  form  of  seriee 

l/(r.*) -  M  +  V  (AS‘coirA  +  CS‘ iinirt).  (1.12) 

Let  us  show  now  that  the  value  of  the  harmonic  function  —  potential  —  at  the 
center  of  the  circle  Is  equal  to  the  mean  value  on  the  circumference.  Let  us 
superimpose  the  origin  of  coordinates  with  the  center  of  the  circle  (point  M) . 

On  circumference  of  radius  p  we  have 


§  2.  Functions  of  Flux  and  Complex  Potential 
In  a  ?lat  Field 

Let  us  consider  a  field  of  two  parallel  charged  cylinders  (Fig.  2).  Surfaces 
of  equal  potential  In  It  are  cylindrical  with  generatrices  parallel  to  the  cylinder 
axes  (axis  oz).  Lines  of  force  also  form  cylindrical  surfaces.  Flux  ¥  through 
any  cylindrical  surface,  path  of  which  coincides  with  lines  of  force,  obviously  Is 
equal  to  zero.  At  every  point  on  such  a  surface  the  vector  E  Is  tangent  to  it. 

Let  us  select  one  of  the  surfaces,  formed  by  a  set  of  force  lines,  as  the  initial 
surface  —  the  boundary  of  a  tube  of  flux.  Let  us  agree  to  measure  flux 
counterclockwise  from  It.  Let  us  plot  through  point  M(x,  y)  a  line  of  force  and 
a  cylindrical  surface  corresponding  to  It.  The  magnitude  of  flux  in  the  tube 
formed  by  this  surface  and  the  Initial  surface  will  depend  on  coordinates  of  point 
M(x,  y).  Flux  occurring  at  a  urit  depth  of  the  tube  In  the  direction  of  axis 
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of  conductor  we  will  call  the  function  of  flux  and  will  designate  by  V(x,  y) . 

The  function  of  flux  at  point  M(x,  y)  is  an  electrostatic  flux  the  depth  of  which 
is  equal  to  one  while  the  shores  are  the  initial  line  of  force  and  the  line  of 
force  paseing  through  point  M.  Consequently,  at  any  point  lying  on  a  line  of 
force,  the  function  of  flux  is  identical  and  the  equation  of  the  line  of  force 
may  be  written: 

I'  (x.y)  =  V,  -  const 


During  bypass  around  a  charged  conductor  with  charge  i  per  unit  length,  the 
function  of  flux  will  obtain  an  increase  equal,  according  to  Gaussian  theory,  to 
^  -  Consequently  in  this  case  the  function  of  flux  is  multivalued.  Let  us  find 
the  connection  between  the  function  of  flux  V  and  potential  U.  Potential 
decreases  in  the  direction  of  vector  E,  therefore 


£,» 


dU 

dx' 


(2.1) 


Let  us  consider  two  infinitely  close  force  lines  V  =  and  V  =  +  dV 

(Fig.  3).  The  flux  dV  between  these  lines  equals 

dV  «=  —  E/lx  =  E/ly, 


since  the  function  of  flux  decreases  during  motion  in  the  positive  direction 
along  the  ox  axis.  These  relationships  yield 


E . 


dV 

~*v; 


(2.2) 


Comparing  expressions  (2.1)  and  (2.2)  we  obtain 

dV  dU  dV  dU 

dx  dy  '  dy  *  dx'  (2.3) 


Relationships  (2.3)  are  called  the  Cauchy-Riemann  conditions.  By  differentiating 
conditions  (2.3)  it  is  easy  to  show  that  U  and  V  satisfy  the  Laplace  equation 

«*'  Ld=V  dP\-  d-T  (2.1*) 

dx «  •  dj?  “  ’  dx •  ~dy'~ 


The  two  functions  satisfying  the  Cauchy-Riemann  conditions  are  called  conjugate 
harmonic  functions.  Conditions  (2.3)  are  conditions  of  orthogonality  of  curves 
U  =  const  and  V  =  const. 


For  depicting  a  plane-parallel  field  graphically  it  is  agreed  to  plot 
equipotential  and  fore  lines  in  such  manner  so  that  during  transition  from  any 
line  to  a  neighboring  one  the  same  increase  of  potential  or  function  of  flux  is 
obtained.  Equations  U(x,  y)  =  const  and  V(x,  y)  =  const  determine  two  families 
curves  crossing  everywhere  at  right  angles,  i.e.,  forming  in  plane  xoy  an  orthogonal 
grid.  As  can  be  seen  from  the  definition  of  functions  of  flux  and  potential, 
measurement  of  their  magnitudes  (or  their  change)  in  the  field  is  made  in  two 
mutually  perpendicular  directions:  V  is  measured  along  lines  of  equal  potential 
(U  =  const),  U  along  lines  of  force  (V  =  const),  as  the  coordinates  x  and  y  are 
measured  on  the  plane.  Every  point  in  the  field  can  be  characterized  by  a  pair 
coordinates  x  and  y  and  pair  of  magnitudes  V  and  U  in  it.  Similarly,  both  a 
point  on  the  plane  can  be  defined  by  one  complex  coordinate  z  m  x  +  iy,  and  a 
point  in  the  electrostatic  field  can  be  defined  by  one  complex  value  W  =  V  +  iU 
called  the  complex  potential  of  the  electrostatic  field. 

Let  us  demonstrate  that  the  complex  potential  W  may  be  considered  as  a 
differentiable  function  of  one  complex  coordinate  of  the  point  z  =  x  +  iy,  similar 
to  a  function  in  one  real  variable.  For  this  it  is  sufficient  to  show  that  the 

dU 

derivative  does  not  depend  on  the  direction  of  differentiation  of  complex 
plane  (Z).  Let  us  assume  that  direction  of  increase  AZ  coincides  in  direction 
with  the  axis  ox.  Then 

<rr  #r  av  .<*/  ,  <x/  av  ar 

III  m  dx  *  Sx  Jr  "*  79jf  idy  ”  idy  ' 

i.e.,  derivatives  with  respect  to  two  mutually  perpendicular  directions  are  equal. 
Let  differentiation  now  be  carried  out  in  an  arbitrary  direction  nt*,  ttx**r*dn 
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•  (2.5) 


tv  _  & 


MV  gf 

-.r^*(c«#  +  /slnS)~  -rf-. 


i_<9 

l.e.,  the  derivative  with  respect  to  any  direction  ne  on  the  complex  plane  Is 
equal  to  the  drlvatlve  along  the  ox  axis.  It  follows  from  this  that  complex 
potential  W  »  V  +  1U  may  be  considered  as  differentiable  function  of  one  complex 
coordinate  z  =  x  +  ly  of  the  j oint  In  the  plane.  Such  a  function  of  complex 
variable  z  Is  called  holomorphic  or  analytic. 

If  the  complex  potential  of  electrostatic  field  Is  known  then  It  Is  easy  to 
construct  the  field  pattern  and  to  determine  all  of  the  Interesting  quantities. 
Lines  of  force  are  plotted  according  to  the  equation 

R«jr<*)j «.  V(x,y)  -  const; 

equlpotentlal  lines  according  to  the  equation 

tolW'WJ  —  U( x,  y)  —  const. 

Field  strnegth  Is  found  from  the  formulas 


f 


£-i 

dz 


w  ^L 

*dx  +  dx  • 


(2.6) 


Consequently  calculation  of  a  flat  field  reduces  to  finding  complex  potential  W(z). 


§  5.  Plane-Parallel  Electrostatic  Field 
If  it  is  necessary  to  find  the  field  of  a  system  of  parallel  charged  conductors 
separated  by  distances  considerably  exceeding  the  dimensions  of  their  cross  sections 
then  In  approximation  the  conductors  can  be  replaced  by  infinitely  thin  filaments 
and  the  field  of  the  system  of  charged  filaments  considered.  The  complex  potential 
of  a  field  of  charged  filaments  with  charges  located  at  points  z^  will  be 
defined  thus: 


T(z\ 


(5.1) 


If  the  field  close  to  the  surface  of  conductors  at  distances  commensurable 
with  dimensions  of  cross  sections  Is  >nsidered  such  replacement  is  not  permissible. 
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Let  us  formulate  the  problem  of  calculation  of  the  fielu  in  this  case.  The 
distribution  of  charges  on  the  surface  of  the  conductors  as  a  rule  is  unknown. 

Only  potentials  of  the  conductors,  the  shapes  of  their  cross  sections  and  their 
mutual  location  are  known.  Outside  the  wire  there  is  no  charge  and  the  potential 
satisfies  the  Laplace  equation,  on  the  surface  of  the  conductors  (contours  of 
cross  sections  of  cylinders  L^)  potential  takes  the  assigned  values  c^.  Thus 
calculation  of  the  field  reduces  to  a  solution  of  the  following  problem  known  as 
the  Dirichlet  problem:  to  find  the  harmonic  function  —  potential  U(x,  y)  —  in 
a  multiply  connected  region,  taking  constant  values  ck  on  each  of  the  curves  L^ 
of  the  corresponding  contour. 

The  case  of  charged  filaments  located  near  uncharged  cylinders  is  of  interest 
It  is  possible  to  consider  the  field  as  the  result  of  superposition  of  two  fields. 
Sources  of  one  are  charges  of  the  filament,  sources  of  the  other,  charges  induced 
on  conductors.  The  potential  of  the  field  of  induced  charges  <p(x,  y)  can  be 
found  by  solution  of  the  boundary  value  problem.  Let  us  formulate  it. 

On  contours  of  the  cross  sections  of  cylinders  L^  the  electrical  potential  U 
of  the  resultant  field  takes  constant  values  c^  which  are  not  previously  known 

C/L»  “c»”  “•'**  +  =  «(/») + 1  v.y 

whence 

*CV- <*-«</*).  (?*2) 

tk  —  point  of  contour  L^. 

Inasmuch  as  the  potential  on  each  of  circuits  contains  an  unknown  constant 
c^  addtional  conditions  are  required  for  a  unique  solution  to  the  problem.  Let 
us  find  these.  The  complex  potential  of  the  field  of  induced  charges  fl( z)  is  a 
holomorphic  function  outside  of  the  conductors: 

Q**)=  *(*.*)  +  <?(*.?).  (?.3) 

Here  ¥(x,  y)  is  a  function  of  the  flux  of  the  induced  charge  field  conjugate 
to  the  electrical  potential  <p(x,  /) .  By  the  Gauss  theorem  for  any  circuit  X* 


we  have 


such  that  there  are  no  free  charges  on  the  cylinders.  Consequently  the  function 
of  flux  y  Just  as  the  potential  <p  are  single-valued  functions.  The  complex 
potential  Q(z)  will  also  be  single-valued.  This  is  therefore,  the  additional 
condition. 

Thus  the  problem  of  calculating  the  field  of  induced  charges  reduces  to  what 
is  known  in  mathematics  as  the  "modified  Dirichlet  problem"  as  follows:  to  find 
analytical  function  (complex  potential),  holomorphic  and  single-valued  in  multiply- 
connected  region,  if  on  each  of  curves  comprising  the  contour,  the  imaginary 
part  of  this  function  q»(t)  is  given  with  an  accuracy  of  the  constant  component 
ck  t!5]. 

In  a  plane-parallel  field  it  is  necessary  to  consider  the  possibility  of  an 
irregular  solution  resulting  from  the  abstraction  which  we  introduce  in  replacing 
the  real  field  with  a  flat  one.  If  according  to  the  conditions  of  the  problem 
the  total  charge  of  the  conductors  located  on  a  unit  of  their  length  differs  from 
zero  then  the  potential  of  the  field  at  infinity  increases  without  limit  and  the 
solution  becomes  irregular.  Actually  the  potential  cannot  increase  without  limit 
with  distance  from  the  charged  bodies.  Irregularity  is  obtained  as  a  result  of 
the  unlimited  length  of  the  cylinders  which  we  admit  by  substituting  a  plane-parallel 
field. 

§  4 .  Plane-Parallel  Magnetic  Field 

The  field  of  a  system  of  threads  of  current.  Complex  potential  wm(z)  of  the 
field  of  a  rectilinear  filament  of  current  I  in  a  uniform  isotropic  medium  with 
permeability  u  has  the  form 

■-(*)  —  •'•C*. +  lUml*. -  —  L  In U — U)  +  c.  (4.1) 


Here  zQ  =  xQ  +  iyQ  -  coordinate  of  point  in  which  is  located  filament;  Vm  -  function 
of  magnetic  flux;  Uffl  —  scalar  magnetic  potential;  c  -  complex  constant:  c  =  ca  +  ic^. 
Assuming  z  -  zQ  =  reil ,  we  obtain 


~L'nr~iLt + *  -  - « £,n' + «»- 


(4.2) 
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whence 


*•(*.#)- —jjj  in/  +  f,;  Umix,ir)m—^*+et. 


(^.3) 


The  eqiation  of  l.^nes  01  force  is  V  =  const  or  r  =  const.  Lines  of  force  constitute 

m 

concentric  circles  with  center  at  point  The  equation  of  lines  of  equal 
potential  is  Um  =  const  or  0  =  const.  Lines  of  equal  potential  constitute  rays 
emmlnating  from  point  Zq  .  As  r  -*  0  and  r  -*  od,  i.e.,  upon  approach  to  points  zQ 
and  cp  the  function  of  magnetic  flux  ircreases  without  limit,  the  complex  potential 
at  these  points  has  logarithmic  peculiarities. 

Considering  c^  =  0,  we  obtain  on  circumference  r  =  1,  Vm  *  0,  i.e.,  circum¬ 
ference  r  =  1  is  an  initial  force  line.  Assuming  Cj  =  0  we  obtain  on  straight 
line  0=0,  Uffl  =  0,  i.e.,  ray  0  =  0  is  a  line  of  zero  potential. 

T*-  't  is  required  to  find  the  field  of  a  system  cf  parallel  wires  with  currents, 
where  the  distance  between  wires  considerably  exceeds  the  dimensions  of  their  cross 
sections,  then  in  approximation  the  wire  can  be  replaced  by  infinitely  thin 


Fig.  4. 


filaments  located  at  the  centers  of  gravity  of  the  cross 
sections  and  the  field  of  this  system  of  filaments  of 
current  may  then  be  considered.  Such  a  replacement  will 
not  lead  to  essential  errors  if  one  limits  consideration 
to  the  field  at  a  region  external  with  respect  to  the  circles 
with  centers  at  points  of  location  of  the  fllament3  and  radii 
equal  to  distances  from  the  filament  to  the  most  remote 
point  of  the  cross  section  of  its  wire. 


The  field  of  a  system  of  n  parallel  filaments  with  currents  located  in 
points  z we  find  by  applying  the  method  of  superposition 


m 

®»W “—j"  ^  U +  c. 


(*.*) 


A  magnetic  field  outside  wires  of  any  cross  section  with  currents  1^ .  Let 
us  consider  a  magnetic  field  of  current  I  flowing  in  a  long  rectilinear  wire  of 
cros3  section  S  (Fig.  h).  Let  us  place  the  origin  of  coordinates  at  the  center 
of  gravity  of  the  cross  section.  Vie  then  divide  the  wire  into  infinitely  fine 
parallel  filaments  of  cross  section  dS  with  coordinates  zQ  =  xQ  +  iyQ.  Every  such 
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jj Ht)dS  -  J<t*  JV  +  lU)dy  «  J  dx  (-*/£*+ 
+  j"  “  —  *  Jl*  (*.  y»)  —  *(*.  s/i)}dx  +  f  fi  (X.y,)— 

—  *(x.yd\dx  -  i^)'f(*.y)dx  —  ^t(x.y)dx  - 
“  f^(*  +  l»)£x  -  /  JfWx. 


Altering  the  order  of  integration  we  obtain 


*  *.  »  r  •. 

jj  f(i)aS  =  j  {»'  -r  >U)dx  -  Jdyj  |  j/ 

+  /£  ~dx  j“^*(jr.|»)rf|>+/^*(jrty)&y  = 

«.  J  L  t 

-  ^(*  +  it)dy  *»  ^  Orfy. 


Combining  the  results  obtained  and  bisecting  we  find  [24] 


JJ /W«ts  -  y  cpO  W  +  dy)  -  2^0W*. 


(4.7) 


(4.8) 


i/MdS  =  j  djWWAIdi 


Applying  this  formula  for  calc  ale.ting  the  complex  potential  of  the  magnetic 
field  of  a  wire  with  current,  we  obtain 


(4.9) 


(4.10) 


$[J,n(,_  *  )*•]  dl'+l 


(4.11) 


(4.12) 
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When  the  field  is  defined  for  a  region  where  '*’>'*#'  is  the  maximum  distance  from 
the  center  >f  gravity  to  the  boundary  of  the  wire  cross  section,  we  have 


whence 


(*.13) 


The  field  of  a  system  of  wires  of  different  cross  section  can  be  determined  by 
applying  the  method  of  superposition. 

Field  of  current  carrying  wires  located  near  ferromagnetic  cylinders.  As  in 
the  electrostatic  problem,  the  field  may  be  represented  in  the  form  of  a  super¬ 
positioning  of  two  fields.  The  sources  of  one  are  currents  in  wires,  source  of 
the  others  is  magnetization  of  the  ferromagnetic  cylinders.  The  potential  of  the 
field  of  currents  flowing  in  the  wires  can  be  calculated  by  the  formulas  of  the 
preceding  paragraph.  The  field  of  magnetization  can  be  found  by  solving  the 
boundary  value  problem.  Let  us  formulate  it.  Sources  of  the  magnetization  field 
—  elementary  currents  of  iron  —  are  inside  cross  sections  of  the  ferromagnetic 
bodies.  Therefore  field  of  magnetization  outside  these  sections  can  be  described 
by  a  scalar  potential  function  *„(*.  y).  satisfying  the  Laplace  equation 


*r.  .  ^5. 

At*  +  dy« 


0. 


(*.!*) 


If  the  distribution  of  potential  over  the  contour  of  cross  sections  of  the 
ferromagnetic  bodies  were  known  then  the  potential  in  all  regions  outside 

these  sections  would  be  uniquely  defined.  The  distribution  of  potential  f.(0  over 
the  contour  of  cross  sections  of  ferromagnetic  bodies  can  be  found  with  sufficient 
accuracy  and  simplicity  only  when  it  is  previously  known  that  induction  within 

p 

the  ferromagnetic  bodies  does  not  exceed  1  Wb/ra  .  Here  the  permeability  of  iron 
is  everywhere  much  greater  them  the  permeability  of  air  and  it  is  possible  to  set 
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I*.**-  If  on  the  contour  there  are  no  currents  from  external  sources  then 

H,m  «*  H„  where  *  a«—  and  H,  -  B,—  are  tangential  components  of  full  intensity 

Pm  P* 

on  the  contour  of  ferromagnetic  todies  in  iron  and  air  respectively.  On  the  other 
hand,  for  and  a  limited  induction  in  iron  £«» //,»■=().  whence 

Hn  -  H,  <-0 

Taking  into  consideration  that  the  resultant  component  of  intensity  1!  consists  of 
the  intensity  caused  by  the  field  of  eddy  currents  in  the  wires  and  caused 
by  the  intensity  of  magnetization,  we  obtain  Hm  +  Hm-  0.  or  finally 

(*.16) 

i.e.,  on  contour  of  ferromagnetic  bodies  the  tangential  component  of  intensity 
of  the  field  of  intensity  of  magnetization  is  equal  and  opposite  to  the  tangential 
component  «Bt  of  the  field  of  currents  in  the  wires. 

Integrating  Hm  over  the  contour  we  obtain  the  distribution  by  potential  of 
the  field  of  magnetization  $.(/)•  The  result  of  such  integration  with  an  accuracy 
to  the  constant  will  give  a  value  of  potential  at  a  point  on  the  contour  t  in  the 
form  of  the  imaginary  part  of  a  complex  potential  Wm{t)  of  the  magnetic  field  of 
currents  in  the  wires 

J HJU --j H„4I -  %. (0 »  - lminr..(/)|  +  c,.  (* .  17) 

where  c^  is  an  unknown  constant  which  differs  for  each  contour  of  the  cross  section. 
As  can  be  seen  from  this  expression,  the  distribution  of  potential  v.tf)  can  be 
found  with  an  accuracy  to  the  constants  c^,  therefore  for  unique  solution  of  the 
problem  additional  conditions  are  necessary.  Let  us  clarify  them. 

The  field  of  magnetization  intensity  outside  the  cross  sections  of  cylinders 
can  be  characterized  by  complex  potential 

(*-l8) 

where  T.  —  function  of  flux  conjugate  to  the  scalar  magnetic  potential  f.- 

Appiying  the  total  current  law  and  considering  that  in  any  problem  the  total 
current  through  a  cross  section  normal  to  the  axes  of  the  wires  is  equal  to  zero 
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for  any  cross  section  contour  of  the  ferromagnetic  body,  we  can  write 


Consequently  the  scalar  potential  of  the  magnetization  field  outside  cross  sections 
of  the  ferromagnetic  bodies  is  a  single-valued  function.  Analogously,  from  the 
principle  of  continuity  of  magnetic  lines  for  any  contour  L  we  have 


(4.20) 


i.e.,  tne  function  of  flux  of  the  magnetization  field  is  also  a  single-valued 
function.  Consequently  the  complex  potential  r .(<)  will  also  be  single-valued. 

Thus  the  problem  of  calculating  the  magnetization  field  in  a  muiticoupled  region 
beyond  the  cross  section  of  ferromagnetic  bodies  reduces  to  the  modified  Dirichlet 
problem  [28]: 

"To  find  an  analytic  function  (complex  magnetic  potential),  nolomorphic  and 
single-valued,  in  a  multiply  connected  region  if  on  each  of  the  curves  comprising 
the  contour  the  imaginary  part  of  this  function  $,(<)  is  given  with  an  accuracy  to 
the  constant  c^. " 

§  5.  Conformal  Transformations 

Let  us  consider  complex  potential  W  =  V  +  iU  as  the  complex  coordinate  of  a 
point  on  the  new  plane  (W)  on  which,  along  the  real  axis,  are  plotted  values  of 
the  function  of  flux  V,  and  along  the  imaginary  axis  values  of  potential  U.  On 
plane  (W)  points  which  earlier  filled  region  D  of  the  field  (on  plane  Z),  fill  a 
new  region  D^,  differing  in  general  from  region  D.  We  shall  consider  region 
as  a  geometric  transformation  of  region  D,  i.e.,  a  transformation  of  region  D 
from  plane  (Z)  to  region  D1  of  plane  (W). 

As  we  clarified  earlier,  harmonic  functions  V  and  U  can  take  maximum  and 
minimum  values  only  on  circuit  the  contour  [boundary]  of  the  region  just  as  the 
coordinates  x  and  y.  Therefore  points  of  the  contour  of  region  D  during  transforma¬ 
tion  can  cross  only  to  points  of  the  region  contour,  internal  points  convert 
to  internal  points,  and  the  transformation  will  be  single-valued. 
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Let  us  consider  the  region  D  included  between 
two  equipotential  surfaces  of  conductors  and  two 

force  lines  (Pig.  5).  Let  us  assume  that  =  0, 

Ug  =  If,  V^  =  0  and  Vg  =  K.  On  plane  (W)  region 
D  will  convert  to  a  rectangle  with  sides  =  0, 

V^  =  0,  Ug  =  N,  Vg  =  K.  In  reality  all  points 
of  line  ab  have  values  of  the  flux  function  =  0,  the  potential  on  this  line 
when  going  from  a  to  b  changes  from  Ug  =  N  to  U^  =  0,  all  points  of  line  be  have  a 
potential  =  0,  functions  of  flux  when  going  from  b  to  c  change  from  -  0  to 
Vg  =  K,  etc.  Consequently,  the  boundary  of  region  D  on  plane  (Z)  will  convert 
to  the  outll  e  of  a  rectangle  on  the  plane  (W).  All  internal  points  of  region  D 
have  values  of  potential  greater  than  zero  and  less  than  N  whole  values  of  function 
of  flux  is  greater  than  zero  and  less  them  K,  consequently,  on  plane  (W)  they  also 

will  be  internal  points  of  rectangle  D^.  Lines  of  force  of  plane  (Z)  convert  to 

straight  lines,  parallel  to  the  ordinates  axis  on  plane  (W),  lines  of  equal  poten¬ 
tial  to  straight  lines  parallel  to  the  axis  of  abscissas.  Curvilinear  squares 
formed  by  the  intersection  of  lines  of  force  and  equipotential  lines  on  the  plane 
(Z)  will  be  converted  to  rectilinear  squares  on  plane  (W).  But  then  in  the 
rectangle  on  the  plane  (W)  the  lines  x  =  const  and  y  =  const  will  be  curves.  Like 
lines  U  =  const  and  V  =  const  of  plane  (Z),  they  will  form  an  orthogonal  grid 
since  on  plane  (W)  x  and  y  will  be  conjugate  harmonic  functions  of  the  coordinates 
V  and  U.  For  them  the  Cauchy-Riemann  conditions  and  Laplace  equation  also  hold: 


At  dy  dx  dy 

dU“~d V; 


&V.V*  0.  Ai  uy  •=  0. 


(5.1) 


Thus  complex  potential  of  electrostatic  field  W(z)  =  V(x,  y)  +  iU(x,  y)  —  an 
analytic  function  of  a  complex  variable  —  accomplishes  a  geometric  transformation 
of  region  D  of  plane  (Z)  into  a  rectangle  of  plane  (W).  This  transformation  has 
one  characteristic  peculiarity.  Infinitesimal  sections  of  the  transformed  region 
retains  its  form  after  transformation.  This  infinitesimal  curvilinear  squares 
remain  squares  after  transformation.  Therefore  such  a  transformation  Is  called 
conformal. 

Let  us  now  clarify  what  the  complex  potential  W(z)  will  convert  the  entire 
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part  of  plane  (Z),  external  with  respect  to  conductors,  into.  Complex  potential 

W  =  V  +  iU  outside  the  conductors  is  an  analytic  function  whose  imaginary  part 

takes  the  constant  values  U  =  0  and  U  =  N  on  cross  sectional  contours  and  Lg 

of  the  conductors.  Let  us  consider  the  properties  of  this  function.  From  the 

porperty  of  a  harmonic  function  to  take  a  maximum  or  minimum  value  on  the  contour 

of  the  region  it  follows  that  on  values  U  =  N  are  maximum  values  in  the  region, 

dU 

on  Lg,  U  =  0  are  minimum  values.  Therefore  the  sign  of  the  normal  derivative 

is  the  same  in  any  point  of  contour  L.  and  since  —  =  we  have 

-i-  on  ol 

I  (by  theorem  of  Gauss).  (5.2) 

£.  d 

Thus  the  real  part  of  function  W(z)  during  a  circuit  along  the  contour 
undergoes  an  increase  equal  to  —  ,  and  consequently,  the  value  of  the  real  part  of 
V  at  any  point  z  of  the  region  t.i  infinitely  defined  and  equal  to  l'  +  *T  (k  —  an 
integer)  which  means  that  #-(*)?=  *  +  iU  is  also  infinitely  defined,  its  values 

differing  from  one  another  by  multiples  of  ~  . 

In  order  to  avoid  ambiguity  we  will  proceed  in  the  following  way.  Let  us 
imagine  a  surface  in  the  form  of  a  spiral  with  an  infinite  number  of  turns  of 
embracing  each  contour  L^  and  Lg  such  that  every  turn  constitutes  a  sheet  coinciding 
with  a  region  outside  L^  and  Lg.  We  will  consider  that  the  region  of  definition 
of  W(z)  is  such  a  surface.  We  will  isolate  the  line  j  and  segment  this 

line  as  a  result  of  segmenting  the  entire  infinite-sheet  surface  will  break  down 
into  separate  sheets.  On  plane  (W)  every  such  sheet  will  correspond  to  a  rectangle 
enclosed  between  straight  lines  U  =  0,  U  =  N,  V  =  and 

The  entire  infinite-sheet  surface  will  correspond  to  an  infinite  band  between 
straight  lines  U  =  0  and  U  =  N.  Taking  as  the  domain  of  definition  of  function 
W(z)  that  infinite-sheet  surface  called  the  Riemannian  surface,  we  thereby  obtain 
a  one-to-one  correspondence  between  points  on  different  sheets  of  the  Riemannian 
surface  and  points  of  the  infinite  band  on  plane  (W).  The  function  W(z)  as  where 
it  is  looked  on  as  a  spiral  of  the  Riemannian  surface  conformally  depicting  it 
on  an  infinite  band.  The  inverse  function  z(W)  will  be  single-valued  since  every 
value  of  W  on  the  band  corresponds  to  only  one  value  z  on  the  plane  (Z). 


?1 


Let  us  consider  some  examples. 

Complex  potential  of  a  field  of  charged  filament, 
potential  will  be  written  thus: 


Expression  for  complex 


r<*)-  -fc5‘<*rcl*  x  — ‘ii,r**+*,)= 


(5.3) 


Lines  of  equal  potential  lnf«eomt  are  circles  with  centers  at  the  origin  of 
coordinates,  force  lines  9  -  const  are  rays  extending  from  the  origin  of  coordinates. 
Function  goes  to  infinity  at  two  points:  for  z  =  0  and  z  =  oo,  i.e., 

has  logarithmic  peculiarities  in  these  points.  The  entire  plane  (Z),  with  the 
exception  of  these  points,  conformally  maps  function  W(z)  on  an  infinite  band  of 
width  -I  from  U  =  -oo  (r  =  m)  to  U  -  a>  (r  =  0).  This  function  maps  a  circle  of 

radius  r  on  a  semiband  of  width  -  from  U  =  a>  to  V «•—_*-  lnr 

®  2ju 

The  part  of  the  plane  bounded  by  two  rays  (angle  between  them  equal  to  9), 
emanating  from  point  z  =  0  is  also  mapped  by  the  function  W(z)  on  an  infinite 
band  of  width  Tl .  The  domain  of  definition  of  W(z)  is  an  infinite-sheet 
Riemannian  surface  each  sheet  of  which  coincides  with  the  entire  plane  (Z). 

Complex  potential  field  of  two  charged  filaments.  Let  us  assume  a  distance 
between  filaments  of  2b.  Applying  the  superposition  principle  we  find 

r{*)«  —  *t)— i—  In  (/-*,)  +  «. 

We  take  r,  —  —  r,  —  r.  —  —b,  —  »  Then 

+c.  (5.^) 

We  designate  t +  b~rj*r.  z—i—rj then 

*  U-Si,a%  +  *  (5'5) 

Setting  Cg  =  0  we  obtain  U  =  0  for  r^  =  rg,  i.e.,  the  axis  of  ordinates  will  be 
a  line  of  equal  potential.  Setting  c^  =  0  we  obtain  V  =  0  for  Sg  =  0^,  i.e., 
the  initial  line  of  force  will  be  a  segment  of  the  axis  of  abscissas  going  out  from 
the  filaments  to  infinity  on  both  sides.  The  equation  of  the  lines  of  force 


e2  ~  dl  =  const  is  the  equation  of  a  circle  with  its  center  on  the  oy  axis, 
passing  through  the  filaments.  The  equation  of  equipotentials  is  also  the 
equation  of  a  circle  with  its  center  on  the  ox  axis 


coordinates  of  the  center  of  the  circle 


radius 


2 cb 

»-e»* 


(5.8) 


The  function  rfr)  =  —  /  JL  goes  infinity  at  two  points:  at 

z  =  bT(b)  =  —<x>  and  z  =  —  b  W(—  b)=  oo.  At  these  points  the  function  has  logarithmic 

characteristics.  The  entire  plane  (Z),  with  the  exception  of  singular  points, 
function  W(z)  conformally  maps  on  an  infinite  hand  of  width  from  U  =  -oo  to 
U  =  oo. 


The  circle  of  radius  R  with  its  center  at  the  point  (xq,  yQ)  is  mapped  by 


this  function  on  the  semiband  from  U  =  -co  to  u 


The  circle 


of  radius  b  with  center  at  the  origin  of  coordinates  is  mapped  by  the  function 
W(z)  on  an  infinite  band  of  width  T-  from  U  =  -co  to  U  =  co. 


§  6 .  Invariance  of  the  Laplace  Equation  During 
Conformal  Transformation 

Let  us  consider  an  important  property  of  conformal  transformation  of  regions. 
Let  us  show  what  if  in  region  D  is  assigned  a  harmonic  function  <p(x,  y)  and  the 
region  is  conformally  transformed  to  another  region  then  if  at  points 
corresponding  during  trans  rmation  to  points  D,  values  of  the  function  are 
maintained  as  before,  the  function  ^(V,  U)  in  region  remains  harmonic.  In 


other  words  the  Laplace  equation  will  not  be  changed  during  conformal  transforma¬ 
tion  of  the  region  [12]. 

Let  us  assume  that,  in  region  D  on  plane  (Z)  there  is  distributed  a  potential 
<p(x,  y)  which  is  a  harmonic  function  of  coordinates  x,  y  of  points  in  the  region. 
Let  us  transform  region  D  conformally  into  some  other  region  with  the  help 
of  analytic  function  w  =  u  +  iv.  On  plane  (W)  the  coordinates  of  any  point  will 
be  u  and  v  which  on  plane  (Z)  were  conjugate  harmonic  functions  of  coordinates 
x  and  y  and  satisfied  there  the  Cauchy-Rlemann  conditions 

du  do  '  du  do  «  ii 

*<?7  **  dy°  ~dx'  (  *  ' 

Let  us  substitute  coordinates  in  the  Laplace  equation,  i.e.,  clarify  what  equation 
will  satisfy  function  after  conformal  transformation  of  the  region.  On  plane 
(Z)  we  had 

3+$-*  (6-2) 

Converting  to  new  coordinates  u  and  v  we  obtain: 


Thus  for  A*  «=  0.  do  «=  0„  and 


I*— f(-£-)V(-2J]-°.  ^  obtain 


'&  +  $  ■"  °- 


(6.?) 


24 


Thus,  after  conformal  transformation  of  region  D  to  region  D,  the  notential 
remains  a  harmonic  function  of  the  new  coordinates  u  and  v.  Conformal  transforma¬ 
tion  does  not  alter  the  Laplace  equation.  This  property  of  conformal  transformation 
permits  calculation  of  a  field  in  any  complex  region  leads  to  calculation  of  a 
field  in  a  simple  region  where  the  expression  for  potential  is  known. 


§  7.  Conformal  Transformation  of  a  Circle  of  Radius  R 
to  a  Circle  of  the  gamp  Radius  With 
translation  of  Poln  . 

to  the  Center  of  Circle 

To  obtain  a  transformation  of  a  function  we  use  the  pictures  of  fields  of 
one  and  two  charged  filaments  considered  earlier.  The  complex  potential  of  the 
field  of  one  charged  filament  with  charge  t-  —  2ne 


ro  =  /!n; 


(?.l) 


maps  a  circle  'l'<R  on  an  infinite  semiband  of  width  2m.  In  this  case  the  center 
of  the  circle  C  =  0  passes  to  point  W  =  -co,  circle  I|  =  >?  to  a  segment  of  the 
straight  line  U  =  In  R.  The  complex  potential  of  a  field  of  two  charged  filaments 
also  depicts  a  circle  limited  by  equipotential  U  =  const  on  an  infinite 

semiband;  translates  point  z  =  zQ,  in  which  is  located  the  filament,  to  point 
W  =  -oo  and  circle  z  =  R  to  a  segment  of  straight  line  U  =  const  (Fig.  6). 

Applying  consecutively  these  transformations 
we  transform  circle  ;  *.  R  to  a  semiband  and 
then  the  semiband  again  to  circle  z  ;  R.  but 
in  such  a  manner  that  the  center  of  the  first 
circle  f  =  0  falls  on  the  point  zQ  of  the  second 
circle. 

Let  us  assume  that  at  points  ?„  =  r.r*  and 
z0  +  2bf  are  placed  charged  filaments  whose  linear  charge  densities  equal  t,  =  2.-!* 
and  ti**—  2«*  (Fig.  6).  The  complex  potential  of  field  of  these  charges  will  be: 


V(t)-V  +  iU 


/In 


(7.2) 


From  the  picture  of  the  field  of  twc  charged  filaments  considered  earlier  we  have 


ET- 


WTO" 


v*-+!W  -  "UJTAyM^  i  ■*  ^  * 


'<-  ^-,JflJ'*l'Wv  'S-1' "J  * 


whence 


|?7'  <*  +  2*  •■  *»  +  6-~  -|^j|  A  +  ♦  “  T— ?* 


em7rn* 


:  R  — 


2 t>R 


*t+“»(,-E7»r 

*-< 


-f  26  —  ~  2?  **  3*i  ft +  ?*,*■*•:  21>  - 


p*qropjf^?E5F  ^-wjryjjjw  if 


(7.3) 


Consequently,  so  that  on  circle  of  radius  R  the  potential  U  will  be  constant,  it 

tf—i* 

is  necessary  that  the  equality  2fr«» - -.  At  the  point  *»/?«'• 


r«-<ln7 


Rf  -rjt* 


(R~, 


fin 


R~rt 

>f*wFT  “  ~Rt^m‘ 

- ,-J 


1 *»(*  —  '•>  _  ;|N  ^  * 
“<inx_K' 


(7.4) 


fo 


Consequently  on  the  circle  ,  potential  t/-ln-^.  Thus,  the  function 


r  I*)  *  /  In  r— :  «  »Sn  - 


l-rlt-W* 


Ttt- 
*-*. - —*«'* 


«  /!„ _ Mi-T  ^ _ „  /  intnn-wA^-aJ 


(7.5) 


conformally  maps  circle  | :'<R,  onto  an  infinite  band  of  width  2ir  on  plane  (W), 
point  2q  translating  to  point  W  =  -oo  and  circumference  |»|~/?  to  segment  </,  »»>n-^ 
The  function  f,  =  fln;  conformally  maps  the  circle  't  <;J?  onto  an  infinite  semiband 
of  width  2ir  and  translates  point  C  =  0  into  point  =  -oo  and  circumference 
into  segment  Ug  =  In  R,  We  superimpose  both  s^mibands  on  plane  (W)  in  such  a 
manner  that  line  and  Ug  =  In  R  coincided.  For  this  semiband,  or.  which 

the  function  r,«Bf!n;  maps  the  circle  ;  c  ■? ,  we  shift  downward  a  distance 
Ug  -  U.^,  transferring  the  origin  of  coordinates.  Here  we  obtain 


r  -  Wt - iU,  +  ft/,- f  In In /?  +  f  In  £  *- f  in 


(7-6) 


Equating  now  both  expression  for  W,  we  find  the  sought  transformation 


ffcW*-*1  —Jf  *'}  -  /  In  C, 
“ — n,  *r 


(7.7) 
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whence 


» B  (Whi  ^!!L  ,£tt. 
%  IP-XX. 


(7.8) 


§  8.  Solution  of  the  Dirichlet  Froblem  for  tne  Circle. 

Integral  of  Poisson 

The  value  of  a  harmonic  function  at  the  center  of  a  circle  is  equal  to  its 
mean  value  on  the  circumference  [13] 


*(0> 


*(/?.  n)  :<*//. 


(8.1) 


Conformally  mapping  a  circle  of  radius  R  onto  a  circle  of  the  same  radius  in  such 
a  manner  so  that  point  zQ  is  transfered  to  the  center  of  the  circle  £  =  0  we  can 
find  the  value  of  the  harmonic  function  at  any  point  in  the  circle  zQ  from  values 
of  the  function  on  the  circumference,  i.e.,  we  can  solve  the  Di"ichlet  problem 
for  the  circle. 

The  formula  conformally  transforming  the  circle  t  <R  irto  the  circle  It  ■:  R 
and  transfering  the  po^nt  zQ  tc  the  center  of  circle  C  =0,  vas  found  earlier: 

C  =  «■«-«■  ffte.Tfj.  (8.2) 

IP— xx. 


In  order  to  find  the  value  of  the  function  0(0}  at  the  cercer  of  circle  l  <R. 
it  is  sufficient  to  take  the  integral  over  the  circumference  t  =/?•  On  this 
circumference  we  have  !<*/  -  =  d;  • 

Passing  to  plane  (Z)  we  obtain 


,J,  1  .,**<*  —  X*>!  B.'IP  — xx4  r(x— X.);.  ' 

I — — idr 


JP-lx,* 

IP  di]. 

1^  -XX.; 


(8.3) 


On  the  circle  x  =  Rs'.  dt  =  Rd\.  We  set  ther 


«*  —  x*)iMv  _  P:-  r* 

/  ~~  R’  —  2rR  xosl ^=6,“: 


(8.M 


Substituting  this  value  for  |di|  in  the  integral  (9.1)  we  obtain  an  expression  for 


fir  i 


f 


the  potential  <p(zQ)  at  any  internal  point  of  the  circle  in  terms  of  the 

value  of  potential  on  the  circumference  —  integral  of  Poisson  for  the  circle 

2a  (/?* v>  «•- 2 Rr co>lv -*>+'* rfy 

Here  r,  9  —  coordinates  of  a  point  in  the  circle  in  which  for  the  potential  q>  is 
sought;  <p(R,  y)  —  values  of  potential  on  a  circumference  of  radius  R. 

§  9.  Poisson  Integral  for  the  Upper  Half-Plane 

Let  us  find  a  function  conformally  mapping  the  upper  half -plane  of  plane  (Z) 
on  the  circle  J  :/?  and  translating  the  real  axis  into  the  circumference  l 
and  point  zQ  =  x  +  iy  into  the  center  of  the  circle  £  =  0.  As  is  easily  seen, 
the  complex  potential  of  the  field  of  two  charged  axes  located  at  points  zQ  and  zQ 
with  charges  on  them  cf  t,  =  2.-u  and  ».•  -  —  2.v  , 

ru)<=y+,£/„iin  (9-i) 


conformally  maps  the  entire  half-plane  (y>*0)  onto  an  Infinite  semihand  of  width 
2ir  and  translates  the  entire  real  axis  y  =  0  to  a  segment  of  the  axis  U  =  0  and 
the  point  z  =  zQ  to  the  point  W  =  -co.  The  complex  potential  of  a  field  of  one 
charged  axis  with  charge  t  =  —  Zie 


(9.2) 


maps  a  circle  radius  R  on  the  same  semiband,  circumference  £  =/?  being  translated 
into  a  segment  of  the  axis  =  0  and  the  point  £  =  0  into  point  W.,  =  -ex 

Combining  both  transformations  we  obtain 

/ 1„  ,teJL.  t  =  (9-5) 

*—*»  ft 

Thus  the  function  conformally  mapping  the  upper  half-plane  of  plane  (Z)  onto  the 
circle  l  of  plane  (£)  and  translating  the  point  zQ  to  the  center  of  circle 


*-z. 
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£  =  0  has  the  form 


(9.*) 


Using  the  expression  for  the  value  of  the  harmonic  function  at  the  center  of  the 
circle  in  terms  of  its  value  on  the  circumference,  we  find  a  solution  to  the 
Cirichlet  problem  (Poisson  integral)  for  the  half-plane.  On  the  boundary  of  the 
upper  half-plane  z  =  t,  dz  =  dt 


*  it-Xp-rlf 


p  ~  dt 


(9.5) 


Converting  to  new  variables  under  the  integral  sign  we  obtain 


m 

f  (°)  -  *  “  VjT'wT/^FTF: 


(9-6) 


Here  (x,  y)  are  the  coordinates  of  the  point  on  tne  upper  half-pl.-ne  at  which  is 
sought  the  potential  T;  t  tne  precent  coordinate  of  tne  real  axi*  and  <p(t)  the 
value  of  potencial  on  the  boundary  cf  she  upper  h^ If -plane. 

§  au.  Poisson  Integral  for  an  Infinite  Sand 

In  preceding  paragraph  us  saw  that  a  function  conformally  mapping  the  upper 
half -plane  of  the  plane  (Z)  onto  the  circle  JCi*>£  and  translating  point  t'0  to 
the  center  of  the  circle  ?  =  0  has  the  for?n 


is.:.) 


Or.  the  other  hand  ue  know  that  the  complex  potential  of  the  field  of  a  charged 
filament  placed  at  the  coordinate  origin  z  =  C-  with  a  cnarge  x 


r  =  i\nz  =  V-iU 


conformally  maps  the  entire  upper  half-plane  IraoO  hhtc  an  infinite  bund  of  width 


ir.  The  inverse  function 


T  s=  t~a 


(.30.3  I 
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conformally  maps  an  infinite  band  of  width  ir  onto  the  upper  half-plane  and 
translates  a  point  of  band  WQ  =*  VQ  +  iUQ  into  a  point  of  half-plane  zQ  -  x  +  iy. 
Combining  these  two  transformations  we  obtain  a  function  which  conformally 
maps  a  band  of  width  v  of  plane  (W)  onto  a  circle  of  radius  R  of  plane  (£)  and 
which  translates  point  WQ  =  VQ  +  1UQ  to  the  center  of  circle  £  =  0, 


r*— (10.2) 


Using  the  expression  for  the  value  of  the  harmonic  function  at  the  center  of  the 
circle  In  terms  of  its  value  on  the  circumference,  we  find  a  solution  to  the 
Dirichlet  problem  (Poisson  integral)  for  an  infinite  band. 

On  the  left  boundary  of  band  T  *=  <ln/ »  it.  rfT  =  idx  in  it  will  cross  point  />  0 
of  the  positive  real  semiaxis  of  plane  (Z|.  On  the  right  boundary  of  band 

iln<—  /)=  ti—  a.  dT  -  idx  it  will  cross  point  of  the  semiaxis  t  0.  Consequently, 
on  one  semi  circumference  of  |£|  h  of  plane  |C| 


C  **  * 


(10.5) 


\a,  J  . i  „  -XHnV, _ |-t, 

1  efl’  i  i  P*-4*'—  2f*-SwK,+  Ii 

*inV, 


cfcfi  —  Uj  — co*K, 


dx. 


On  the  other  semitj.r'uimference  of  j£|  =  R  of  plane  (£) 

rV-ZV* 


+7^' 


(10.4) 


(10.5) 


*  e*-®*  4-  «~'r-  iin  V. 


(10.6) 


Converting  in  integral  (8,1)  to  new  variables  we  obtain 


jmV'dt 


(10.7) 
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If  one  were  to  multiply  by  (-1),  turn  the  band  by  an  angle  -•£  and  al her  its 
width  from  ir  to  h  units,  then  we  obtain  [26] 


KU.V) 


lin  kVdt 


ih  J  * (t^  ch *(t— (/) — coi kV ' 


■V)  +  cMkV  * 


(10.8) 


where  k  =  ^  and  h  the  width  of  the  band. 

§  11.  Normal  Derivative  of  Potential  on  the  Boundary  of  the  Band 

In  application  frequent  the  problem  of  calculation  of  a  field  reduces  to 
finding  the  normal  derivative  of  potential  on  the  contour  of  the  region.  If  we 
know  the  function  z  =  f(£)  which  conformally  waps  the  considered  region  onto  a 
canonical  region,  or  at  least  its  limiting  values  on  the  contour  t  =  f(-r),  then 
knowing  the  normal  derivative  of  potential  on  the  boundary  of  the  canonical  region 
it  ie  easy  to  find  the  normal  derivative  on  the  boundary  of  the  given  region  also. 

Actually,  let  us  assume  that  in  region  D  we  are  given  the  analytic  function  — 
complex  potential 

r«  =  P<* ,y)  +  iUx.y).  (11.1) 

where  V(x,  y)  —  function  of  flow 
<p(x,  y)  —  potential. 

Introducing  conformally  mapping  function  z  =  f(£),  we  obtain  the  distribution 
of  the  complex  potential  in  the  canonical  region 

=  SX) 

Taking  the  derivative  with  respect  to  {;  we  obtain 

whence 

rw~75r>r;a 


(11.2) 


(11.3) 


(11.4) 


Taking  into  account  that  the  modulus  of  the  derivative  of  complex  potential  is 


:n 


% 


f 


equal  to  the  modulus  of  the  gradient  of  potential  <p(x,  y),  we  have 


igT*d,>Trtfji,ltrad,,:‘ 


(11.5) 


Hence,  due  to  conformity  transformation,  for  the  normal  derivatives  of  potential 
we  obtain 


*  I  if, 

-^~Trw'i~' 


(11.6) 


where  c>v  is  an  element  of  the  normal  to  the  contour  of  the  canonical  region. 

Since  function  f(£)  is  holomorphic  and  is  continuous  up  to  the  contours  of  D^, 
che  value  of  the  modulus  of  its  derivative  on  the  contour  does  not  depend  on 
direction  of  differentiation  and  can  be  obtained  by  differentiation  over  the  contour 


iro.-ifwi- 


n 


(11.7) 


where  dt  is  an  element  of  contour  length  of  the  assigned  region  D  corresponding 
during  conformal  transformation  to  an  element  of  length  dx  of  boundary  of  the 
canonical  region  D^. 

Consequently 

(11-8) 


Irm  lim  *  -  I  *  i 

mo  On  j  at  vv  an  j  at  j  ov 


Let  us  derive  a  formula  for  the  normal  derivative  of  potential  on  the  boundary 
of  the  band.  Taking  the  derivative  with  respect  to  V  under  the  integral  sign 
of  formula  (10.8),  we  obtain 


«  A  }  f  »  ch  *  (t  U)  co&  kV  —  I 

W  2*  j  J  *'()  [ch*(x  ^E)-cZstV?  dx  + 

,  f  _  |T  ,  ch*(f  — tOcostfM- 11 
+  J  T‘(t  +  **>  K**<t  -U)  +  oUKp  d  J 


(11.9) 


In  the  first  of  the  integrals,  to  the  integrand  we  add  and  subtract  ^(U),  in  the 
second  we  add  and  subtract  <^(11  +  ih): 
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Let  us  introduce  the  new  variable  <i-t  —  U  and  present  functions  <P^(t)  and 
^(t  +  ih)  in  the  form  of  sums  of  their  even  and  odd  parts: 


.  ...  *»(t/  +•)+%,&-•)  ,  f, (W  •{-«) -*,((/ -«) 

f»t*)  «■ - j - + -  i - ■ 

f,(i  +  ih)~  *«+•  +  *>  +  f.iW^±Ji*  + 


(il.15) 


Substituting  values  (11.15)  in  formula  (11.14)  we  obtain 


Jim  -J^1  «  -j  +  th)  —  f  (t/))+ 


.  *  r  fitf'  +  «)  +  f.((/-a)-2Vl<(/)  .  . 

+  2A  \  difc^TT - <*“  + 

*  f  fitf**  «  +  »*)  +  «.(</-  g  +  ih)  —  hAU  +  ih) 

2*  J  ch*a  +  I  1 


(11.16) 


Due  to  oddness  of  the  integrands. 


f  f|((/  4-a-f-M)  —  % 
J  ch  ka  + 
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</a  k  0. 


(11.17) 


Analogously,  for  the  normal  derivative  of  potential  on  the  upper  boundary  of  the 


band  we  have 


.  *  ff^C/  +  «)J-»,(t/  — «)— 2*,(l/>  , 

+  aj  chte + 1 - *a+ 

.  *  f  ?i(U  -t-a  +  ih)+  %,{U  —  a  +  iA)  —  2f,((/  +  rt)  , 
+  2A  1  ch*^ - da 


(11.18) 


Let  us  designate  known  functions,  standing  in  numerator  of  integrands  (11.16)  and 
(11.18),  thus: 


fi<^ +  «)  +  f.(tf-  ')  —  2f,(l/)  =  M*a). 
f ,((/+«  +  (A)  +  *,<£/  —  a  +  iA)—  2f,  (£/  +  iA)  -  /,(*o). 


(11.19) 


We  take  integrals  by  parts 


t  ('  lj(kQ)da  *  ...  ..  ku 

*  J  ch  Aa  -  'l  **  _/l  (4o)  c,h  T  + 

+  *J/,(*a)cth-^-rfa; 

*JcsSrn"  /•(*°)*h r  <*■>«»-£  *>. 


An  Aa 

We  expand  cth-y-  and  th-j-  Into  a  series  of  exponential  functions: 


..  ka 
cth-s- 
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(11.21) 


(11.22) 


(11.23) 


(1" .2^) 


If  the  function  q>_ (U)  is  continuous  and  has  a  continuous  derivative  then  the  second 

tl 

derivative  ^(U)  is  limited  and 

<(£/)  -  lim  _^±°)  +  T,(t/r?>-J;y.<(/)  =,  f 

•*«  U* 


lim  a. 

Ml  «• 


(11.25) 
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Hence 


lim/u(fo) »  c,a*  -  0  and  =  0. 


(11.26) 


Therefore  we  have 


Consequently 


/,(*«)  ^1  —  eth— -j  -0-lim/(*a)^l-cth-^-J 
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(11.27) 
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§  12.  Solution  of  the  Dlrlchlet  Problem  in  a  Biconnected  Region 

I'slng  Conformal  Transformation 

From  all  of  the  preceding  material  it  is  clear  that  the  Dlrlchlet  problem  for 
any  singly-connected  (i.e.,  limited  by  one  closed  contour)  region  can  be  solved 
as  follows: 

1.  Conformally  convert  given  region  into  any  canonical  region:  circle,  upper 
half-plane,  or  infinite  band;  in  other  words  find  an  analytic  function  establishing 
a  one-tc-one  correspondence  of  the  given  and  canonical  regions. 
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2.  Transfer  boundary  values  of  the  sought  harmonic  function  -  potential  - 
to  corresponding  (during  conformal  transformation)  points  of  the  boundary  of  the 


canonical  region. 

5.  With  the  help  of  the  Poisson  integral  calculate  values  of  potential  at 
internal  points  of  the  canonical  region. 

4.  Knowing  the  conformally-mapping  function  transfer  values  of  potential  found 
at  points  of  the  canonical  region  to  their  corresponding  points  is  the  assigned 
region  and  thereby  obtain  a  solution  to  the  problem. 

Let  us  demonstrate  that  the  Dirichlet  problem  for  a  biconnected  region  can 
be  solved  using  infinite  sheet  conformal  mapping  of  it  onto  a  canonical  single- 
connected  region  where,  in  turn,  the  Poisson  integral  yields  a  solution  [29], 

Let  there  be  assigned  a  biconnected  region  D  limited  by  external  L^  and 
internal  Lg  contours  (Fig.  7a),  We  assume  that  in  D  there  is  an  analytic  function 

w(z)  =  u  +  iv  the  imaginary  part  of 
which  takes  constant  values  v  =  0 
on  Lg  and  v  =  h  on  L,,  Let  us  look 
at  the  properties  of  this  function. 

From  the  maximum  principle  for  harmonic 
functions  it  follows  that  on  L, 
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Fig.  7. 

virtue  of  the  fact  that 


values  v  =  h  are  maxima  in  the  region, 

on  Lg  values  v  =  C  are  minima.  There- 

dv 

fore  the  sign  of  the  derivative 
normal  to  L^  is  the  same  at  any  point 
on  contour  L^  and,  consequently,  by 


■  ^ 
dn 


da 

dl 


(u  and  v)  —  conformal  harmonic  functions 

v* 


(12.1) 


Thus  the  real  part  of  function  w(z)  when  going  around  'ontour  L^  undergoes  an 
increase  equal  to  N  and,  consequently,  the  value  of  the  real  part  of  u  at  any 
point  z  of  the  region  is  infinitely-valued  and  equal  to  u  +  kN  (k  -  an  integer) 
which  means  that  w  -  u  +  kN  +  iv  is  also  infinitely-va3ued.  Therefore  the  region 
of  definition  of  function  w(z)  cn  plane  (z)  will  be  an  infinite- sheet  Riemann 


f 


surface  every  sneet  of  which  coincides  with  region  D.  Let  us  isolate  in  D  the. 
line  u  *  0  and  make  a  cut  coinciding  with  this  line.  As  a  result  of  the  cut  the 

entire  infinite-sheet  is  Riemannian  surface  is  broken  up  into  separate  sheets. 

On  plane  (w)  to  every  such  sheet  there  will  correspond  a  rectangle  contained  between 

straight  lines  v  =  0,  v  -  h,  u  =  kN  and  u  =  (k  +1 )N  (k  -  an  integer)  (Fig.  7b). 

The  entire  infinite-sheet  Riemannian  surface  will  correspond  to  an  infinite  band 
between  straLght  lines  v  =  0  and  v  =  h.  Inverse  function  z(w)  will  be  single- 
valued  every  value  w  on  the  band  corresponds  to  only  one  value  of  z.  It  follows 
from  this  that  values  of  single-valued  harmonic  function  o(x,  y)  in  region  D  will 
equal  values  of  q>^(u,  v)  ac  corresponding  ooints  on  the  band.  I',,  is  "aiy  tc  show 
that  the  Emotion  (^(u,  v)  will  also  be  harmonic  and  single-valued.  Actually 
harmonic  function  <p(x,  y)  can  be  regarded  as  the  imaginary  portion  of  analytic 
function  fl( z).  By  virtue  of  uniqueness  of  analytic  function  z(w),  function 
n(z)  =  ft[zfw)]  =  n.(w)  will  also  be  analytic  and  its  imaginary  part  ^(u,  v)  — 
narmonic  and  single-valued.  At  points  of  the  banc  w  corresponding  to  points  z 
of  region  D,  values  of  ^(u,  v)  will  eq’»al  values  of  <p(x,  y),  values  of  ^(t)  on 
boundaries  cf  the  band  will  equal  values  ol  cp(t)  at  ucrre sponding  points  of  tne 
contour  of  region  D.  But  from  values  of  the  single-valued  harmonic  ’notion,  on 
boundaries  of  the  infinite  band,  by  the  Poisson  integral  for  the  band,  are  determined 
values  of  the  function  inside  the  region,  i.e  ,  is  the  Dirichiet  problem  solved. 

From  the  reasoning  presented  it  follows  that  if  an  analytic  function  w  is  known 
whose  imaginary  part  v  takes  constant  values  on  the  external  and  internal  contours 
of  region  D,  then  such  a  function  oonformally  maps  the  biconnected  region  cn  a 
band,  translating  the  external  and  internal  contour  of  the  region  to  the  boundaries 
of  the  banu.  With  the  help  of  this  function  the  Dirichiet  problem  in  the  biconnected 
region  can  be  solved  just,  as  in  a  singly-connected  one,  with  the  help  of  the 
Poisson  integral. 

§  13.  Transformation  of  Ring  Onto  a  Band 
Let  us  consider  the  function 

b,  *. 

» 


ns 


(-3.1) 


Assuming  we  obtain 


Pig.  8. 


Hence 


t ■»  fir.  — •»  —  I  +  i In  -i-  —u+iu. 


(15.2) 


On  circumference  jz|  =  r  the  imaginary  part  of  this  function 
takes  a  constant  value  equal  to  zero: 


t-  In  -  -  0. 
r 


(13.3) 


On  circumference  |z|  =  R  the  imaginary  part  also  takes  a  constant  value. 


t«=  In  —  —  A. 
/ 
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Consequently  the  function  w(z)  =  i  In  -  accomplishes  infinite-sheet  conformal 
mapping  of  a  ring  formed  by  two  concentric  circles  of  radius  r  and  R  onto  an 
irninite  band  of  width  h  =  In  ^  (Fig.  8). 

Let  us  construct  a  function  infinite-sheet,  conformally  depicting  a  ring 
foimed  by  two  nonconcentric  circumferences  of  radii  R,,  and  R^,  the  distance  between 

whose  centers  equals  6,  on  an  infinite  band  (Fig.  9).  Let 
us  consider  the  function 


2  4.J 

V  (?)  =  i  In  — +  i*  *=  u  +  fo. 

2—0 


(5.M 


As  was  earlier  clarified  the  line  v  =  const  of  this  function 
"re  circumferences  with  centers  on  the  ox  axis  at  the  points 


*<=  j  jr  =  0  and  radii  R  = 


2cb 


where  c- 


'?  —  frl 


Fig.  9- 


l-c*'-  - "  ~  l-c*'  v~  u  +  6,- 

Let  us  assume  a  circle  of  radius  R,  with  its  center  at  the 
point  x0|  o  =  0. 

From  this  condition  we  find  the  constant  k: 
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(13-5) 


whence  k  =  In  c 


On  a  circle  of  radius  Rg  with  its  center  at  the  point  xQg 


(15.6) 


express  c^,  Cg  and  b  in  terms  of  the  given  valu  of  R1 ,  Rg  and  6.  Prom  the 


relationship  R~~, — we  find 
1  — r 


.  VlPTT*  —b 
R 


cl "  — 


Y'tS+P-b  i  + 


(13.7) 


From  the  relationship 
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After  conversion  we  find 


VtR?  +  R’-ty=7R(R? 


(13.9) 


Thus, 
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Placing  the  origin  of  coordinates  on  the  center  of  the  small  circle  at.  the  point 


Xq,  ,  we  will  have  z  =  +  5  and 


t  j  j  \  2b 
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Thus  the  function 


ru)-/ln 


*,  +  r,{ 


infinite-sheetly,  conformally  depicts  a  ring  formed  by  two  circumferences  and  Rg, 
the  distance  between  whose  centers  equals  6,  on  an  infinite  band  of  width 


* 


(13.1?) 


Here  is  expressed  by  formula  (13.10). 


§  1>.  Determining  Maximum  Values  of  Potential  When 
Solving  the  Modified  "Dirichlet  Problem 
in  a  Biconnected  Regro~n 

Let  us  consider  the  field  of  charged  filaments  located  near  two  conducting 
cylinders.  Field  will  consist  of  two  comnonents.  Sources  of  one  will  be  the 
charges  of  the  filaments,  sources  of  other  —  charges  induced  on  the  conducting 
cylinders.  Complex  potential  of  field  W(z)  equals  the  sum  of  the  complex  potentials 
of  each  component  of  the  field.  On  the  surfaces  of  the  cylinders  (contours  and 
Lg)  its  imaginary  nart  (electrical  potential)  takes  constant  values  and  Cg.  The 
electrical  potential  of  the  field  of  charged  filaments  is  easy  determined: 


U,  Jjr.y)  <=■  lmjr,<*)|  = 


(l*.l) 


On  the  surfaces  of  the  conductors  at  points  t.  and  tg  its  values  equal: 


(1*1.2) 


Subtracting  them  from  constant  values  c1  and  Cg  of  the  resultant  potential,  we 
obtain  limiting  values  of  field  potential  cf  charges  induced  on  the  conductors 


(0) — ci — (/3)  —  Cj  O’. 

i 
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Considering  that  the  potential  is  determined  with  an  accuracy  to  the  constant,, 
wa  take  Cg  =  0.  Constant  c^,  as  already  indicated  in  §  5  is  determined  from  the 
condition  of  slngle-valuedness  of  the  function  of  flux  of  the  field  of  induced 
charges.  Let  us  define  this  constant  f28}. 

The  total  induced  charge  on  each  of  the  cylinders  is  equal  to  zero,  therefore 
on  the  basis  of  Gauss'  theorem  we  have 


i.e.,  the  function  cf  flux  Vg  is  single-valued  in  region  D. 

Let  us  take  c„  also  equal  to  zero.  Then  the  limiting  values  of  potential 
U  will  be 

U’  (tO  {/,);  U •  (/,)  =  -£/,  (/,). 

Potential  U  ,  defined  in  region  D  by  its  limiting  values  (.1^.6),  will  be  a  single¬ 
valued  function  of  coordinates,  its  limiting  values  assigned  single-valuedly, 

however,  its  conjugate  function  of  flux  V  simple  will  not.  be  single-valued  since 
*■ 

for  uniqueness  of  V  is  necessary  a  fully  defined  unique  value  of  constant  c,,  but 
we  arbitrarily  have  taken  it  equal  to  zero. 

It  is  natural  to  assume  that  the  magnitude  constant  c1  is  determined  by  the 
form  of  the  region  contour  and  by  the  distribution  of  potential  Un  on  it.  Having 
mapped  region  D  onto  an  infinite  band  and  thereby  excluded  the  influence  of  contour 
form  of  the  region  on  the  magnitude  of  c^  it  Is  possible  for  us  to  express  c^  as 
a  function  only  of  distribution  of  potential  on  tl  ;  boundaries  of  the  band.  Let 
us  show  this. 

Taking  the  derivative  of  potential  U  (z)  with  respect  to  the  normal  to  one  cf 
the  contours  and  integrating  over  the  contour  we  obtain 

=  *0.  (1^-?) 
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We  will  represent  potential  U  (z)  in  the  form  of  •.-.e  sum  o'*  t*;o  ^omp~..ents 


Ua<s)™Ui(z) 


Here  U^z)  is  the  sought  potential  sa^isfyin^  th*  condition 


(14.9) 


and  taking  on  the  contours  the  values 


Ut  it,)  «=  C,  —  U,  (/,)  i/t  (/,)  *=  —  U,  (/|). 


(14.10) 


*  . 

Fctential  Ug(z)  is  stipulated  by  the  selection  of  constant  c^,  equal  to  zero,  and 


takes  cn  the  contours  the  values 


W  -  ~  trvj-UM  «=  o 


(14.11} 


Equality  (l't.,7)  can  now  be  written  thus: 


i!  au*  r  at/,  r*  at/: 


(14.12) 


(!b~d/=  M 

J  (OT 

u 


(14.15) 


Wa  depict  region  D  infinl te-shc-etly  on  a  band.  Every  sheet  cf  the  Rieman.nian 
surface,  coinciding  with  D,  will  be  depicted  on  a  rectangle  with  sides  N  and  h. 

The  potential  on  the  mapped  region  -  band  —  we  designate  by  the  subscript  n. 


Obviously 


f  dU\  "  r  fin'  , 


(14.11) 


since  motion  along  the  Riemannian  surface  from  the  leit  shore  of  the  cut  to  the 
right  corresponds  to  motion  on  the  band  from  u  =  0  to  y  =  If.  But  on  the  band  we 


e«  .U  ft  "t*  r ' 


;  Ai  <=  —  i  du  =  4-  c 
/*  k  c>' 

if 


(14. 1-) 
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whence 


“  -jp  M. 


(14.16) 


(in  the  other  hand. 


du 


and  this  means  we  can  write 


(14.17) 


(14.18) 


Id(Jm  1 

-fipL  •  la  not  difficult  to  find  if  one  were  to  use  formula  (11.10), 

connecting  the  derivati/e  o-'  potential  normal  to  the  boundary  with  its  limiting 
values  on  the  boundaries  of  the  band. 

For  «/=  enh?--.  u  o  and,  consequently. 


[  *»  J— T  "  24  J  *  (*  “  t} 


(14. 1C) 


Substituting  this  value  ir.  the  expression  for  we  obtain 

c'~iryu  w J  * 


(14  -  20) 


The  magnitude  of  integral  (14.20)  does  not  depend  on  the  order  of  integration, 
therefore 

m 

*kS  7*  4  (14.23) 

“*  A  J  ch*i2*-  A)  S-cli*.VtfT 


Earlier  we  took 


v  Vi't  -  -  «*»  V,%  v-  Hi  =  -  t/v  f.v 
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consequently,  on  boundaries  of  the  band  also  will  be 


(14.28) 


(14. 2C) 


But  aQ  is  a  constant  component  of  the  Deriodic  potential  difference  AUn  equal  to 
the  mean  value  of  this  difference  on  segment  N,  therefore  (4] 


c,  -  a. 


I 

N 


* 


(14.50) 


Thus  to  determine  the  constant  we  must:  1)  map  region  D  ir.finite-sheetly 
on  a  band  in  such  a  manner  that  every  sheet  of  the  Riemannian  surface  is  mapped 
onto  a  rectangle  by  dimensions  h  x  N;  2)  transfer  values  of  potential  U,,  on  the 
boundary  of  the  band,  calculated  from  (14.2),  to  points  on  the  contours  and  L2; 
5)  find  the  constant  component  of  the  Deriodic  difference  of  potentials  on  the 
boundary  of  the  band.  Limiting  values  of  the  potential  of  the  field  cf  induced 
charges  on  contours  of  region  D  are  then  determined  thus: 


.V 

l  jit/, . (* 


t/.W  =  -t/,(M 


(14.31) 


Example  of  the  Calculation  of  the  Field 
of  a  Charged  Axis  in  an  Annular  Gap 
between  Two  Concentric  Cylinders 


We  use  the  derived  formulas  for  calculating  the  electrostatic  field  of  a 
charged  axis  in  the  gap  between  two  concentric  conducting  cylinders.  The  charge 
oer  unit  length  of  axis  equals  a,  the  radii  of  the  cylinders  —  R.,  and  Rg,  the  axis 


is  at  point  *,=>$«'*,  the  origin  of  coordinates  on  the  axis  of  the  cylinders. 


r 


The  constant  component  of  the  periodic  difference  of  potentials  AU^,  and 


consequently,  the  constant  c^,  will  equal 


f ,  »  a,  <=  — i—  In  —  . 


(15.10) 


Hence  for  limiting  values  of  field  of  potential  charges  induced  on  the  conductors. 


we  obtain: 


25r[lni 


•)  -  -«!r  l  ^  -  2/?  jC  cos  (<>-<)  +  o’ 


These  values  on  boundaries  of  the  band: 


^(*  +  tt)  =  -~[lnC+ln|/l-2/®  co»f«  +  t)  +  j5j  ]' 


(15.11) 


(15.12) 


(15.13' 


t/*(T)“‘ '2*r,nC|/  1-2^*  cos(f  +  ir>  +  -^ 


M'-l 


*)  cos*(t  +  o 


(15.14) 


Let  us  find  the  distribution  of  the  nurmal  component  of  intensity  on  t..e  surface 
of  the  cylinders.  By  formula  (51.29),  on  the  boundary  of  the  band  we  have 

-~fc-ri_o=  { |yfcl«ti»)-(/,(»i  + 

xV.r^  V,  ir„  f /,<«><*•  1 
+2j  — 2,  1  J  (15.15) 

<1-1  •  «*»i  § 

/i(“)  =  '’^~\Zivst(u+<t)~ax>k{u-r1~a)  —  cos  k(u  + 

(15.1 


+*-o)L 


-costa). 


(15.16) 
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(15.17) 


But 


dU»  m  o 

dv  "  "tith 


,  .  /  l-2^«»w  +  «  +  4r 

4-V  — £ - 1* 

r  t  — 2-^cos(«  +  t)+ 


-  .y^_.  coster)  0<*a) 

- 


-2-1 


m 

-  V-^ 

r 


COS t(u  +  t) 


(1  —  coska) 


da 


a 

nth 


■£■£ 


e* 


J 


I  —  costa 


R  /?* 

l_2^  co*(t+  *)  + 

COS  t  (u  -j-  tf) 

k 

J 

cos  t  (u  x  tf) 

k 

1 

J--  J 

1  1“ 

4 

*  sin  ta  —  n  costa  | 

v-*  1 

1  n  f 

IT  “  «*  +  F  “  n(n* +  *V 


(15. IB) 


(15.19) 


*m  •  r,lnl/-F^ 

a/i  “  «rj  2  r  /?,  « 

L  "  I -2-^  «*(«  +  *>+  -7 


(15.20) 
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and 


On  the  surface  of  the  outer  conducting  cylinder  the  normal  derivative  of  potentiax 
of  field  of  induced  charges  is: 

*y±\  _  '  .W*\  .  (15.29) 

The  normal  derivative  of  uotential  of  field  of  charged  axis  on  the  surface  of  the 
inner  cylinder  is  written  thus: 
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S' 

S  V 


<*{,  _ Rt  —  gco»(l— ♦) 

"Sf  M.  *»  2*t*co»(*~t)  + ( 


!  —  -•-«*(»  —  t) 


(15-30) 


and  on  the  surface  of  the  outer  cylinder 


im  '  Jfj  —  2*7?  co*  l*  -  *)  +  f5 


^  1-2-1- «*(»-*)+-£ 


(15-31^ 


52 


CHAPTER  II 


MODELING  OP  CONFORMALLY  MAPPING  FUNCTIONS 

§  16 .  Electrical  Field  of  Current  in  a  Conducting  Sheet 

Plane-parallel  electro-  and  magnetostatic  fields  in  a  dielectric,  strictly 
speaking,  do  not  exist  since  there  cannot  be  infinite  sources  of  these  fields 
and  there  is  no  media  with  zero  electrical  or  magnetic  permeabilities.  On  the 
contrary,  the  field  of  current  in  conductors  can  be  plane-parallel  since  the 
current  cam  concentrate  in  a  bounded  domain  limiting  this  region  with  an 
insulating  surface.  On  the  interface  between  the  conductor  and  dielectric  the 
normal  component  of  current  density  is  equal  to  zero,  the  vector  of  current  density 
iles  in  a  plane  tangent  to  the  interface  and  consequently  the  surface  of  conductor 
may  be  regarded  as  a  surface  formed  by  the  totality  of  flow  lines.  The  field 
of  current  in  a  thin  conducting  sheet  will  be  plane-parallel. 

From  the  principle  of  continuity  of  flow  lines  it  follows 

div5  =  0,  (36.1) 

where  "5  —  vector  of  current  density. 

In  a  uniform  isotropic  medium,  according  to  Ohm's  law,  the  density  of  current 
is  proportional  to  Intensity  15 

6-y£»  —  ygradi/.  (16.2) 

Substituting  expression  (16.2)  in  (16.1)  we  will  obtain 

div6»Y<KvgridC/e  YA(/*=0,  (16..3) 

i.e.,  potential  of  field  of  direct  current  in  conducting  medium  satisfies  the 
Laplace  equation.  When  deriving  expression  (16.3)  we  did  not  consider  magnetic 
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interact  ion  oi‘  currents  whicn  in  general  aifects  distribution  of  current  density 
in  conductor  and,  consequently,  the  potential.  Let  us  estimate  magnitude  of  this 
interaction. 

Let  us  consider  two  charges  q^  and  moving  in  a  conducting  medium  in  one 
direction  with  a  speed  v.  The  distance  between  charges  is  r.  The  force  of 
electrical  interaction  of  charges,  determining  distribution  t-0  field  in  conductor, 
according  to  equation  (16.3)  las  the  form  (18) 

*1  M i 


\h\ 


tat 


(16.4) 


The  force  of  magnetic  interaction  of  moving  charges  distorting  this  distribution 
of  the  field  is  written  thus: 


(16.3) 


The  induction  3  of  the  magnetic  field  of  a  moving  charge  q2  at  a  distance  r  from 
it  equals 


r 

i 

♦ 


(16.6) 

and  is  directed  along  the  normal  to  the  plane  of  vectors  v  and  r.  Placing  this 
value  of  Induction  in  expression  (16.5)  we  obtain 

V.I-lfS (16.7) 

Consequently  we  write  the  relationship  between  the  electrical  and  magnetic 
intensities  affecting  the  distribution  of  current  density  in  the  conductor 


where  c 


I  /. !  ’  l  «« 

Q 

3*10°  m/s  —  velocity  of  light  in  emptiness. 


(16.8) 


It  is  known  that  the  average  speed  of  directed  motion  of  charges  in  metal 

p  2 

does  not  exceed  1  m/s,  i.e.,  v  s  1  m  /s  and  consequently  the  forces  of  electrical 
interaction  of  charges  moving  in  the  conductor  are  in  9'iO1^  times  greater  than 
the  forces  of  magnetic  interaction.  Influence  of  the  magnetic  field  on  distribution 
of  direct  current  in  the  conductor  is  so  insignificant  that  it  can  always  be  dis- 
regt-ded  and  it  may  be  considered  tliat  the  electrical  potential  of  the  field  in 
a  tedium  with  constant  conductivity  satisfies  the  Laplace  equation. 

Let  us  consider  uniform  flat  conducting  sheet  of  constant  thickness  A  and 
unlimited  extent  (Fig.  10).  At  point  0  we  connect  to  the  sheet  a  thin  conductor  and 
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Fig.  10. 


pass  through  the  sheet  a  constant  current  I 
(it  is  assumed  that  the  return  wire  is  connected 
infinitely  far  away).  Let  us  draw  a  circle 
l  of  radius  r  with  its  center  at  the  point  0. 

In  accordance  with  the  principle  of  continuity 
of  current  we  have 

*»  <£  yEAdl  >»  /;  (16 .5) 

i  1 


Here 

6^  —  density  of  current  normal  to  circle  i; 

A  —  thickness  of  sheet; 

t 

y  —  conductivity  of  material  of  sheet; 

7  =  7*A  —  conductivity  of  unit  of  surface  of  sheet. 

Due  to  symmetry,  on  the  circle  l  ^  *  E  *  const  and  I  -  7E*2irr.  Hence 


£«  —  g«dC/»  ‘  (16.10) 

2*V r  9 

rQ  —  unit  direction  vector  of  7. 

Let  us  assume  at  some  poi  '.t,  at  a  distance  r^  from  point  0,  a  potential  to 
equal  to  zero:  U(r1)  -  0.  Then  potential  U  at  any  point  of  the  sheet  at  the 
distance  r  from  point  0  will  be  determined  thus: 

"('>  -J  f 


/ 

2ny 


Inr  +  c. 


(16.11) 


Lines  of  equal  potential  will  be  concentric  circles  with  their  centers  at  point  0, 
currsr t  lines  will  be  rays  radiating  from  point  0,  Precisely  such  picture  has 
the  field  of  a  charged  axis,  the  expression  for  potential  of  which  differs  from 
(l6.ll)  only  in  that  it  includes  a  linear  charge  t  instead  of  current  I  and  e 
instead  of  7.  Consequently  field  of  current  in  sheet  in  this  case  can  serve  as  an 
analog  of  the  electrostatic  field  of  a  charged  axis  in  a  dielectric. 

Let  us  assume  that  now  current  is  brought  in  to  a  section  S  of  the  surface 
of  the  sheet  so  that  to  each  element  of  area  dS  is  brought  a  current  di  =  635. 
The  component  cf  potential  dU  giving  rise  to  a  current  di  at  a  distance  r  from  it 
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equals 


dU  —  — gi— <f/lnr*»  — 

2*Y  2ny 


(16.12) 


Potential  caused  by  all  current  I  brought  to  S  has  the  form 


U  **  — J—  f  6  InrdS  ct 

3X1  i 


(16.1J) 


There  is  an  analogous  formula  for  potential  of  a  flat  electrostatic  field  in  a 
dielectric  and  for  the  vector  potential  of  a  magnetic  field  in  a  uniform  medium. 

The  analogy  between  a  field  of  direct  current  in  a  flat  conducting  sheet  and 
plane-parallel  electrostatic  and  magnetostatic  fields  is  used  for  modeling  electro- 
and  magnetostatic  fields.  In  this  respect  the  field  of  current  possesses  great 
advantages  over  other  physical  fields.  The  field  is  easily  produced  and  its 
intensity  easily  measured  at  ary  place. 

Potential  U  of  current  field  in  a  sheet  is  a  harmonic  function  and  has  it 


conjugate  function  of  flux  (or  current).  By  value  of  function  of  current  J  at 
point  (x,  y)  of  the  sheet  we  understand  the  magnitude  of  current  I  through  any 
section  connecting  point  (x,  y)  with  initial  line  cf  current  (on  which  is  taken 
j  =  0)  divided  by  the  conductivity  of  a  unit  surface  of  the  sheet 

J(Xt  y)=,l<*±A,  (16.14) 

Conjugate  harmonic  functions  U  and  J  can  be  reprt  sented  in  the  form  of  imaginary 
and  real  parts  of  an  analytic  function  —  complex  potential  fi 


Q(z)  =  J  (x,  y)  +  iU  (x.  y). 


(16.15) 


From  everything  that  has  been  said  one  may  see  that  the  field  of  direct  current 
in  a  sheet  can  be  used  for  simulation  of  any  flat  physical  field  described  by 
harmonic  function  <p(x,  y). 

Let  us  consider  the  possibility  of  solving  the  Dirichlet  problem  by 
simulation  the  sought  function  q>  with  an  electrical  field  of  current  in  a 
conducting  sheet  [56]. 

Stationary  plane-parallel  field  of  current  in  a  conducting  sheet  is 
characterized  by  two  conjugate  harmonic  functions  —  electrical  potential  U  and 
function  of  currents  J,  each  of  which  can  be  selected  for  modeling.  In  Fig.  31  is 
given  the  fundamental  diagram  for  simulation  of  searched  in  region  D  of  harmonic 


function  q>(x»  y)  by  an  electrical 
potential  U(x,  y)  on  a  conducting 
sheet  cut  in  the  form  of  an 
assigned  region  D.  Function  <p 
is  given  on  the  contour  l  by  values 
of  electrical  potential  U(t)  «  $(t). 
The  value  of  pctex.tial  at  any  point 
M(x,  y)  of  the  region,  is  proportional 
to  the  value  of  ?>(x,  y),  can  be 
measured  with  an  accuracy  of  the 
constant  by  a  voltmeter  connected 
between  the  point  M(x,y)  and  the 
point  M0(x0,  yQ)  at  which  the  potential  is  taken  equal  to  zero. 

In  the  majority  of  practical  problems  we  are  not  interested  in  the  harmonic 
function  <p ,  itself  but  in  its  gradient  and  in  particular  the  normal  derivative 
on  boundary  This  quantity  can  be  measured,  as  shown  on  the  diagram  with  a 

galvanometer  and  the  help  of  a  double  probe  the  distance  An  between  whose  needles  is 
precisely  held: 

du  d® 

=  (16.15) 

Practical  set-up  of  an  installation  for  simulation  of  a  potential  function  is 
difficult:  in  order  to  ensure  independent  assignment  of  potential  at  every  point 
of  the  boundary,  the  model  should  be  prepared  from  a  conducting  material  with 
a  high  specific  electrical  resistance,  otherwise  upon  establishing  the  potential 
at  any  one  point  of  the  model  contour  the  potentials  of  all  neighboring  points  will 
be  changed.  Metallic  sheets  possessing  good  homogeneity  have  a  low  specific 
resistance  but  existing  conducting  papers  are  nonuniform  ana  potential  of  field  of 
current  in  them  differs  from  harmonic.  During  measurement  of  gradient  of  potential 
on  a  model  of  paper  this  difference  leads  to  impermissible  error. 

It  is  considerably  more  convenient  and  more  exact  to  model  a  harmonic 
function  <p  of  a  current  function  J  in  a  metallic  sheet.  In  Fig.  12  is  shown 
fundamental  diagram  of  such  a  modeling.  Boundary  values  9(t)  of  the  sought 
function  <p(x,  y.)  are  given  by  the  magnitude  of  current  supplied  to  the  model 
circuit.  Here,  for  an  increase  of  threshold  function  on  a  certain  section  of  the 
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Fig.  12. 


boundary  we  obtain 


(16.17) 


where  i  —  current  supplied  to  given  section  of  boundary,  y  —  conductivity  of  unit 
of  surface  of  sheet. 

Measurement  of  current  function  in  any  point  of  the  region  can  be  made 
either  with  a  special  magnetic  band  connected  to  a  ballistic  galvanometer 


•*  f  i  -  yj(x,  y)  m  ?(x.  y). 


(16.18) 


or  with  a  double  probe  -onnccted  to  a  voltmeter.  For  this  we  present  J(x,  y) 
in  the  for*  of  an  integral  taken  along  the  line  connecting  section  of  contour  L 


on  which  J  »  0,  wJ  Lii  point  (z). 


Replacing  the  integral  by  a  final  sum  and  considering  An  =  At,  we  obtain 


(16.19) 


(16.20) 


Component  AU^  is  measured  with  a  special  double  probe  whic.i  breaks  the  line  into 
m  parts  each  equal  to  the  distance  between  needles.  The  probe  is  mounted  in  such 
a  manner  so  th?t  the  average  distance  between  needles  coincided  with  the  middle 
of  section  of  straight  line  and  needle  are  disposed  on  a  perpendicular  to  this 


i 


section.  Measurement  of  the  normal  derivative  of  current  on  the  boundary  is 
made  with  a  galvanometer  connected  to  the  double  probe.  In  virtue  of  the 
conjugation  of  functions  U  and  J  normal  derivative  of  current  io  equal  to  the 
tangential  derivative  electrical  potential 


!  dJ  OU 

I  *r  *  ~ar 


(16.21) 


and  consequently  the  voltage  drop  measured  over  a  sufficiently  small  section  At 
along  the  boundary  of  the  region  is  proportional  to  the  derivative  of  current  oii 
this  section: 


to 


At  se 


dn 


(16.22) 


Simulaton  according  to  the  diagram  shown  in  Fig.  12  also  contains  essential 
deficiencies: 

1  —  for  every  concrete  problem  it  is  necessary  to  prepare  its  own  region 
model  which,  when  requirements  for  accuracy  of  simulation  are  high*  requires  a 
great  expenditure  of  qualified  labor; 

2  -  for  obtaining  accuracy  of  simulation  it  is  necessary  to  ensure  sufficiently 
accurate  assignment  of  boundary  values  of  modeling  fur.ct ' over  the  entire  contour 
of  tne  region;  for  this  a  large  number  of  current  sourc.  .»  re.,  ilred; 

3  —  appraisal  of  accuracy  of  simulation  for  an  arb  ary  tae  region  is 
hampered;  use  of  the  idea  of  conformal  transformation  [25,  37,  38,  42]  would 
permit  avoidance  of  these  difficulties  and  creation  of  universal  analog  computers 
for  solution  of  Dirichlet  and  Neumann  problems. 


§  17.  Simulation  of  a  Function  Conformally  Depicting  a 
Singly- Connected  Region  on  a  bancf 

Let  there  be  given  a  region  D  bounded  piecewise  by  smooth  contour  L. 

Let  us  perform  the  following  experiment.  From  a  thin  uniform  conducting  sheet 
we  cut  a  model  in  the  form  of  region  D  (Fig.  13).  To  two  points  of  the  model 
countour,  A  and  B,  we  connect  a  dc  source.  Let  us  consider  the  field  of  current 
in  the  model.  The  normal  component  of  current  densxty  6r  on  the  model  contour 
is  absent  (6  =  0),  consequently  on  the  contour  6  =  6. .  Let  us  take  contour  line 

AmB  as  the  initial  line,  i.e.,  on  it  we  set  J  ■=  0.  Then  value  of  stream  function 
J  in  any  point  M  of  the  model  will  equal  current  1  flowing  through  any  section 
connecting  point  M  with  section  of  contour  AmB  divided  by  conductivity  of  a  unit 
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Fig.  13. 
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finite  auant.it.y  of  current-  through  the  model  the  p;  tsr.bial  U  at  points  of  contact 
should  be  infinitely  great  (U^  =>  ±oo) . 

Thus  the  complex  potential  of  the  current  field  in  the  model  ft  *  J  +  1U 
takes  the  following  boundary  values. 

1.  On  section  of  contour  AmB  real  part  of  J  takes  constant  value  J  ■  0, 
the  imaginary  part  U  varies  from  ~aj  at  point  A  to  ko  at  point  B. 

2.  On  section  of  contour  AnB  the  real  part  of  J  takes  constant  value  J  -  Jjj, 
the  imaginary  part  of  U  also  changes  from  -co  to  +co. 

Consequently  on  plane  (ft)  region  D  is  converted  into  a  vertical  infinite  band 
of  width  JN  =«  n  between  lines  J  =  0  and  J  »  J^.  Complex  potential  ft  =  J  +  ill 
is  a  function  conformally  depicting  region  D  on  an  infinite  band.  For  convenience 
of  depicting  on  figures  U  and  J  in  expression  for  ft  we  change  places. 

Field  of  current  in  model  will  not  change  if  contacts  A  and  B  are  made  on 
equipotential  lines  U  =  0  and  U  =  U^,.  The  form  of  these  lines  near  points  or  the 
contour  A  and  B  can  be  indicated  beforehand,  namely,  does  the  point  of  contact 
lie  on  a  smooth  part  of  the  contour  or  coincide  with  its  angular  point.  At  its 
interaection  the  line  U  =  const  will  differ  very  little  from  arcs  of  a  circle  with 
its  center  at  the  point  of  contact  since  the  point  of  contact  for  function  ft  is 
a  singular  point  of  logarithmic  type.  In  this  case  the  part  of  the  model,  not 
occupied  by  contacts,  on  plane  (ft)  will  be  depicted  on  a  rectangle  between  straight 
lines  J  =  0,  U  =  UN,  J  *  JN>  U  »  0.  The  analytic  function  —  complex  potential  of 
field  of  current  in  model  ft(z)  —  being  analytically  continued  through  lines  of 
contacts  on  sections  of  the  model  under  contacts,  will  map  these  segments  on  two 
infinite  semi-bands  of  width  JN  * .h  supplementing  the  rectangle  to  infinite 
band  in  both  directions  (Fig.  15). 

The  accuracy  of  simulation  will  depend  on  homogeneity  of  sheet  from  which 
is  prepared  model,  accuracy  of  preparation  of  model  contour,  and  degree  of 
coincidence  of  circumference  of  contact  with  line  U  =  const  of  the  field  of 
current  in  the  model  if  current  is  brought  in  at  two  geometric  points  of  the 
contour. 

Let  us  consider  now  how  it  is  possible  to  moael  a  function  conformally 
mapping  a  singly-connected  region  D,  external  with  respect  to  closed  contour  L, 
onto  a  band  (Fig.  16a).  Reasoning  just  as  in  preceding  case,  for  this  it  is 
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by  contnct 


Fig.  15. 
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necessary  to  make  a  model  from  a  conducting  sheet  in  the  form  of  the  considered 
region  and  to  two  points  of  model  contour  introduce  a  direct  current.  Complex 
potential  field  of  current  in  such  a  model  will  he  a  function  conformally 
mapping  region  D  onto  a  band.  Contacts  may  also  be  made  along  two  small  arcs  of 
circles  with  centers  at  the  points  of  contour  A  and  B. 

However  during  preparation  of  such  a  model  an  essential  difficulty  arises. 
Region  D  is  infinitely  large  but  the  external  dimensions  of  the  model  must  be 
limited.  The  external  contour  of  the  model  will  introduce  distortion  in  field  of 
current  in  it  since  on  it  is  constrained  the  establishment  of  a  constant  value 

*  1  (ft  of  current  function  J  =  const.  The  error  introduced  by  the 

p  external  contour  of  the  model  when  its  radius  is  small 

y  can  be  so  Sreat  as  to  essentially  distort  the  mapping 

0  *  function  not  only  in  points  of  region  remote  from  contour 

Rj  l  L  also  on  the  actual  contour.  Let  us  estimate  the  magnitude 

a  °f  this  ',rror*  the  roodel  were  of  unlimited  dimensions 

r  --  /  |  then  the  complex  potential  of  the  field  of  current  in  it 

ft \.jf  would  have  by  its  own  sources  of  contact  charges  to  which 

—fV —  p  ^ii  n — •“  a  direct  current  is  supplied  and  the  distributed  charges 

A.a  ** ft  applied  to  the  countour  L  are  determined  by  value  J  =  const 

>— on  the  contour  L.  Let  the  external  contour  of  the  model 
b  now  be  made  in  the  form  of  a  circle  of  radius  R  with  center 

Fig.  16.  in  middle  of  the  segment  connecting  the  most  remote  points 


Fig.  16. 


of  contour  L.  Let  us  join  the  contacts  of  the  source  of  current  to  these  points. 

On  the  external  circuit  also  is  constrained  satisfaction  of  the  condition 
J  =  const,  i.e.,  there  will  appear  an  induced  charge.  Let  us  estimate  the 
distorting  influence  of  this  charge.  For  simplicity  of  consideration  we  will 


limit  ourselves  to  an  appraisal  of  the  Influence  of  only  that  part  of  the  induced 
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charges  on  the  external  circuit  which  are  produced  by  charges  of  the  model 

/■>  ^  a  ^  4-  /• 

w  '■'*  *  w<*  -*  V  O  • 

Applying  the  method  of  mirror  images,  we  find  the  complex  potential  of  the 
field  of  charges  induced  cn  the  contour  of  the  model  by  charges  of  the  contacts. 
Let  us  assume  that  the  origin  of  coordinates  coincides  with  the  center  of 
external  circle  R  and  the  contacts  with  charges  ±t  are  situated  at  points  ±r. 
Then  the  complex  potential  of  the  field  of  induced  charges  will  be  written  thus: 


AO  (*)-—/ 
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(17.5) 


The  modulus  of  this  quantity  at  point  t  of  contour  L  has  the  form 
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We  approximately  replace  the  mapping  function  by  the  complex  potential  of 
field  of  charges  on  contacts  on  an"  unlimited  model 
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At  point  t  of  contour  L  we  define  the  modulus  of  this  quantity 
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The  relative  error  introduced  by  the  cuter  contour  of  the  model  at  point  t  equals 

.  -fA0(/)|  _  ra\t\  r9 
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(17.9) 


So  that  this  error  will  be  less  than  Vf>  it  is  necessary  that  the  radius  of  the 
outer  contour  of  the  model  be  more  than 


Ko.oi 


lOr. 
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srror  can  be  eliminated  without  increasing  the  dimensions  of  the  model.  For 


this  it  is  sufficient  to  perform  a  double  transformation:  analytically  with  the 

R2 

help  of  function  {  =  —  to  map  region  D,  external  to  contour  L,  onto  internal 

region  region  limited  by  new  contour  then  the  conformally  transform  region 

onto  an  infinite  band  by  modeling  on  a  model  of  a  conducting  sheet.  For  this 

is  selected  inside  contour  L  a  point  in  which  is  considered  z  *  0.  Expediently 

this  point  is  selected  in  such  a  manner  so  that  circumference  of  radius  with 

center  at  this  point  coincides  as  near  as  possible  with  contour  L.  As  was  noted, 

R2 

with  the  help  of  function  5(z)  =  —  region  D,  external  to  circuit  contour  L,  is 
mapped  onto  region  D1 ,  bounded  by  contour  (Fig.  16b).  Here  point  z  =  co  shifts 
to  point  C  =  0.  From  a  conducting  sheet  is  cut  a  model  in  the  form  of  region  D^. 

To  two,  remote  from  each  other,  sections  of  the  model  contour  are  soldered  contacts 


in  the  form  of  round  washers  of  small  diameter  and  a  direct  current  passed  through 

/r2 

the  model.  The  complex  potential  of  field  of  current  in  the  model  W(£)  *  Wl— -  , 


considered  as  a  function  of  points  z  of  region  D,  will  be  a  function  conformally 
mapping  region  D  onto  an  infinite  band  of  width  h  =  i  and  translating  point 
p  z  ■  co  to  point  %  =  Jq  +  iuo* 

fEy  the  same  method,  applying  preliminary  inversion 

with  respect  to  a  circle  of  radius  R,  is  modeled  a 
conformal  mapping  of  semi-infinite  region  D  with  assigned 
boundary  L  (Fig.  17).  For  this  semi-infinite  region  D 
.  with  boundary  L  of  plane  (z)  is  converted  to  limited 

singly-connected  region  D.  with  boundary  L.  of  plane 

S'  1 

C  by  simple  inversion  with  respect  to  a  circle  of 


Fig.  17. 


radius  R  (39): 

.  R*  ,  R*  R* 

z  +  h  •  •  r=*:  w 


(17.11) 


Here  end-point  z  =  oo  passes  to  end-point  £  =  R“yH  and  internal  point  z  =  -H  of 
region  D  passes  to  internal  point  of  region  D1  coinciding  with  origin  of 
coordinates  ?  =  0.  The  indicated  transformation  is  conformal  and  in  order  to 
find  the  conformal  mapping  of  semi-infinite  region  D  onto  a  band  of  width  h  it  is 


now  sufficient  to  determine  the  conformal  mapping  of  region  onto  an  infinite 


band. 


§  18.  Determination  or  constants  of  the  Chrlstoffel  Formula 
f or  Region  Bounded  by  a  Closed,  Nonintersecting 
Broker.  Line 


By  the  presented  method  of  simulation  of  conformal  transformation  easily  can 
be  found  the  constants  of  the  1  Christoffe] -Schwarz  .  formula  both  for  internal  and 
also  for  external  regions  [20]. 

Let  us  assume  attempt  to  find  an  expression  for  a  function  conformally 
mapping  the  upper  half -plane  onto  the  interior  of  polygon  L.  For  this  from  a 
conducting  sheet  will  be  cut  a  model  in  the  form  of  region  D  (Fig.  18)  and  at 
two  remote  angles  z^  and  zm  to  it  are  joined  contacts  in  the  form  of  washers  of 
small  diameter.  Through  model  is  passed  a  direct  current  and  determined  the 
potentials  Uk  of  angular  points  zk  of  contour  of  region  D  in  fractions  of  total 
potential  drop  between  contacts  of  the  model.  Let  us  assume  that  they  are 
equal,  respectively,  to  U2,  U y  ...,  ...,  Un«  With  the  help  of 

function  £  =  $  +  ir  =  e77/*1  n  we  map  band  of  width  h  on  upper  half-plane  (C).  Let 

us  designate  constant  e77/*1  =  a  and  then  C,  »  afi.  Angular  points  of  the  contour  of 

region  D  Zg,  z y  ...,  zn_^  (Fig.  18)  after  mapping  onto  a  band  wiil  correspond  to 

the  point  with  coordinates  (Uk,  0),  lying  on  lower  bound  of  the  band.  By  these 

points  on  the  boundary  of  the  upper  half-plane  will  correspond  to  points  with  coor- 
Q  U  fl  U  H  U  . 

dinates  a  =  a  ,  a  ^  =  a  -7,  ...,  a  "  =  a  (Fig.  19).  Angular  points 

zm+1,  ...»  zn  on  the  band  will  correspond  to  points  with  cooru'.nates  (Uk,  h),  lying 

on  the  upper  boundary  of  the  band.  On  the  boundary  of  the  upper  half-plane  they 

will  correspond  to  points  with  coordinates 

0°"+'  -  -  —  ou"+»,  . . .  a°*  -  —a°\ 

Angular  points  z^  and  zg  potentials  of  which  must  be  U.  =  -<d  and  Um  =  -wo  on  band 
will  correspond  to  points  =  -co  and  flm  =  +a>.  On  the  boundary  of  the  upper 
half -plane  they  will  correspond  to  points  with  coordinates 

a°*  m-  a~m  ms  0  and  a°m  a**  **  oe. 


Placing  these  coordinates  in  the  Chrlstoffel  formula  we  obtain  an  expression  for 
the  function  conformally  mapping  the  upper  half-plane  onto  region 

T*-1  •  •  •  (*  -au—')9—' (T+a‘''»+')a"+,"‘ . . . 

+  aPKf*-'dT. 


2(0' 


(18.1) 
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Fig.  18.  Fig.  19. 

Here  a^,  a^,  ...»  aR  are  angles  between  neighboring  segments  of  the  broken  line 
in  fractions  jf  it,  a  =  e71^*1;  C  the  coordinate  of  the  point  of  the  upper  half-plane; 
z(C)  the  coordinate  of  its  corresponding  point  in  region  D. 


c  d 


Fig.  20. 

If  an  expression  for  function  conformally  mapping  the  upper  half-plane  onto 
the  exterior  of  polygon  L  is  sought  then  we  proceed  in  the  following  way. 

1.  Region  D,  external  tc  polygo..al  contour  L,  with  the  help  of  function 
r2 

C  *  —  is  mapped  onto  region  bounded  by  contour  .  Point  z  *  oo  will,  in  this 
case,  go  to  point  ?  -  0  (Fig.  20a,  b). 

2.  Region  Dj  is  mapped  onto  an  infinite  band  of  width  h  by  means  of 
modeling.  Assume  that  the  contacts  ai  e  attached  to  the  model  on  sections  of 
contour  £n,  and  ?m,  Cm+1»  corresponding  to  sides  zn,  z^  and  zm,  zm+1  of  the 
polygon.  On  section  of  contour  of  model  C2,  ...,  £m  we  take  J  equal  to  zero 
and  on  secti Dn  Cn>  potential  of  contact  J  also  equal  to  zero.  Ther.  during 


f;r> 


£ 


tiW*'*'* 


transformation  points  C^,  C2>  •••>  corresponding  to  angular  points  of  the 
polygon  z^,  z2,  zm  will  go  to  points  U1,  U2,  ...»  Um,  lying  on  the  lower 

boundary  of  band  J  =  0,  points  J  j . will  go  into  joints  (Um±\  +  ih),-  •  • .((/«  +  ih), 

lying  on  the  upper  boundary  of  the  band,  points  £  =  0,  corresponding  to  point 
2  =  co,  will  go  to  point  =  U0  +  iJQ  (Fig.  20c) 

3.  The  band  on  the  upper  half-plane  is  mapped  with  the  help  of  function 

*  o 

(Fig.  20).  After  mapping  onto  the  boundary  of  the  upper  half -plane 
angular  points  of  the  contour  L  z^,  z2,  ...,  zffl  will  correspond  to  points  with 

coordinates — e^V*+l, — <S"U"’+*,  ....  — <S’U"  ,  angular  points  z  +1,  zm+2,  ...,  zn 

K  j  j _ ^ 

will  correspond  to  points  with  coordinates  — e'  — f*  "•  Point  z  oo  will 

-o. 

correspond  to  point  •  Substituting  these  values  into  the  Christoffel 

formula  we  obtain  an  expression  for  the  function  conformally  mapping  the  upper 
half-plane  onto  region  D  and  translating  point  into  an  infinity  distant  point 


*(0  =  c 
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Here  a  —  ,  A  *  — ,  I  is  the  current  through  the  mod  1  of  region  D1;  c^,  a2, 

an  —  external  angles  of  the  polygon  measured  in  fractions  of  n;  U^,  U2, 
potentials  of  points  of  model  corresponding  to  angular  points  of  polygon 
measured  with  respect  to  the  contact  where  it  is  assumed  U  =  0. 


—  *  Un~ 


§  19.  Modeling  of  a  Function  Inflnlte-Sheef.ly,  Conformally 
Mapping  a  Bicoupled  Region  Onto  a  Bang 

Let  there  be  given  a  bicoupled  region  D  =  +  D?  having  one  or  several 

axes  of  symmetry  (Fig.  21)  and  it  is  being  required  to  find  a  function  carrying 
out  infinite-sheet  conformal  mapping  of  region  D  onto  an  infinite  band.  As  was 
shown  in  §12,  this  function  is  determined  by  the  constant  values  of  its  imaginary 
part  on  contours  of  the  region.  Let  us  prepare  from  a  conducting  sheet  a  model  in 
the  form  of  region  d'  equal  to  half  of  region  D  over  the  left  side  of  the  axis  of 
symmetry.  We  realize  contact  along  segments  ab  and  de  of  the  cut  of  region 
D  and  connect  the  model  to  a  direct  current  circuit.  Let  us  consider  the  field 
of  current  in  the  model.  The  magnitude  of  current  I  flowing  through  any  line 
connecting  point  M  of  D  with  section  of  the  contour,  divided  by  the 


conductivity  of  a  unit  surface  of  the  sheet.  V, 
is  equal  to  the  function  of  current  J  at  point 

Ml 


■K) 


| .  The  magnitude  of  voltage  between 

point  M  and  contact  a6,  on  which  is  assumed 

U  =*  0  will  be  equal  to  potential  of  point  M. 

From  continuity  of  the  normal  component  of 

current  density  6n  on  the  model  contour  it 

follows  tlat  6*0  and  6  =•  6.,  i.e.,  the 
Fig.  21.  n  t 

model  contour  coincides  with  lines  of  current 

J  *  const.  In  other  words.-  the  imaginary  part  of  analytic  function  fi  on  contour 

IN 

section  aim  is  constant  and  equal  to  h:  J  *  =  h.  On  contour  section  Cmt,  j  =  0. 

Let  us  take  the  scale  of  potential  such  that  the  potential  of  contact  rn  equals 
Upfl  =  units.  Let  us  assume  that  we  performed  the  same  experiment,  with  a  model 

It 

in  the  form  of  region  D  (with  the  right  side  of  region  D)  then  considering,  as 
in  the  first  experiment,  contact  potential  r\n  ^  and  on  section  of  internal 

contour  J  *  0,  we  obtain,  considering  the  former  direction  of  current,  the 

potential  of  contact  a6 — U&\ 


N  N 

-jjj-  +  =*  N  and  on  section  of  external  contour 


J  *  h.  Due  to  symmetry  the  value  of  at  the  point  of  contact  m  on  model  D* 

dU  ^ 

equals  the  value  of  at  the  same  point  of  contact  ra  on  model  d" .  Assuming  that 

dU  dJ  dn 

3—  =*-57,  we  obtain  that  at  points  of  intersection  rn  with  both  sides  of  the 

on  ot 

of  the  cross  section  of  the  function  D  =>  U  +  iJ  coincide  and,  consequently,  Q 

|  ||  |  It 

can  be  extended  from  D  into  D  ,  i.e.,  D  and  D  may  be  electrically  connected 
along  rfl  after  such  connection  of  the  field  in  models  D  and  D  no  longer 
changed . 

Let  us  consider  section  a(5 .  Dae  to  symmetry  cf  values  of  J  on  both  sides  of 
the  section  also  coincide,  values  of  U  are  different.  On  the  side  D',  U  =  0 
on  the  side  d'  U  =*  N,  i.e.,  during  passag p  alonf  internal  (or  external) 

contour  real  part  U  of  function  fi  undergoes  an  increase  equal  to  N  units.  We  take 

,  " 

still  according  to  the  example  models  Dj_,  and  and  cor.bine  them  with  the  first 
examples  D'  and  d"  in  such  a  manner  so  that  model  D„'  falls  under  d"  and  D„' 

falls  on  D*.  We  connect  electrically  along  sections  a(5,  D1  with  and 

"  „  m  ,  q 

D  ,  then,  passing  to  section  ra,  we  obtain  on  D^  on  (JrA=~N . 


with 


Continuing  such  an  operation  an  infinite  number  of  times  we  obtain  an  infinite 
number  of  electrically  united  examples  of  models  of  region  D  superimposed  one 
on  the  other.  In  other  words,  function  Cl  in  region  D  is  infinitely  valued  with  a 
real  period  N.  Assuming  what  values  of  the  imaginary  part  of  this  function  on 
the  external  L^  and  internal  Lg  contours  are  constant  and  equal  J  <*  h  and  J  -  0 
we  conclude  that  function  Cl  «  U  +  iJ  —  the  complex  potential  of  the  field  of 
direct  current  in  the  model  —  will  be  sought. 

Let  us  turn  to  simulation  of  a  mapping  function  for  a  bicoupled 
asymmetrical  region  [30], 

Let  us  consider  region  D,  limited  by  two  contours  L^  and  Lg.  Let 
contour  L^  embrace  contour  circuit  Lg.  As  is  known,  function  Cl  =>  v  +  iJ, 
infinite-sheetly  conformally  mapping  region  D  onto  a  band  of  width  h,  is  defined 
in  D  by  the  following  limiting  values  of  its  imaginary  part  on  contours  of  the 
region : 

on  £,/  =  £,  on" £,/**().■  (19.1) 

For  brevity  we  shall  call  Cl  simply  a  mapping  function. 

Mapping  function  Cl  can  be  modeled  with  a  complex  potential  of  field  of 
current  in  a  model  prepared  in  the  form  of  region  D  from  a  conducting  sheet.  With 
the  help  of  contacts  in  the  form  of  contours  L^  and  Lg  made  from  material  with 
conductivity  7^  many  times  greater  than  the  conductivity  7  of  the  sheet  and 
connected  to  the  model  along  L^  and  Lg,  we  connect  the  model  to  a  sourn  of 
direct  current.  Through  the  model  will  flow  a  direct  current  whose  field  will  be 
characterized  by  analytic  function  =  v^  +  U^,  a  complex  potential,  where 

on  L,  V,  =«  ®#,and  on  £,  ^  =  0.  (19.2) 

From  comparison  of  (10.2)  with  (19.1)  one  may  see  that  for  function  Cl^  on 
the  boundary  is  determined  real  part  and  for  function  Cl  -  correspondingly  the 
imaginary  part.  Consequently,  Cl  and  will  be  orthogonal  where  v^  corresponds 
to  J  and  corresponds  to  v. 

As  can  be  seen,  the  problem  of  simulation  of  a  mapping  function  for  doubly 
connected  region  D  in  principle  is  solved  very  simply.  In  practice  however  the 
matter  is  complicated  by  the  fact  that  measurement  of  values  of  complex  potential 
Cl  at  points  of  the  model  is  hampered.  Simulation  of  a  mapping  function  by  complex 


( 


potential  ft^  permits  simply  measuring  in  every  point  of  region  D  only  magnitude  v^, 
corresponding  to  imaginary  part  J  mappJig  function  0,  and  to  find  only  one  coordinate 
of  point  ft  on  the  band  corresponding  to  point  z  in  region  D.  The  problem  could 
be  solved  constructing  the  second  model  in  the  form  of  region  D  and  assigning  to 
function  ft2  boundary  conditions  (19. 1),  in  which  h  is  connected  with  vN1  in  (19.2), 
so  that  functions  ftg  and  ft^  are  not  only  orthogonal  but  also  have  identical  scales. 
This  would  be  easy  to  carry  out  if  we  knew  the  position  of  at  least  one  line 
=  const  of  the  field  of  current  ft^  on  the  model.  Then  having  cut  the  model 
along  this  line  (first  removing  contacts  on  L^  and  Lg)  and  joining  both  sides  of  the 
cut  contacts  prepared  in  the  form  of  the  line  of  cut  it  would  be  possible  to  pass 
through  the  model  a  direct  current  whose  field  is  characterized  by  the  function  ft. 

If  region  D  has  an  axis  of  symmetry  then  it  is  known  beforehand  that  the 
cut  must  be  made  on  the  segment  of  this  axis  between  and  Lg  since  on  the  indicated 
segment  =  const,  consequently,  v  =  const  also.  On  such  a  model  is  measured  the 
real  part  v  of  mapping  function  ft,  after  which  function  ft  may  be  defined  inasmuch 
as  its  imaginary  part  measured  on  the  first  model.  If,  however,  there  is  no 
axis  of  symmetry  the  line  =  const  cannot  be  found  precisely  and,  consequently, 
it  is  impossible  to  model  the  mapping  function  ft  in  region  D.  In  the  literature 
is  described  a  method  of  constructing  lines  =  const  as  follows:  With  the  help 

of  contacts  of  great  conductivity  there  are  applied  to  each  of  contours  and  Lg 

i  « 

of  a  model  made  in  the  form  of  region  D^,  constant  potentials  v  and  v  .  Then 
with  a  probe  connected  through  a  measuring  instrument  to  one  of  the  contacts  are 
plotted  a  number  of  equipotential  lines  and  then  is  constructed  a  line  normal  to 
them,  taking  it  as  the  line  =  const.  The  accuracy  of  construction  by  this  method 
obviously  depends  on  subjective  peculiarities  of  the  performer  and  an  appraisal  cf 
error  of  such  a  construction  cannot  be  calculated. 

Let  us  consider  in  principle  an  excellent  method  of  determination  of  line 
v  =  const  mapping  function  Q=»  +  i7  in  two-connected  region  D. 

Let  us  take  region  D,  bounded  by  external  L^  and  internal  Lg  contours.  We 
prepare  from  a  conducting  sheet  a  model  in  the  form  of  region  D  and  make  a  cut 
along  straight  line  a(5  connecting  L^  and  Lg  (Fig.  22).  To  both  sides  of  cut  a6 
we  attach  contacts,  preparing  them  from  a  material  whose  conductivity  yk  is  much 
greater  than  the  conductivity  of  the  sheet  y.  We  pass  through  the  model  a  direct 
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Fig.  22. 


current.  Complex  potential  of  field  of  current  in  the  model  Q'—u+J'  will  he  a 
function  carrying  out  conformal  mapping  of  region  D  with  cut  ati  onto  a  rectangle 
hounded  hy  straight  lines  J  =0,  u=0,  J  =h  and  u  =  N  (Fig.  23).  It  is  not 


Fig.  23. 


difficult  to  show  that  althought 

1 

the  imaginary  part  of  function  ft 
takes  constant  values  J  =0  and 

t  t 

J  =  h  on  contours  of  the  region 

I 

and  Lg,  ft  will  not  equal  the 
mapping  function  ft  ~  v  +  iJ. 


I 

Indeed,  boundary  conditions  for  ft 


in  region  D  with  a  cut  are  equal  to  boundary 


conditions  for  ft  since  the  cut  was  made  arbitrarily  and  does,  not  coincide  with  line 

I 

v  =  const.  Continuing  symmetrically  function  ft  through  line  of  cut  aC  we  notice 
that  contours  of  neighboring  (from  above  and  from  below)  sheets  of  the  Riemannian 

f 

surface,  being  the  domain  of  definition  of  function  Q  do  not  coincide  with  the 
contour  of  region  D  (Fig.  22,  dotted  line)  and,  consequently,  values  of  the  imaginary 

I  t 

part  J  function  H  at  points  of  contours  and  on  neighboring  sheets  of  the 

t  i 

Riemannian  surface  will  not  be  constant  and  equal  to  J  =0  and  J  =  h.  Hence 

i 

one  may  see  that  function  ft  maps  D  not  onto  a  band  but  onto  a  region  limited  by 
two  nonintersecting  curves  passing  periodically  in  segments  of  parallel  lines 
(Fig.  23). 

Making  arbitrary  cut  a 6  (Fig.  22)  we  intersected  line  v  =  const  of  sought 

I 

function  ft  with  the  line  of  cut.  Obviously  the  divergence  of  functions  ft  and  ft 
is  bigger  the  greater  the  divergence  between  the  line  of  cut  u  =  const  and  the 


lines  v  -  const.  The  latter  may  be  characterized  by  the  maximum  value  of  derivative 

—  on  the  line  of  cut  (dl  —  element  of  line  of  cut). 
dl 
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do 

In  actuality  y  =  j grad v j sin 5  is  proportional  to  the  sine  of  angle  (9  between 

oi 

tangents  to  the  lines  v  =.  const  and  u  *  const  at  their  point  of  intersection.  At  the 

a.-  , 

limit  where  8  =  0  0  both  the  line  v  =  const  and  u  =■  const  coincide.  Due  to 

ol 

i 

conformity  mapping  onto  plane  fi  of  the  angle  between  lines  v  =  const  and  u  =  const 
at  f  ir  p  ints  of  intersection  is  everywhere  preserved  (vn  designates  the  value  of  v 

V  I 

on  :)•  fi  ).  Taking  into  account  the  fact  that  on  plane  fi  element  61  will  correspond 

I 

to  element  dJ  ,  we  conclude  that  divergence  between  the  lines  vR  =  const  and  the 
straight  line  u  =  const  may  also  be  characterized  by  the  maximum  value  of  derivative 

do.  do 

^7  =  Jgra* t>Bjsjn9.  At  the  limit  where  8=0  =0  the  lines  vn  =  const  convert 

to  straight,  lines  u  =  const. 

Let  us  show  that  the  greatest  divergence  between  lines  vn  =  const  and  the 
N 

line  u  =  intersecting  them  is  less  than  the  biggest  divergence  between  lines 
vn  =  const  and  the  line  intersecting  them,  u  =  N  (or  u  =  0).  Really  the  boundary 
conditions  for  fi  on  contours  L^  and  L0  coincide  with  boundary  conditions  of  the 
sought  function 


dJ  _  dJT_ 
3r  dt 


do  du 
dn~  dn' 


(19.3) 


const  intersect  contours  L^  ar.d  L?  at 


in  other  words  the  lines  v  =  const  and  u 

t  i 

right  angles.  On  plane  fi  and  will  be  converted  into  straight  lines  J  =  c\ 

i  i 

and  J  =0,  and  element  normal  to  them  dn  into  element  dJ  .  Consequently,  on 

■  do 

plane  fi  we  have  — 2- =  0  on  both  straight  lines  J 

OJ 


Jfi,  and  J 


0. 


Let  us  assume  that  the  greatest  divergence  between  line  u  =  N  and  lines 


vn  =  const  intersecting  it  will  equal 


[a/' 


=  m,  tuen  on  the  entire  contour  of 


rectangle  OrQN  (Fig.  2p)  Into  which  will  be  transformed  region  D  with  cut  a(5. 


do. 


do. 


values  of  the  quantity  will  be  determined.  But  in  the  rectangle  is  a 

dJ  dJ 

dQ  do  dJ 

harmonic  function  (real  pan  of  analytic  function  — -f  =  l—Z.  )  and  consequently, 

Qm  OJ  dJ’  ' 

can  be  determined  within  the  rectangle  by  its  own  values  on  its  contour. 


Let  us  estimate  the  biggest  magnitude  of  divergence 
K 


[M 


or.  the  line 


u  =  7y.  For  this  we  map  the  rectangle  onto  the  upper  half-plane  J  =  g  -ffv  in  sucn  a 

N  V 

manner  so  that  point  0*=  ~  goes  to  point  £  =  0,  point  =  passes  to 


*•#0 

f 


point  £  *  oo,  and  point  !J  =  N  to  point  £  =  1.  Then  on  boundary  of  upper  half-plane 
segment  fo,  j  will  pass  to  segment  |— l,0];f^,  A^"l  —  to  segment  [0,  1],  Segments 


0?  and  NQ,  will  become  respectively  £ — 1,  — -j-|  and  |  the  remaining  part 

•  -  M 

cf  the  real  axis  will  correspond  to  segment  PQ.  Here  the  line  u  =  ^  will  correspond 
to  imaginary  axis  e  =  0  (Fig.  24). 

At  corresponding  points  of  the  rectangle  and  the  upper 


half-plane  values  of  function 


KM 


will  be  retained. 


Let  us  estimate  the  greatest  value  of 


dl\ 


on  the 


N 


axis  e  *=  0  corresponding  to  the  line  u  =  •£,  increasing  a 
fortiori  the  divergence  on  line  u  =  0  (  u  =  N)  taking  it  constant  and  equal  to  the 
greatest  value  of  m.  Applying  the  integral  of  Poisson  for  the  upper  half-plane  we 
have 


^  j  m'£rTVr+'S“|mliT5r 


-  if  [*ret|V j^+*rd« T [ ]  - 

-«ct»;L]-2^.rcJ*-  /-  ,2^.,rctgU^ 

+  * 


(19.4) 

For  V  =  0  and  v**o o  this  magnitude  is  equal  to  zero  and,  consequently,  on  the 
e  *=  0  has  a  maximum.  Let  us  t 
respect  to  v  and  equate  it  to  zero 


/]  — k)  v 

axis  e  «=  0  has  a  maximum.  Let  us  take  the  derivative  of  argument  V-s - -r-  with 

•*v*+  1 


(t-)I 

rv 

(H 

1 2v* 

1 

t 

=  0, 


(19.5) 


whence 


y* «  j  v  =  ± 
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L"  i 


4--. 


UrJ  „  <7  T 

-r  t/i- 


N  ...  . 
jj  wiJ.x  oe 


—  ntarctg 
3  *2/*’ 


(19.6) 


where  by  condition 


0<A<  l. 


Let  us  determine  the  value  of  k,  at  which 
be  under  the  condition 


[£i: 


(19.7) 


:  ftt.  Obviously  this  will 


>rctg- — -  =  3. 

^2K*  2* 


(19.8) 


Thus  with  any  ratio  of  sides  of  the  rectangle  -tt-  the  maximum  value  of 


will  be  less  than  the  maximum  value  of 


ISO 


rao.  i— 

l*r  La 


Hence  we  conclude  that  for 


any  two-connected  region  D  the  divergence  between  lines  v  =  const  and  u  =  -^  is 
always  smaller  than  the  divergence  between  lines  v  =  const  and  u  =  N(u  =  0). 

Example  1.  Let  us  assume  that  the  ratio  between  sides  N  and  JN  of  a  rectangle 

i 

on  plane  H  equals  two.  The  function  depicting  on  the  rectangle  an  annulus  with 
external  R  and  internal  r  radii,  out  along  the  radius  9=0,  has  the  form 


O'-/ In-. 

r 


(19.9) 


Point  2,  =  re1*  it  translates  to  vertex  =  0,  point  2t=  /?«*•  to  vertex 

£2.  =  t  In  —  =  i-/.,  and  finally  point  zl=rer2” —  to  vertex  Q,  =  — 2 z  —  N. 

*  r  N 

The  ratio  of  sides  cf  the  rectangle  N=2JS  will  correspond  to  ■  e  ratio  of 
radii  of  the  ring 


2,  n*=in— , 

r 


whence  /?  =  <u*  ^  23r.  On  plane  £  after  transformation  of  the  rectangle  into  the 
upper  h**.lf -plane  in  such  a  manner  so  that  point  goes  to  point  £  =  0  and 

Q’ 5=1  *2 -+/</v  to  point  J  ss  co,  vertices  of  the  rectangle  will  correspond  to  the  point 

\  =  VU  U2J.  Hence  we  obtain 


f  ^  I*16  0  l/o  t  q 

l5rj_,  <  5r”>rc,g2"7Pf  “TT""0'172 ”  °'"m' 


(19.10) 


Consequently,  at  a  ratio  of  radii  of  the  ring  #  =  23rthe  biggest  possible 
divergence  between  lines  v  =  const  and  their  intersecting  line  u  =  ^  is  almost 
10  times  less  than  the  greatest  divergence  between  lines  v  =  const  and  their 
intersecting  line  u  =  N.  With  decrease  of  the  ratio  of  radii  of  the  ring  the 
divergence  will  decrease. 

Example  2.  Let  us  assume  a  relation  of  ring  radii  R  =  2r.  Then  for  the 
relation  of  sides  of  the  rectangle  we  have 


N  2:<  2n 
JN™  In  2”  0.6931 


=  9,07. 


The  function  which  maps  the  upper  half-plane  of  plane  £  onto  the  rectangle  has 


the  form 


Q  ~  A 


f  * 


(19.11) 


The  ratio  of  sides  of  the  rectangle  y  corresponds  to  the  ratio  of  full 
elliptic  integrals  [2J1 


(19.12) 


r  c  dt 

)  •  J  K(T^/*)(i -a*)  * 


*?  =  1  -k\ 


(19.13) 


% 


T.ie  greatest  value  of  ratio  — .  available  in  tables  of  elliptic  integrals  and 
equal  to  -y^71  -  =  6,I6  <9,07,  corresponds  to  values  k*  ~  0,399  and  =  0,001. 


Consequently, 


1  >  *  >  0*999‘  *  >  0.9995.  1  <  1,0005. 

Hence  for  a  maximum  possible  magnitude  of  divergence  between  lines  v  =  const  and 
the  line  intersecting  it  u  =  |  we  obtain 


1^.1  1.0005  -  i  2 

lar  J.  < ,  ■«*  <  ir'narc‘s°- 


0003  =  0,0002/m. 


(19.14) 


In  Fig.  25  is  given  a  picture  of  the  lines  v  =  const  and  u  =  const  on  a  model 
cut  in  the  form  of  an  annulus  with  the  ratio  £  =  2.  Here  the  line  of  contact 

u  -  0  and  u  _  N  coincides  with  the  tangent  to  the  internal  circumference  of  the 

ring,  i.e.,  the  divergence  on  the  line  of  contact  is 


the  highest  possible.  From  the  given  picture  of 
lines  v  =  const  and  u  =  const  one  may  see  that 
already  at  u  =  0.2N  divergence  is  practically  absent. 

Thus,  in  order  to  model  mapping  function  Q  in 
a  two-connected  region  and  to  measure  its  value  at 
any  point  it  is  necessary  to  assign  constant 
potentials  with  help  of  contacts  on  contours  of  the 

region  and  and  to  measure  the  value  of  v. 

Fig .25  .  ^ 

at  all  points  of  interest  during  calculation. 

Ihen  on  another  model  of  region  D,  similar  to  the  first  but  without  contacts,  a Ion, 

L1  Snd  L2  make  a  cut  alonS  a  Une  approximately  corresponding  to  the  line  j’  =  const. 

To  both  sides  of  the  cut  join  contacts  prepared  in  the  form  of  the  line  of  cut  and 

pass  a  direct  current  through  the  model.  Measuring  N  and  JR,  calculate  the  highest 

possible  divergence  between  lines  v  =  const  and  u  -  §.  If  magnitude  of  divergence 

does  not  exceed  the  permissible  error  then  line  u  =  |  is  taken  for  the  line 

u  =  const  and,  making  on  the  new  model  a  cut  along  this  line,  constant  potentials 

are  applied  to  it  by  contacts.  If  however,  magnitude  of  divergence  exceeds  the 


Fig.  25. 


permissible  coinciding  with  line  u  =  ^  on  the  previous  model,  etc.,  so  long  as  the 
divergence  is  greater  than  the  permissible  error. 

In  final  analysis  modeling  of  the  mapping  function  is  produced  on  two  models 
of  identical  dimension  prepared  from  one  and  the  same  conducting  sheet.  On  the 
first  model  contacts  are  connected  to  contours  and  Lg  on  the  second  —  to  the 
shores  of  a  cut  along  the  line  corresponding  to  the  line  =  const  of  the  first 
model  and  contours  and  L2  free  from  contacts.  On  the  first  model  with  the  help 
of  a  null-galvanometer,  connected  as  a  potentiometer,  the  family  of  lines  v^  =  const 
corresponding  to  the  lines  J  =  const  mapping  the  function  fi  is  plotted.  Here  a 
magnitude  of  interval  Av^  between  neighboring  lines  v^  =  const  is  given.  On  the. 
second  model  is  plotted  the  family  of  lines  v  =  const  also  at  a  defined  interval 
Av  between  neighboring  lines. 

Let  us  consider  under  what  conditions  the  real  and  imaginary  components  of 
mapping  function  fi  onto  both  models  will  be  measured  in  the  same  scale. 

Let  us  assume  that  on  the  first  model  the  voltage  applied  to  contacts  along 
L*  and  Lg  equals  UR,  the  current  through  the  model  is  1?J  and  the  dc  resistance 
of  model  is  r.  According  to  Ohm's  law  we  have 


<v 


=  isr> 


(19.15) 


Let  us  assume  that  now  on  the  second  model  with  contacts  along  the  sides  of 
line  J ^  =  const  the  voltage  between  contacts  equals  vN,  the  current  through  the 
model  is  IN  and  the  resistance  of  model  R.  According  to  Ohm's  law 


- v?. 


(19.16) 


For  coordination  of  scales  of  quantities  v  and  J  on  both  models  it  is  necessary 
so  that  the  magnitude  of  uN  of  the  first  model  equal  the  magnitude  of  -JN  of  the 
second  model  and,  conversely,  the  magnitude  of  v^  of  the  second  model  equal  to  the 
magnitude  of  Jv  of  the  first  model,  i.e.. 


,  l* 
~  y  CN  -  —  y  • 


(19.17) 


Substituting  (19.15)  and  (19.16)  in  (19.17)»  we  obtain 


V 


Y* 
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whence 


r  — 


1 


(19.18) 


Let  the  magnitude  of  on  the  second  model  be  taken  equal  to  N  units 


vM  =  N. 


(19.19) 


then  the  magnltuae  of  u^  on  the  first  model  must  be  set  equal  to 


N 


yR  ~N*r 


(19.20) 


Under  conditions  (19.19)  and  (19.20)  the  family  of  lines  v^  =  const  on  the  first 
model  and  v  =  const  on  the  second  model,  built  through  the  identical  interval 
Abi*“Au.  in  totality  form  a  grid  of  orthogonal  lines  every  cell  of  which  is  a 
curvilinear  square. 

The  grid  of  orthogonal  lines  with  square  cells  are  on  the  constructed  models 
thus: 


1.  Parallel  to  the  second  model  to  its  contacts  is  connected  a  resistance  of 
N  fi.  With  the  help  of  probe  and  null-galvanometer  connected  to  the  slider  of  this 
resistor,  the  lines  v  =  const  are  plotted.  When  plotting  the  k-th  line  v  =  k 
the  cursor  is  placed  in  such  a  manner  so  that  the  ratio  of  resistance  branches 
equalled  k:(N-k).  The  following  (k  +  l)-th  line  is  plotted,  preliminarily 
shifting  the  slider  1  fi  and  establishing  a  branch  ratio  of  (A+l)  :  (N—k—l),  etc . 

<J.  Parallel  to  contacts  of  the  first  model  is  connected  a  resistance  equal 
to  Nx=Nyr  f2,  and  as  in  the  first  case,  the  lines  v^  =  const  corresponding  to  lines 
J  =  const  of  the  second  model  are  plotted,  moving  the  slider  1  fl  for  the  construction 
of  each  subsequent  following  line. 

For  measurement  of  and  JN  from  the  same  sheet  as  the  model  is  prepared  a 
strip  of  length  l  and  width  h  (/ ~  10A),  to  the  ends  of  which  are  soldered  copper 
contacts.  Both  models  and  the  strip  are  connected  in  series  and  connected  in  a 
circuit  of  direct  current  I.  A  compensator  is  used  to  measure  the  magnitude  of 
voltages  u^,  v^,  and  v^  between  contacts  of  the  first  model,  the  second  model  and 
the  strip  respectively.  Then  and  JN  are  calculated  from  the  relationships: 


L  JL 

y  ” Ry’ 


(19.21) 
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1 


*1 


Nyr  =  N 


H  _  f.lUN 
vji  l~  "hvm  * 


(19.22) 


Obviously  mapping  function  0  may  be  considered  as  the  complex  potential  of  an 
electrostatic  field  in  a  region  bounded  by  two  conducting  cylindrical  surfaces 

and  L 2-  In  this  case  grid  of  orthogonal  lines  will  be  constructed  by  the  method 
outlined  depict  the  electrostatic  field  of  a  cylindrical  capacitor.  Lines  J  =  const 
(v^  =  const )will  correspond  to  equipotential  lines  of  the  field,  lines  v  =  const 
to  lines  of  force. 


CHAPTER  III 

CALCULATION  OF  ELECTRICAL  AND  MAGNETIC 
FIELDS  WITH  THE  HELP  OF  SIMULATION 
OF  CONFORMAL  MAPPING 

$  20.  Calculation  of  the  Field  of 
a  Charged  Conductor 

Calculation  of  the  field  of  an  isolated  charged  cylindrical  conductor  reduces 
to  the  solution  of  the  Dirichlet  problem  for  a  function  analytic  everywhere  outside 
the  conductor  except  at  an  infinitely  distant  point  where  the  function  has  a 
logarithmic  sigularlty.  The  sought  field  may  be  modeled  by  a  field  of  current  In 
a  conducting  sheet,  however,  so  that  the  simulation  be  sufficiently  accurate  it  is 
necessary  to  form  the  external  contour  of  model  in  the  shape  of  a  circle,  with 
a  bus  of  high  conductivity  soldered  to  it,  and  a  radius  5-6  times  greater  than  the 
biggest  overall  dimension  of  the  conductor  cross  section.  When  the  radius  of  the 
outer  contour  of  the  model  Is  small  it  will  strongly  distort  field  of  current  in 
it.  To  the  outer  contour  circuit  of  the  model,  being  the  contour  of  the  conductor 
cross  section,  is  also  soldered  a  bus  of  high  conductivity  and  between  the  buses 
in  passed  a  direct  current.  The  model  becomes  bulky  and  complicated  in  manufacture. 
Applying  conformal  mapping  it  is  possible  to  simplify  the  model  and  to  eliminate 
the  distortion  introduced  by  the  outer  contour. 

Let  us  assume  that  the  cross  section  of  a  cylindrical  conductor  with  charge  r 
per  unit  length  is  limited  by  contour  L.  Complex  potential  of  electrostatic  field 
a>(*)  at  infinity  has  a  logarithmic  singularity  equivalent  to  the  presence,  a 
charge  -t  of  reverse  sign.  Let  us  depict  region  D  external  to  contour  L  cn  the 
upper  half  plane  of  fi  with  the  help  of  conformal  mapping  Q(2)»h  +  iv.  Contour  L 
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point  2»oo  with  charge  -t  will  cross  into  point  Qo“Ho+»Vq.  The  complex  potential 
of  a  charged  filament -conducting  plane  system  is  written  thus: 


<1*1  (Q)  =  *  In  — — 

V  2ne  Q-Q. 


(20.1) 


If  the  mapping  function  is  known  in  placing  it  in  formula  (20.1),  we  obtain  the 


sought  field 


0>(2)  =  <DjlQ(*)J. 


In  the  general  case  we  do  not  know  an  expression  for  the  function  Q(z)  however, 
this  function  can  be  found  by  modeling  as  follows. 
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1.  At  any  internal  point  of  the  cross  section  of  the  cylinder  let  us  set 

z  =  0.  Point  z  =  0  is  conveniently  selected  in  such  a  manner  so  that  a  circle  of 
radius  R  with  its  center  at  this  point  will  as  nearly  as  possible  coincide  with 
contour  L  (Fig.  26a). 

Rt 

2.  Let  us  map  with  the  help  of  function  —  the  region  D,  external  to 

contour  L,  onto  region  D^,  bound  by  contour  Here  point  z= oo,  containing  charge 

-t,  will  cross  inuo  point  =  0  (Fig.  26b). 

3.  Let  us  map  region  onto  an  infinite  band  of  width  h.  We  obtain  the  mapping 
function  by  mapping  as  demonstrated  in  §  17.  Let  us  cut  from  a  conducting  sheet  a 


model  in  the  form  or  region  D^.  To  two  sections  of  the  model  contour  remote  from 
each  other  we  solder  contacts  in  the  form  of  round  disks  of  small  diameter  in  such 
a  manner  so  that  the  center  of  the  disk  falls  on  the  contour  of  the  model.  We 
Join  the  clamps  from  a  source  of  current  to  the  contacts  and  pass  a  direct  current 
tnrough  the  model.  The  complex  potential  of  the  current  field  in  the  model 
W(£)  will  be  a  function  conformally  depicting  region  onto  an  infinite  banc*  of 

width  h=~.  Here  I  is  the  current  through  the  model.  On  plane  (W)  the  part  of 
region  D^,  not  occupied  by  contacts  will  be  depicted  on  a  rectangle  of  width  h 
and  length  UN(UN  —  voltage  between  contacts  of  model).  Sections  occupied  by  contacts 
will  be  mapped  onto  two  semi -bands  supplementing  the  rectangle  to  a  complete  bard 
in  both  sides. 

Let  us  take  the  electrical  potential  of  one  of  the  contacts  equal  to  zero 
(Uk  =  0)  and  on  the  section  of  contour  between  contacts  the  value  of  the  current 
function  also  equals  zero  (J  =  0)  (Fig.  25c).  Coordinates  of  point  WQ  may  now 
be  measured  on  the  model.  For  this  it  is  necessary:  a)  to  measure  the  voltage  U0 
between  the  contact  where  =  0  and  the  point  £  =  0;  b)  to  measure  the  magnitude 
of  the  function  of  current  JQ  at  the  point  t  =  0. 

5,  ^ 

4.  Let  us  map,  with  the  help  of  function  Q<W)~  +  the  infinite  band  onto  the 
upper  slmlplane.  During  mapping  point  WQ  with  charge  -t  will  go  to  the  point 
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The  upper  bound  of  the  band  will  convert  to  the  negative  real  semiaxis,  the  lower 
bound  —  to  the  positive  semiaxis  (Fig.  2o O').  The  function  mapping  region  D  onto 
the  upper  hrlf-plane  has  the  form 


P(*)  -  P{lP|C(*)|j  =  . 


(20.2) 


The  complex  potential  of  the  sought  field  of  a  charged  cylindrical  conductor 
equals 


^  a  ^  S 


(20.3) 
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During  calculation  of  the  static  field  the  distribution  of  normal  voltage  on  the 
surface  of  the  conductor  is  of  interest.  Let  us  derive  the  formula  for  voltage  on 
the  surface. 

Assuming  that  there  is  no  tangential  component  of  voltage  on  the  surface  of  the 
conductor,  we  obtain 


d<DJ 

dOt 

d0>t 

! dii  1 

\dW\ 

dl 

dSFf 

dz\ 

da 

M 

di 

dz 

(?C.h ) 


Let  us  find  the  moduli  of  derivatives  and  substitute  them  in  formula  (2G.4).  On 
the  real  axis 


d<I>, _ t_ 

d  0  —  2nt 


I 


TVn 


(Q-Q.XQ-Go)  I  *e[(n-Fo)*  +  v2i 

.  It  t 
xtr  -r- 
_  ft 

e^'cos-^  /0J  +  e* U‘ sin* ~  J9 

ft 

[chl^-^TcosJ/oj* 


da 

dW 


h 


»  ~v 

~n*  ■ 


dW 

A  U 

di 

*  <7 

=  \AU\ 

.  <7 


(20.5) 


(20.6) 

(20.7) 

(20.6) 


Here  AU  —  voltage  between  needles  of  a  double  probe  connected  to  the  model  contour 
on  both  sides  of  point  U,  q  —  distance  between  needles. 
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R* 
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Substituting  these  values  in  formula  (20. ^ )  we  obtain 


(20.9) 


N 


'  > 


(20.10) 


Thus,  voltage  En  on  the  surface  of  a  charged  cylindrical  conductor  can  be  found 
from  a  simple  sheet  model.  As  an  example  let  us  calculate  by  formula  (20.10)  the 
voltage  on  the  surface  of  a  cylinder  of  circular  cross  section. 

The  function  conformally  mapping  a  circle  of  radius  R  onto  a  band  of  width  h, 
has  the  form 


r(o~A,n 
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C-/? 

T+~R 


(20.11) 


Point  C,  =  0  (corresponding  to  z  =oo)  translates  to  the  point 


=  =  (/0=  0, 


On  the  circle  |r|*  =  R* 


1^/], 

Q 


dW\ 


2Rh 


2 h 


di  —  (U  —  Ut)  =  ch  In 


R*»-R 


Re*  -f  R 


I  —COS  6  1 

i  l  +  cos8  cin8  ' 


(20.12) 


<fw  "-It*-*,  «/?|cos28  —  1  -f-t sin 26 1  nflsinfl  * 


(20.13) 


Substituting  these  values  in  formula  (20.10),  we  find 


£„  = 


x/pftsinj^  sin  8 
_ x 

2zh:iR  R1  sin  8  “  2 ncR 


(20.1k) 


The  well  known  result  is  obtained. 

§  21.  Calculating  the  Magnetic  Field  of  a  PC 
Machine  by  Modeling  of  a  Conformal 
tapping.  Formulation  of  Rroblem 

Curing  the  design  of  dc  electrical  machines  of  expecislly  traction  motors,  it 
is  desirable  tc  be  able  beforeham.  to  calculate  the  distribution  of  the  magnetic 
field  in  the  air  gap  of  the  machine,  especially  near  the  commutation  zone  where 
the  form  of  the  magnetic  field  very  strongly  affects  machine  stability  with  respect 
to  flashes  and  circular  fire  on  the  commutator. 

Of  great  significance  is  the  distribution  curve  of  the  radial  component  of 
induction  along  the  circumference  of  the  armature  since  it  conditions  the  emf 
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distribution  curve  between  neighboring  commutator  plates.  The  latter  determines 
the  inherent  capability  of  traction  motors  to  withstand  overloads  from  the  point 
of  view  of  possibility  of  appearance  of  circular  fire. 

For  calculation  and  plotting  of  operating  characteristics  of  a  motor  it  is 
necessary  to  know  the  magnitude  of  the  working  magnetic  flux.  It  is  possible  to 
calculate  the  flux  or ’y  when  the  magnetic  field  in  the  gap  of  the  machine  is  defined, 
in  particular  if  the  distribution  cur"e  of  the  radial  component  induction  along 
circumference  of  the  armature  [25]  is  plotted. 

The  magnetic  field  in  the  air  gap  of  a  machine  will  oe  considered  flat  and 
presented  in  t*e  form  of  the  superposition  of  two  fields:  a)  vortex  field  created 
by  currents  in  the  windings  of  the  machine  and  not  depending  on  properties  of  the 
environment,  i.e.,  such  as  would  occur  in  the  air  gap  of  a  machine  built  from 
material  with  a  permeance  u  -  uQ,  equal  to  the  permeance  of  air  (it  is  called  vortex 
due  to  closure  of  part  of  the  lines  of  this  field  within  limits  of  the  region  of 
the  air  gap  of  the  machine  and  ambiguity  of  scalar  magnetic  potential  U 
characterizing  this  field):  b)  field  of  magnetization  of  steel  parts  of  the  machine, 
i.e.,  such  as  would  be  in  the  air  gap  of  the  machine  if  all  its  steel  parts  were 
made  from  an  absolutely  permanent -magnet  material  and  magnetized  by  working  currents 
of  machine,  after  which  currents  would  be  turned  off.  In  §  it  was  shown  that 
this  problem  can  be  solved  it  is  known  beforehand  that  the  induction  inside  the 
magnetic  circuit  of  the  machine  is  small  (does  not  exceed  1  Wb/m2)  and  the  permeance 
of  the  steel  can  be  taken  equal  to  infinity.  The  magnetic  induction  B  in  the  air 
gap  of  the  machine  and  the  scalar  magnetic  potential  U  outside  the  cross  section  of 
the  windings  with  current  is  written  thus: 


B  =  Bt,  +  B„ 


(21.1) 


where  fl.  is  the  component  of  induction  of  the  vortex  field  of  currents  of  density 
6  flowing  in  the  windings;  is  the  component  of  induction  of  the  field  of 
magnetization  of  steel  parts  of  machine:  U  is  the  potential  of  vortex  field: 

<p  is  the  potential  of  field  of  magnetization. 

Component  of  induction  and  potential  Um  outside  the  cross  section  of 
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conductors  with  currents  can  be  found  from  the  following  relationships: 


V)  (BM  =  Im  [  i  f  f  6  fn  (z  -  zt)  dS  | , 

(21.2) 

Bt - H'gndUm. 

(21.5) 

Here  wm(2)  is  the  complex  magnetic  potential  of  the  vortex  field  of  current  in 
windings  of  the  machine; 

z  is  the  complex  coordinate  of  point  at  which  potential  K+iy;  is  defined: 

Zq  is  the  current  coordinate  of  filament  of  current  di—bdS  in  cross  section  S 
winding  to  current; 

6  is  the  current  density. 

Calculation  of  W_(z)  can  be  made  by  formula  (4.13)  with  no  great  difficulty. 
Considerably  more  complicated  in  the  determination  of  components  of  induction 
BK  and  potential  <p  caused  by  magnetization  of  the  steel.  As  was  shown  in  §  4, 
potential  cp  in  region  of  air  gap  satisfies  the  Laplace  equation  and  its  value  on  the 
surface  of  the  magnetic  circuit  o(t)  can  be  found  with  an  accuracy  to  the  constant 
from  the  expression 

—  C  —  Um(t).  (21.4) 

In  general  the  region  of  the  air  gap  in  a  machine  is  multiply  connected,  limited 
by  contours  of  the  armature  of  stator  and  additional  poles.  On  each  of  the  contours 
the  limiting  values  of  potential  will  be: 

5P WJ  “  Cr —  f  (ter)  =  Cer —  Um(t crX 

<*>('*.«)  =  CXM-  (21’5) 

where  the  constants  C„ ,  C„  <‘nd  Ct,B  are  not  mutually  equal  and  can  be  determined 
from  the  condition  of  uniqueness  of  complex  potential  W  =  ip  4-  if •  Calculation  of 
the  field  of  magnetization  leads  thus  to  a  solution  cf  the  modified  Dirichlet 
problem  [28]. 

Let  us  determine  the  constants  C.  Let  us  assume  initially  tnat  there  are  no 
gaps  between  yoke  and  the  core  of  the  additional  poles.  Region  of  the  air  gap  in 
it  is  two-connected,  symmetric  with  respect  to  the  axis  of  poles  and  is  bounded 


( 


Sections  of  windings  with  currents  and  direction  of  currents  in  tnem  are 
symmetric  with  respect  to  the  axis  of  poles,  therefore,  distribution  of  potential 
of  field  of  currents  of  windings  along  contours  of  the  region  Um(s»)  and  Um  (Jcr) 
satisfy  the  following  condition: 

Um(s»)  =  ~Um(-s,);  Um(scr)  =  -U.i-Str).  (21.7) 

Using  symmetry  we  define  constants  C  and  C  .  Let  us  map  the  region  of  the  air 

fl  C  T 

gap  of  the  machine  onto  a  ring.  The  contour  of  the  armature  will  translate  into 
an  internal  circumference  of  radius  r,  the  contour  of  the  stator  into  an  external 
circumference  of  radius  R.  We  assume  that  C  =  C(*)  =  (**•  is  a  function  mapping  region 
of  air  gap  onto  a  ring,  0)2  =  2  being  it  reverse.  Due  to  symmetry  of  the  region  of 
the  air  gap  with  respect  to  the  axis  we  have 

({'(*)!  =  I  £'(—$)  I,  (21.8) 

where  s  is  an  arc  measured  along  contours  of  the  armature  or  stator  from  the  axis 

of  symmetry.  On  circumferences  of  the  ring  the  distribution  of  potential  of  field 


of  magnetization  will  cross  into 

9  (5.)  =  C„  -Um  [st  (CM  =  C,  -  Um]  (r.  8)  =  9l  (r,  8),  (21.9) 

(Sct)  —  CCT  U„  [sCT  (01  =  Ccr  —  Um i  (/?,  8)  =  <j>j  (/?,  8).  (21.10) 

Here,  as  the  result  of  mapping,  the  average  value  of  distributions  f 
and  <P(*cr)  do  not  change.  Indeed, 

rdb=  jrfCi  =  !C'(s),*  (2i.ii) 


(21.33) 


i.e.. 


ffa  Umt(r,H)dH  =  0, 


and  analogously 


Umt(P,6)d6  =*  0 


(21. If) 


For  any  closed  contour  embracing  the  armature  we  have 


<52*  - 

r 


(21.15) 


Crossing  to  the  ring  £  ** O***.  on  internal  the  circumference  (Q  —  r)  we  have 


(21.16) 


and,  consequently,  for  any  Q(r  <  q  < /?) 


if  !u,=a 

* 


(21.17) 


Hence,  the  equality 


*  *» 


£J-f8 


^ld8  =  0. 


(21.18) 


The  magnitude  of  integral  (21.18)  does  not  depend  on  the  order  of  integration, 
therefore 


1 

2n 


*  *n 


fi 


jdt  J  w  = i  J de  j*r dQ  ~  a  j  *< <*•  e>*,s 

^  J  8)  d8  =  c„  - 1 1  t/ml  (tf ,  8)  d&  -  C,  T 

0  0 

U 

+  U*n  (r ,  8)  d6  =  0, 


(21.19) 
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wnence,  considering  (21.13)  and  (21.14),  we  obtain 

Cu  *=  Cct 3  o* 

i.e.,  constants  and  C  are  equal  and  during  calculation  can  be  assumed  to  equal 
zero. 

Thus  if  in  the  machine  there  is  no  gap  between  the  yoke  and  additional  poles, 
the  limiting  values  of  potential  of  the  field  of  magnetization  on  contours  of  the 
region  of  the  air  gap  can  be  determined  immediately  from  the  expressions 

f  ('«)  =*  —  Um  (/.).  <P  (Ur)  =~Um  (/Cr).  (21.20) 

Let  us  consider  a  quadripole  machine  with  gaps  between  cores  of  additional 
poles  and  the  yoke.  The  region  of  the  air  gap  in  it  will  be  six-connected  and 
upon  mapping  of  it  onto  a  ring  cuts  will  appear  into  which  contours  of  the  additional 
poles  will  be  transformed  (Fig.  27a,  b).  Since  the  mapped  region  is  symmetric  all 
cuts  will  also  be  symmetric  with  respect  to  the  axis  of  armature  —  the  center  of 
symmetry  of  the  region,  both  points  of  crossing  of  the  contour  of  the  core  of  the 
additional  pole  with  its  axis  merging  into  one  point  lying  at  the  middle  of  the  cut. 
Distribution  of  potential  L/m(sxn)  on  cores  of  additional  poles,  due  to  symmetry 
of  location  of  sections  of  windings,  will  satisfy  either  the  condition 

U m  (S,  n)  —  “  U m  (  sa.n)  (  21 . 21 ) 

with  a  current  in  the  windings  of  the  main  poles,  or  condition 

^a-n)  (21.22) 

with  a  current  in  the  windings  of  the  additional  poles  and  armature. 


a  b  1 


Hfi 


Fig.  27. 


In  the  second  case,  as  in  the  first,  during  mapping  onto  a  ring  potential 
Jumps  on  neighboring  cuts  will  be  equal  in  magnituoe  and  opposite  in  sign,  therefore, 
during  integration  of  expression  (21. 18)  from  r  to  R  they  are  mutually  compensated 
and  thus,  as  in  case  of  the  two-connected  region  of  an  ai’*  gap,  we  have 

Ci  —  CCr  =  0. 

Let  us  turn  to  determination  of  limiting  values  of  potential  ?(/*.*)  on  the 
contours  of  additional  poles. 

Mapping  the  region  of  the  air  gap  onto  a  ring  in  such  a  manner  so  thft  the 
contour  cf  the  core  of  the  additional  pole  converts  into  the  internal  circumference, 
the  contour  of  the  stator  in  the  external  circumference  (Fig.  23)  and  applying 

analogous  reasoning  when  supplying  windings  of 
the  main  poles,  i.e,,  under  condition  (21.21), 
we  obtain  the  relationship 

C*.a  Cet  ^  Ca  *=  0.  (  21 . 23 ) 

When  supplying  the  windings  of  additional 
poles  and  the  armature 

C-fo.n)  =  (21 . 24  ^ 

therefore,  we  may  not  integrate  expression 
(21.18)  from  r  to  R  since  on  cuts  into  which 
will  be  transformed  the  contour  circuit  of  the 
armature  and  contours  of  the  remaining  additional  poles,  mutual  compensation  of 
potential  jumps  will  not  occur. 

Using  the  symmetry  of  a  six-connected  region  of  air  gap  of  machine  and  symmetry 
of  distribution  of  potential  along  the  contour  bounding,  the  problem  of  calculation 
of  constant  Ca.n  in  the  six-connected  region  can  be  replaced  by  the  corresponding 
problem  in  a  two-connected  region. 

Limiting  values  of  potential  cn  the  armature  and  stator  are 

<?(/cr)«-£/m(/CT). 


Fig.  29. 


From  the  symmetry  of  distribution  of  potential  U  (t)  and  symmetry  of  region  of  air 
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gap  with  respect  to  axes  of  main  pol  it  follows  that  the  lines  <p  =  0  coincide 
with  segments  of  the  axes  of  main  poles  lying  in  the  air  gap.  Making  cuts  along 
it  we  break  the  six-connected  region  of  the  air  gap  into  four  identical  two- 
connected  regions.  Let  us  consider  one  of  these  regions  (Fig.  29).  Limiting  values 
of  potential  on  its  contours  equal: 

9  (f«ap)  —  Um  (/tup).  <P  (^a.n)  —  Ca.B  —  Um  (ta. n). 

For  determination  of  the  constant  C  with  the  help  of  results  of  $  1**  it  is 
sufficient  to  perform  the  following  operation:  calculate  by  formula  (^.13)  the 
value  of  potential  Um(t)  at  points  on  the  contour  of  region  D;  map  region  D 
infinite  sheet ly  onto  a  band  in  such  a  manner  that  every  sheet  of  the  Riemannian 
surface  is  mapped  onto  a  rectangle  of  dimensions  h  x  N;  transfer  values  of  potential 
Um  calculated  from  the  formula  (t.13)  at  points  of  the  contour  /  and  /Jn  into 
corresponding,  during  conformal  mapping,  points  of  boundaries  of  the  band  v  +  ih 
and  t;  find  the  constant  component  of  the  periodic  potential  difference  on  the 
boundary  of  the  band. 

Constant  C  is  defined  thus: 
n  .n 


N 

^*'n  =  J”  ^mn  "f"  —  Umn  (t)J  dx. 


(21.25) 


and  limiting  values  of  potential  of  the  field  of  magnetization  are 


9  ('»)  =-Um  (/,).  <P  (/„)  =  — Um  (ter), 

ft 

=  ~  j  ium  (r  +  ih)  -  Um  (T)I  dx — Um(lxn). 


(21.26) 
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In  §  2 3  an  approximation  formula  for  the  determination  of  Ca.B.  is  derived. 


§  22.  Calculation  of  Induction  on  the  Armature 
of  an  Unsaturated  Machine  Not "Having 
Caps  Between  the  Yoke  and  Cores 
E  of  Additional  Poles 

In  this  case  the  region  of  the  air  gap  of  the  machine  is  two-connected  and 
constants  C  and  CcT  equal  zero.  Limiting  values  of  potential  on  armature  and 
stater  surfaces  are  immediately  determined: 

<f  (/.)  =  —  U„  (/,).  ?  (/„)  =  —Um  (ter).  (21.20) 

Solution  of  the  Dirichlet  problem,  i.e.  determination  of  potential  in  the  region 
from  its  values  on  the  contour  can  be  obtained  by  means  of  conformal  mapping  of  the 
two-connected  symmetric  region  onto  a  band.  Inasmuch  as  is  necessary  to  determine 
the  value  of  induction  only  on  the  contour,  it  is  sufficient  to  find  only  the 
conformity  of  points  of  contours  of  these  regions.  Conformal  mapping  of  the  two- 
connected  region  of  the  air  gap  onto  a  band  is  performed  with  the  help  of  modeling 
as  described  in  §  19. 


We  prepare  from  sheet  iron  or  thin  dynamo  steel  a  model  in  the  form  of  part  of 
the  air  gap  of  the  machine  between  axes  of  the  main  and  additional  poles  (Fig.  ’Cl 

t  » 

Along  the  line  of  axes  AA  and  BB  we  solder  copper  contacts  and  connect  the  mod«l 
to  a  dc  circuit  in  series  with  a  strip  of  the  same  dynamo  steel  as  the  model. 
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With  help  of  zerogalvanometer  r,  connected  in  a  potentiometer  circuit,  v.e  find  a 

i  >  i 

series  of  points  b^  and  fc  on  the  lower  AB  and  upper  A  B  sections  of  the  model 

t 

contour,  starting  from  contact  AA  ,  such  that  the  potential  difference  of  two- 
neighboring  points  and  6*,  b\-i  and  b\  is  constant: 

Av  =  vk  —  =  const. 

I 

It  is  convenient  An  practice  to  divide  the  entire  voltage  between  contacts  AA 

t 

and  BB  into  100  equal  parts,  using  for  this  purpose  two  resistance  decades 

connected  as  a  potentiometer.  In  order  to  fix  the  found  points  on  the  model 

contour,  under  .he  model  is  placed  a  sheet  of  heavy  paper,  the  model  contour  is 

outlined  in  pencil  and  the  points  are  inscribed  directly  on  paper  with  a  sharp 

probe  and  numbered.  Setting  Av  =  1  cm  on  the  plane  (fi),  we  find  that  v^  — 

corresponds  to  a  point  on  the  axis  of  abscissas  lying  at  a  distance  k  cm  from  the 

origin  (fi  =  0)  and  vUB'  is  a  point  at  a  distance  N  =  100  cm  from  the  origin. 

Measuring  the  voltage  between  contacts  of  the  model  uu  —  aBB„  the  voltage  between 

contacts  of  the  strip  u  and  the  dimensions  of  the  strip  L  x  H  we  find  the  width 

n 

of  the  strip  h.  Indeed,  from  the  obvious  relationship 

j  -L- 

a~  i  ~  \H  ’  v*  N  ~uu 


it  follows 


h=N 


uaH 

umL- 


(22.1) 


Knowing  the  width  of  the  band  h,  one  can  determine  value  of  mapping  function 
Q=o-f-/./at  any  found  point  b^  or  b^.  Thus,  at  point  b^,  lying  on  a  section  of 
the  model  contour  corresponding  to  armature,  J  =  0  and  Qk=vk  =  k.  At  point  b^  lying 
on  the  section  of  the  model  contour  corresponding  to  the  stator,  J  =  h  and 


Q~ok  +  ih.  On  the  plane  (fi)  points  by.  of  the  Inner  contour  of  the  region  of  the 
air  gap  (armature  contour)  will  correspond  to  points  of  the  real  axis  J  =  0, 
points  b^  of  the  stator  contour  will  correspond  to  points  of  the  line  J  =  h  (Fig. 
31). 

For  finding  the  normal  component  of  induction  on  the  armature  it  is  necessary 
to  know  magnitude  of  modulus  of  the  derivative  of  the  mapping  function  on  the  model 
contour 


dQ 

_  dx 

dz 

dt  f 

where  dt  is  an  element  of  length  of  the  contour  of  the  region  of  air  gap  corresponding 
during  conformal  mapping  to  an  element  of  length  dT  of  the  band  boundary.  Replacing 
infinitesimal  increments  by  sufficiently  small  final  ones,  we  can  write 

dx  At 
dt  ~  At  ' 


This  magnitude,  it  is  possible  to  measure  sufficiently  accurately  with  a  galvanometer 
connected  to  double  probe  with  a  fixed  distance  between  needles  equal  to  At. 
Connecting  the  probe  to  the  circuit  of  the  model  in  such  a  manner  so  that  point 
b^  (or  b^)  coincides  with  the  mean  distance  between  needles,  we  measure  the  voltage 
between  them  Av.  The  modulus  of  the  derivative  of  the  mapping  function  at  point 
b^  (or  b k)  will  be  determined  thus: 


dx  At 

_  '■'w  _ 

dt  At 


lAo  N 


(22.2) 


Determining  on  the  model  the  correspondance  of  points  of  contours  of  region  of  air 
gap  and  band,  calculating  value  of  potential  <p(t)  at  points  of  contour  of  air  gap 
and  transferring  them  to  corresponding  points  of  the  boundary  of  the  band,  we  obtain 
curves  of  potential  distribution  on  boundaries  of  the  band  q>n(T).  The  normal  component 
of  induction  at  point  bn  of  the  armature  can  now  be  fourd  from  relationship  (11.8) 


B,(bn) 


^?=_u  — i^ii 


dt  |  dj  1^- 


ujdj 


(22.3) 
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Using  formula  (li.l6)  we  obtain 


* 

. 

,  n  ?9„(«  +  a)-f-(pn(n-o)-2q'n(n)  ( 

r5 - SSri - “«  + 

* 

,  n  f  To  (n  +  a  +  ih)  -f  <pr  (n  —  a  +  ih)  —  2<pn  (n  -f  ih) 

2h\  ch*a  +  1  da  (22. >4) 

Analysis  of  the  field  pattern  of  various  tyres  cf  sal ier.t -pole  dc  machines 
has  shown  that  for  technical  calculations  it  4s  possible  to  take  a  simplified 
distribution  of  potential  on  boundaries  of  the  band.  The  field  potenMal  cf  poles 
of  the  machine  continuously  changes  o,fer  the  surfac-s  of  the  ai’muture  and  stator, 
however,  the  peculiarity  of  configuration  of  the  air  gap,  especially  its  small 
magnitude  under  the  poles  and  then  its  sharp  growth  between  poles,  l^ac «■  *r  tb«  fact 
that  sections  of  the  stator  contour  located  under  windings  of  poles,  on  which 
occurs  the  biggest  change  of  potential,  during  mapping  onto  a  band  are  rractieally 
drawn  into  a  point  and  the  potential  on  them  changes  in  jumps  sufficiently  -'mall  so 
that  it  may  be  disregarded.  Here  it  is  possible  to  take  the  potential  of  the 
armature  equal  to  zero  and  the  potential  of  the  surface  of  the  Dole  applied  to  the 
armature  constant  and  equal  to  the  ampere-turns  of  the  pole  coil  actlnc  on  the  air 
gap  <pn  =  /U?n. 

Let  us  assume  that  point  on  model  b'p  the  last  or,  the  main  pole,  has  the 
number  p,  the  following  point  b'p+l  falls  on  an  additional  pole.  Then  on  the  upper 
boundary  of  the  band  we  may  consider  that  the  potential  of  the  field  of  the  main 
poles  ®(i )  has  a  constant  value  equal  to  the  ampere-turns  acting  on  the  air  gap 
between  points  (—p+ih)  and  (p+ih)  On  the  lower  boundary  of  the  band  corresponding 
to  the  surface  of  the  armature  it.  is  equal  to  zero.  Analogously,  the  cctential  of 
the  field  of  the  additional  bands  on  the  upper  boundary  between  points  [{/?  +  l)+//l] 
and  (2-V —  {/>+!)+  ih\  can  be  taken  as  constant,  equal  to  the  ampere-turns  of  pole, 
on  the  lower  boundary  —  equal  to  zero. 

The  distribution  of  potential  caused  by  current  in  the  winding  of  the  armature 
also  may  be  simplified  and  considering  that  the  potential  of  the  stator  is  equal 


to  zero  and  the  potential  of  the  armature  at  point  bn  ia  proportional  to  the  distance 
along  the  circumference  of  the  armature  from  the  axis  of  the  main  pole  to  point 
and  attains  a  maximum  equal  to  the  ampere-tums  of  the  armature  under  the  axis  of 
the  auxiliary  pole 


*.<*■> 


(22.5) 


If  point  b^  on  the  circumf  'rence  of  the  armature  were  disposed  evenly  over  the  entire 
section  between  axes  of  the  main  and  auxiliary  poles  then  the  distribution  of 
potential  of  the  field  of  current  in  the  armature  on  the  lower  boundary  of  the 
oand  could  have  been  presented  thus: 


<Pl  (n)  =» 


(22.6) 


In  reality  points  bn  on  the  circumference  of  the  armature  are  disposed 
nonuniformly  and  taking  on  the  lower  boundary  of  the  band  the  distribution  of 
potential  (22.6;,  we  allow  a  certain  error.  However,  as  will  be  clear  below,  it 
can  in  sufficient  measure  be  eliminated.  Let  us  apply  the  method  of  superposition 
and  find  the  value  of  Induction  on  the  surface  of  the  armature  as  the  sum  of 
inductions  with  potentials  only  on  the  main  poles  then  with  potentials  only  on  the 
auxiliary  poles  and  finally  with  a  potential  only  on  the  armature.  In  order  to 
facilitate  calculation  we  first  demonstrate  that  the  influence  of  the  potentials 
of  the  poles  and  armature  located  in  the  neighboring  quadrant,  on  the  magnitude  of 
induction  on  the  considered  section  of  the  armature  is  insignificant.  To  do  this  we 
demonstrate  that  a  potential  of  finite  value  distributed  on  the  boundaries  of  a 
band  at  a  distance  greater  than  2h,  from  the  considered  point  H  =  n  has  practically 


no  affect  on  the  magnitude  of  the  normal  component  of  Induction 


at 


this  point.  Let  potential  be  distributed  on  the  segments  ( — o o,  n — 2ft) 

and  («+2A,  oo),  potential  qpj (r-H/At)  =<r2  on  the  segments  ( — oo,  .1 — 2 h  +  ih)  and 
(n  +  2h  +  ih,  W),  then: 


Ji2  [it]  -  + »>- fic*n 

m 

n  f  f, (n  +  29,(n)  . 

2ft*  \  ETto-1 - da  + 


as 


_«  C  <Pi(n  4-  a  4-  lh)  4-  (n  —  a  -f  ih)  —  2<pt  (n  4-  ih)  . 
2i?  f  ch  ka  1 


n  C  2c, da  n  C  2 Ctda  kct  ,  fta;~ 

-2fI  dn^+2FjcTCTT--irctl'2L+ 

M  » 

1  th*al<*  1  f  2c*~*'  I  c»  +Ci2r 

+  TTlh2y  * \r+7:s+r=^j~~2' 


«3,75  IO-"C-t±i!-. 

fl 


On  the  other  hand  the  normal  component  of  intensity 


m. 


at  point  P  =  n,  caused 


by  the  distribution  of  potential  f,  (T -f- /A)  =  c,  on  the  section  of  the  upper  boundary 
of  the  band  between  points  (n  —  2A)  and  (n  4-  2A),  has  the  fora 

=,£•  n  ?  -2c ja  _  ct  V, 

;!S  [  dJ  J,  ft  +  2A*  J  ch  ka  +  1  ft  ft  2  Ij,  A 


_C±  ,  c±  1 

A  +  ft  1  +e-*~  A* 


[22.6) 


Setting  c*  =  c,  +  C,,  we  obtain 


(22.9) 


i.e.,  the  magnitude  of  the  component  of  intensity  (and,  consequently,  induction) 
at  point  Q  =  n  on  the  boundary  of  the  band  caused  by  the  potential  distributed  along 
boundaries  of  the  band  at  distance  greater  than  2h  from  point  n  is  less  than  half 
of  one  percent  of  the  magnitude  of  intensity  at  this  point  caused  by  difference  of 
potential  at  points  n  and  n  +  ih. 

Consequently,  the  distribution  of  potential  on  boundaries  of  the  band  beyond 
the  borders  of  section  — 2ft  <  a  <  2ft  (a  =  t  —  ft)  cannot  be  taken  into  account  without 
loss  of  calculation  accuracy. 

With  the  presence,  in  electrical  machines,  of  a  ratio  of  dimensions  of  diameter 
of  armature  and  gap  above  pole  of  magnitude  N  not  less  than  10  h,  and  the  number 
of  points  p,  occuring  on  the  main  band  lies  in  tne  range  of  0.6  to  C.8  N.  The 
potential  of  the  neighboring  pole  cn.  the  upper  boundary  of  the  band,  distributed 


Therefore,  on  the  considered  section  0</!<AT  the  first  integral  in  formula  (22.4) 

differs  little  from  zero,  the  second  is  equal  to  zero,  and  for  the  normal  component 

of  induction  on  armature  at  point  b  from  (22,4)  we  obtain 

n 


*(H., 


dJum 


IV  n 


n 

AT 


(22.12) 


From  expression  (22.12)  one  may  see  that  induction  at  point  bn  is  proportional  to 

the  accepted  magnitude  of  potential  on  it.  Substituting  in  (22.12)  the  value  of 

bn 

potential  at  point  b^,  equal  to  /«.« a*-—,  we  obtain 


A vNJWn  .itgxc  ^  ftn 

h  bs' 


(22.13) 


If  on  the  model  the  serration  of  the  armature  is  disregarded  then  that  in  the 
derived  formulas  (22.10),  (22.11),  and  (22.12)  it  is  necessary  to  introduce  a 
teeth  coefficient  k„,  which  can  be  calculated  from  the  formula 


t  -Xt+i96- 

"'b,  +.106,’ 


(22.14) 


Here  t  is  the  magnitude  of  tooth  spacing  or.  circus..' erence  of  armature;  b„  Is 

the  width  of  tooth  on  circumference  of  armature;  t  is  the  magnitude  cf  ran  at 

r.  ■  • 

point  bn,  for  which  is  calculated  k  . 

Taking  into  account  the  serration  of  the  armature,  for  t.ne  induction  established 

at  point  b  on  the  surface  of  che  armature  of  an  ur.saturated  machine,  designates 
n  JL 

by  the  constant  *=a,  we  obtain: 

a)  field  of  main  poles: 


B  (Wrjt.n  —  Ho 


AvJV  ;  fWr. 
Atu_ 


’  +  1 


b)  field  of  additional  poles: 


B(bn).  n  =  -Ho 


AcV  j  IV M ,  .  1  . 

1  op+,_n+  r 


(22.15) 


(22.16) 


cl  field  of  armature: 


*  (*«),= 


«.»KKC  b, i 


( 


17) 
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between  points  ( 2N — P+ih)  and  (2N+p+ih)  will  be  located  at  a  distance 
l>(2N-p-n)  >20/1-8/:— lO/z-2/t,  from  the  point  under  consideration  rt(0  </:<#)  and 
consequently,  its  influence  on  the  ..magnitude  of  induction  at  the  point  n  may  be 
neglected.  Let  us  proceed  to  a  calculation  of  the  induction  on  the  armature.  For 
this  purpose  we  substitute  simplified  values  of  distribution  of  potential  in  one 
quadrant  of  the  ai*  gap  of  the  machine  into  the  formula  for  the  normal  derivative 
of  potential  on  the  boundary  of  the  band. 

Field  of  main  terminals.  Potential  <Pr,„  =  /B?  „  is  distributed  on  the  surface 

— — —  • '  •  •  '  —  i  -  -  *  i * i . n  r<i . n 

of  pole  between  points  b'_p  end  On  the  upper  boundary  of  the  band  this  corresponds 
to  a  distribution  between  points  (-p)  and  p.  For  determination  of  the  normal 
component  of  induction  at  point  b^  on  the  armature  we  use  the  formula  (11.9): 


B  {bn}r*.n - Ho 


Ap  N 
A  t  uH 


lim 

J-f o 


Wrn.nk"1  f  chk\X—n)  COikJ  -f  1 
2 «  J  [ch  k(x — n)-h  cos  kj\*  x 


—p 


—  Ho 


A  v  N_ 
A  /  u 


=  — Ho 

or 


N 

W'A.r. 

Uu 

2  h 

th^(T 


(f*\f 
-1- 


dx 


ch  k(x  —  n)  +  1 


A  vN 

rj.it 

Atu 

* 

h 

1 


^^:a.o - J1® 


A  vN 


Atu„ 


'  i"+7W  (k  =  a)'  (22*10) 


Field  of  additional  coles.  Potential  o>  _  —  IV. _  is  distributed  on  the  surface 

"  —  * - - -  - - - -  TJLn  •  A-* 

of  a  pole  between  points  b'p+]  and  On  the  upper  boundary  of  the  band  this 

corresponds  to  a  distribution  between  points  (p  +  1)  and  (2A/  —  p — 1).  Just  as 
when  calculating  the  induction  of  the  field  of  the  main  poles  we  have 


H</^*.n 


=  — Ho 


2 h 

AvN 


AvN  |  .  k  , 

ASL|,h2-'<' 


n) 


:2.V-p_i 


lo+l 


A  tu 


I 


(22.11) 


Field  of  armature  reaction.  The  distribution  of  potential  on  the  lower  boundary 
of  the  band  is  taken  as  follows: 


9l(«)  =  ft  W* .urn*. 


The  resultant  Induction  at  point  to  on  the  armature  equals: 


B(bJ  —  B  (&*)„.„  =F  B (bn)A  B  ±  B { bn ),. 


(22.18) 


Here  b  is  the  distance  from  contact  AA  to  noint  b  measured  on  the  model  along 
n  n 

the  circumference  of  the  armature;  p  is  the  number  of  poing  b  ,  last  on  the  main 

u„H  P 

pole;  h  is  the  width  of  band  h  =  jV  —  — ;  b  is  the  distance  along  circumference 

ttuL  n 

of  armature  between  contacts  AA  and  BB  of  the  model  (Fig.  30);  N  is  the  number 
of  points  taken  on  the  contour  of  the  model  armature;  u^  and  un  is  respectively, 
voltage  measured  between  contacts  of  the  model  and  a  strip  of  dimensions  L  x  H; 

Av  is  the  voltage  between  needles  of  double  probe  applied  to  the  model  contour 
at  point  bn;  At  is  the  distance  between  needles  of  probe; 


a  =  th  . 


Taking  a  simplified  distribution  of  potential  we  thereby  facilitate  calculation 
of  the  magnitude  of  induction:  the  necessity  of  calculating  the  eddy  component 
of  induction  on  the  armature  i,;  eliminated  since  an  excessive  potential  difference 
between  corresponding  points  of  the  armature  and  stator  is  knowingly  taken. 

Let  us  consider,  for  instance,  the  field  of  the  main  poles.  As  follows  from 
the  law  of  total  current,  potential  difference  of  the  field  of  magnetization 
between  corresponding  points  of  the  armature  and  stator  at  the  section  of  the 
armature  under  the  pole  is  equal  to  tne  total  ampere-turns  of  the  pole  minus  the 
eddy  potential  drop  U  in  the  gap  between  points.  It  is  accepted  that  this 
difference  is  equal  to  the  total  ampere-turns  of  the  pole,  i.e,, 


WrMM  -  /Vm.„  -! ajb„)  -  Um  (M  + 1  Um  (6,)  -  um  [bn)\  = 
-{  +  lUmikn)- 


(22.19) 


Determining  the  normal  component  cf  induction  of  the  field  of  main  poles  on  the 
armature  according  to  formula  (22. 15)  for  points  under  the  role,  i.e.,  for 


n  «  p,  we  obtain 


Af)N  W«)  +  'JM-Vm(bn)  1 

1  ™  A tu*  h  a"-*+  i  ~ 

-  **o  j  |  ^  lUm(b'n)  -  U„ (6,)}  ^  Bn  (b„)  +  B<bn). 


(22.21) 


( 


The  first  member  of  the  right  half  of  equality  (22.20)  constitutes  a  main  part 
of  the  magnitude  of  the  normal  component  of  induction  of  the  field  of  magnetization, 
the  second  member  may  be  considered  equal  to  the  normal  component  of  induction  of 
the  eddy  field  of  current  in  the  pole  windings.  We  reach  a  similar  result  when 
examining  the  field  of  additional  poles. 

Thus,  formulas  (22.15),  (22.16),  and  (22.17)  make  it  possible  to  determine  the 
magnitude  of  total  induction  on  the  armature  which  includes  both  the  component  of 
induction  of  the  field  of  magnetization  and  the  component  of  the  eddy  field  of 
currents  in  the  machine  windings. 

The  method  presented  for  calculation  of  the  magnetic  field  of  dc  machines  has 
been  repeatedly  checked  experimentally  and  confirmed  by  direct  measurements  of  the 
magnitude  of  induction  at  points  on  the  armature  surface.  For  example  we  will 
give  a  comparison  of  values  of  induction,  at  points  on  the  armature  of  dc  machines 
of  the  firm  AEG,  type  HN-^hO,  250  V,  l^C  A,  JO  kW,  1100  r/min,  measured  and 
calculated  by  the  described  method,  directly.  Measurements  of  induction  at  points 
on  the  surface  of  the  armature  were  made  by  the  ballistic  method.  For  this  purpose 
on  surface  of  armature  of  machine  were  glued  four  shifted  measuring  coils  embracing 
each  tooth-groove  of  armature  at  90°  intervals.  Luring  rotation  of  the  armature 
with  help  of  a  turning  attachment  the  measuring  coils  are  moved  along  the 
circumference. 

During  transmission  current  along  windings  of  machine,  flux,  cccuring  on  a 
tooth  division  of  the  armature,  permeated  the  circuit  of  the  measuring  coil. 

A  change  in  direction  of  current  in  the  windings  of  machine  led  to  a  change  in 
direction  of  flux  permeating  tne  measuring  coil  and  flow  of  induced  charge  through 
tne  ballistic  galvanometer.  Deflection  of  the  galvanometer  beam  made  is  possible 
to  measure  the  magnitude  of  flux  penetrating  the  measuring  coil  and  to  determine 
the  mean  value  of  induction  on  the  surface-  of  the  armature  at  the  coil  location. 

The  distance  along  the  surface  of  the  armature  between  axes  of  neighboring  main 
poles  was  divided  into  forth  approximately  equal  parts.  Measuren  er.ts  of  flu>' 
were  made  with  coincidence  of  the  axis  of  the  measuring  coll  with  the  points  o! 
division.  The  turning  attachment  ensured  the  possibility  of  turr.  of  the  armature 

Q 

over  an  angle  greater  than  9°  •  Induction  was  measured  during  transmission  of 
current  along  each  of  the-  machine  windings  separately  (through  windings  of  the 


too 


Fig.  j?2.  KEY:  (a)  Field  of  additional  pole;  (b) 

Field  of  armature  and  additional  pole;  (c)  Axis  of 
auxiliary  pole;  (d)  Field  of  main  pole;  (e)  Resul¬ 
tant  field;  (f)  Axis  of  main  pole;  (g)  Field  of 

srmatur";  (h)  Vb/m2. 

main  poles  additional  poles,  and  armature),  through  til  windings  of  the  machine 
simultaneously  and  through  two  windings  -  armature  and  additional  poles.  The 
results  of  measurements  are  given  in  the  form  of  curves  depicted  in  Fig.  ?2  by 
solid  lines.  Experimentally  measured  values  of  induction  were  collated  with  those 
calculated  by  the  method  presented.  From  a  sheet  of  dynamo  steel  of  thlckenss 
0.5  mm  was  prepared  a  model  of  the  cross  section  cf  the  region  of  the  air  gap  of 
the  machine  in  a  3:1  scale  and  the  band  in  the  form  of  a  rectangle  (Fig.  ??). 

The  model  is  connected  to  a  dc  circuit  and  on  sections  of  its  contour  points  are 
contacted  with  a  probe  which  correspond,  during  conformal  mapping,  to  evenly 
spaced  points  on  the  boundaries  of  the  band.  At  each  point  values  of  the  modulus 
of  the  derivacive  of  the  mapping  function  were  measured  with  a  double  probe. 
Coordinates  of  points  on  the  expanded  circumference  of  the  armature  and  the  value 
of  the  modulus  of  the  derivative  of  the  mapping  function  in  them  are  given  in 
Table  1,  where  S  is  the  number  selected  for  designating  points  on  the  armature; 

I 

b^  is  the  distance  measured  on  model  from  contact  AA  to  point  of  number  n  along  . 
the  circumference  of  the  armature. 
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Values  measured  on  model:  u,,  »  16.45  mV,  p  *  71, 

N  =  100.  Values  measured  on  the  band  (Fig.  35): 

L  =  201  mm,  H  =  20  mm,  un  =  7.12  mV,  and  I  =  1  A, 

uji  * 

h  «.  N ~  =  <.31.  a  -  e*-  -  e0  78-  2,073. 

Since  the  magnitude  of  the  gap  under  the  main  pole  is  not 
identical,  the  coefficient  kz  was  determined  for  every 
point  bn.  Here  we  proceeded  from  the  following 
considerations.  Considering  that  under  the  center  of  the 
main  pole  on  the  model  the  field  of  current  is  uniform 
conductivity  of  the  tube  of  flux  between  lines  v  =  0 
and  v  ™  1  equals 

fr,  _I 

6  “  h' 

where  £  is  the  gap  under  the  center  of  the  main  pole. 
Since  conductivity  of  all  tubes  of  the  field  of  current 
on  the  models  are  equal,  for  tubes  between  lines  v  =  n  -f-  I 
and  v—n — 1  we  obtain 

|frn-H  — bn- 1 1 2 b-t  2 

6„ 


whence 


a  ~  l  I  fr«+>  I 

w*«  ~~  fl  2 - ~ 


or,  assuming  i&B+i— 6„_i  |  =  |  At  j,2  =|  Ao  ] — , 

Um 


At)  I  u  *  •  ,n» 


fr,+  106, 


«* 


Here  tz  is  the  tooth  pitch  (67.5  x  3);  bz  is  the  width 
of  tooth  along  the  external  diameter  of  the  armature 

(40.5  x  3). 

Values  of  c  efficient  kz  at  different  points  on  the 
armature  are  given  in  Table  2. 
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Fig.  33. 


Value  of  Induction  (in  Gauss)  of  the  field  of  the  main  poles  at  points  on 
the  surface  of  the  armature  of  an  HN-300  motor  calculated  from  formula  (22.15). 
where  n0=l,256,  0=2,073.  p  =  71,  IWrK.„  =  600'  A  are  given  in  Table  3. 

In  Table  4  are  given  values  of  the  induction  of  the  field  of  additional  poles 
at  points  on  the  surface  of  the  armature  of  an  HN-300  motor  calculated  from  formula 
(22.16)  for  /ra.„=900  A. 

Values  of  induction  of  the  armature  field  at  points  on  the  armature  surface 
of  the  same  motor,  calculated  from  formula  (22.17)  for  844  A  are  given  in 

Table  5  and  results  of  calculation  --  in  the  form  of  hachured  curves  on  Fig.  32. 

§  23 .  Calculation  of  Induction  on  the  Armature 
of  an  (Jnsaturated  Machine  with  6aps 
ftetween  Yoke  “and  Cores 
~  of  'Additional'  Pole's" 

As  already  indicated  in  5  21,  symmetry  of  the  six-connected  (in  this  case) 
region  of  the  air  gap  of  the  machine  and  symmetry  of  the  distribution  of  potential 
along  contouis  bounding  it,  permits  finding  the  line  of  equal  potential,  not 
calculating  the  field,  make  cuts  along  it  and  thereby  reduce  the  problem  to  the 
calculation  of  the  field  in  a  two-connected  region. 

Calculation  of  the  field  when  feed  windings  of  the  main  poles.  In  this  case 


10? 


and  limiting  values  of  potential  on  all  contours  are  immediately  determined 

f  (/*)  ■*  — <P  (ter)  *  Um(tet)t 
f  "  ~  (tf.n)-  ■ 

Segments  of  the  axes  of  additional  poles,  lying  in  the  region  of  the  air  gap, 
coincide  with  lines  <p  =  0.  Making  four  cuts  along  segments  of  axes  between  the 
yoke  and  cores  of  the  poles  (Fig.  27),  we  make  region  of  the  air  gap  two-connected. 
Here  the  limiting  values  of  potential  on  the  entire  contour,  including  cuts, 
are  determined,  the  problem  being  solved  Just  as  in  5  22.  The  form  of  the  model 

t  t 

and  location  of  contacts  AA  and  BE  on  it  for  electrical  modeling  mapping  the 
function  in  tnis  case  are  shown  in  Fig.  JO.  Calculation  may  be  made  according  to 
approximate  formula  (22.15). 

Calculation  of  field  with  supply  of  windings  of  auxiliary  poles  and  armature. 
In  this  case 

•  Ct  =  Ccr>=  0 

and  limiting  values  of  potential  on  the  armature  and  stator  are: 

f(fe)— -CL(4).  <p('ct )-~Um(tcr). 

From  conditions  of  symmetry  it  follows  that  the  lines  v  =  0  In  this  case  coincide 
with  segments  of  axes  of  main  poles  lying  in  the  air  gap.  Making  cuts  along  it, 
we  split  the  six-connected  region  of  the  air  gap  into  four  Identical  two-connected 
regions  (Fig.  27).  For  determination  of  constant  C^  n  we  use  the  same  model  to 
obtain  conformal  mapping  as  when  calculating  the  field  when  feeding  windings  of 
the  main  poles,  but  contacts  to  it  we  connect  along  segments  of  the  axis  of  the 

I  I 

auxiliary  pole  BB  and  DD  .  Constant  C_  n  can  be  found  from  formula  (21,25) 

«u  ®  *1  # 

although,  using  the  peculiarity  of  configuration  of  the  air  interval  of  dc  machines 
and  peculiarity  of  potential  distribution  along  its  contours,  the  expression  for 
^  may  be  simplified.  Let  us  demonstrate  this  on  the  example  of  calculation 
of  constant  C  for  traction  motor  [NB-409/840]  (HD-409/840). 

Let  us  determine  constant  n  when  supplying  windings  of  the  auxiliary 
poles.  The  contour  of  the  section  of  the  air  Interval  region  and  the  cross  section 
of  the  winding  with  current  are  shown  In  Fig.  30.  The  potential  of  the  field  of 


c a -rent  flowing  In  windings  of  auxiliary  poles  we  define  In  the  following  way: 
we  divide  tne  cross  section  of  the  winding  into  n  =  4  rectangles  and  replace 
each  of  their  axes  with  a  current  coinciding  with  its  center  of  gravity.  Then 
for  potential  Jm(x,  y)  we  have 

4 

Um*=  Y  (23.1) 

l 


where  each  of  potential  U  ^  is  created  by  eighth  current -car:  ylng  axes  located 
at  points  of  the  eight  cross  sections  of  the  windings  of  the  additional  poles 
symmetric  with  respect  to  the  axis  of  the  armature.  Designating  coordinates  of 
these  points  2ki, z#. . . .  jzkt,  for  potential  U  k  we  obtain 


Ujn*(x.  y) «  Im 


l  IV  , 

[  8jx  ° 


(*  -  fg) (2  -  ?,•) (£  -  Zk.)  (7  -  Zbn)  ' 
(Z-2td(?  —  2k i)  iZ  -  Zki)  (2  -  Z„)  ‘ 


(23.2) 


or,  using  the  symmetry  of  location  of  the  axes,  the  current-carrying  after 
transformation  we  obtain 


x  IW  4^(r«— !)sin294cos2Y 

** (C’ Y>  2nn  arC  g  r\  +  I  J-  2rJ(cos  48*  —  2  cos*  2y)‘  ( 2? .  3 ) 


Here  rk  =  Rk  and  are  the  polar  coordinates  of  the  current-carr-ing  axis 

Rk 

Z\k-  Rt".  Q  and  7  are  the  polar  coordinates  of  the  point  at  which  is  determined 
potential  *“  Of  Angles  ek  and  7  are  measured  from  the  axis  of  the  additional 
pole.  For  the  potential  from  the  entire  current  in  windings  of  additional  poles 
we  have: 


It  i  \  W  V  .  4rJ  (r*  —  1)  sin  28*  cos  2y 
Y)  ~  2m  V  *rctg  r\  +  l  +  2rJ(cos 48*  - 


2cos*2y) 


(23. M 


From  the  drawing  of  the  motor  it  follows: 

Rt  =  3?  cm;  Rt  =  42,3  cm;  R,  =  46,7  cm;  Rt~  51  cm; 

«i  =  8°18';  e*  =  7°34';  9,  =  6°50';  84  =  6014\ 

We  connec*-  a  model  of  half  the  considered  two- connected  region  with  contact 

it 

BB  and  DD  to  a  dc  circuit  (Fig.  3°)  and  plot  N  points  on  each  section  of  its 


contour  through  equal  values  of  voltage  drop  Ay.  We  select  a  series  of  points 
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on  the  external  and  internal  contours  of  the  region  and  from  formula 
calculate  the  magnitude  of  the  magnetic  potential  in  them.  Coordinates  of  points 
on  the  contour  of  the  air  gap  region,  coordinates  of  points  corresponding  to  it 
on  boundaries  of  an  infinite  band  and  calculated  values  of  magnetic  potential  Un 
on  them  are  given  in  Table  6,  (contour  of  core  of  additional  pole  J  =  0)  and 
Table  7  (external  contour  of  region  J  =  h).  Curves  of  potential  distribution 
£/mi(r).  Um\  (T  +  ih)  and  U„,  (t  4-  &)  —  Umi  (t)  are  shewn  in  Fig.  plotted  along  points 
on  the  boundary  of  an  infinite  band  (0  < v  v  A') •  Measurements  on  the  -odel  give; 
h  =  7.15,  N  =  95.5,  2kN  =  8t .  for  determination  of  constant  C  we  use  equation 
(1^.30)..  Determining  the  area  of  curve  £/«i  (f  +  <A) —  Um  1  (x)  in  the  interval 
(0  <  t  <  N).  we  obtain  S=33,57/tt7  and  consequently 


r  5  _  33.57/U7 

Ct.„  =  w=~^~r  =  Q.352W 


(23.5) 


Replacing  curve  UmX(T+ih) — £/,„i(t)  with  two  iectangl^s  as  shown  by  tne  dotted 
line  in  fig.  J>h,  it  is  easy  to  derive  a  simple  rule  fc"~  approximate  determination 
of  the  magnitude  of  C  when  supplying  windings  of  the  auxiliary  poles  equivalent 
to  it  in  area. 
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Indeed,  the  change  of  potential  difference  U,„t(r  +  ih) — Uml( x)  occurs,  as  can 
he  seen  from  Fig.  34,  basically  only  on  the  lateral  surface  of  the  core  of  the 
additional  pole  under  tne  coil  with  current.  Therefore,  the  width  of  every 
rectangle  equals  the  number  of  points  occurring  on  half  of  the  contour  cf  the  core 
of  the  additional  pole. 

Taking  into  account  that  the  peculiarities  of  form  of  the  curves  shown  in 
Fig.  34  are  not  specific  only  for  the  considered  motor  N3-409,  but  general  for  all 
existing  designs,  determination  of  n  for  a  ac  quadripole  machine  may  be 
performed  in  the  following  way: 

1)  determine  potential  difference  on  the  axis  of  the  additional  pole  between 
the  yoke  and  core 

*.  -  (°  +  «'A> - <°>  - Um 0°) - Um (Qinl  .(Tfc  (23_6) 

2)  determine  potential  difference  on  the  axis  of  the  additional  pole  between 
the  armature  and  core 


^2  ~  W  + lf*)  Um\  {N\  —  !W  —  Um (/?0, 0°)  ~  Um (qa  „  j,  0°);  (23.7) 

3)  attempting  a  mapping,  find  the  number  of  the  point  on  the  middle  of  the 
core  length  v  =  q,  considering  v  =  0  at  the  intersection  of  the  pole  axis  with 
the  yoke  (in  our  example  q  -  63). 

Then  constant  Cn  will  be  determined  thus: 

n  _  +  <P*(A’—  q) 

C*n - N - *  3.8) 


r 


10* 


I 


Check: 


<P.  =  0.018/87.  (f.  =  0.984 fW.  Ca.„  =  0,347/37. 


We  determine  constant  C  _  for  motor  KD-^OQ/S^C  with  tne  armature  ’winding  of 

~  .n . 

macnine  powered. 

Let  us  assume  that  the  current  in  the  armature  is  distributed  evenly  on  the 
surface  of  the  armature  in  a  thin  film,  the  direction  of  the  current  being 
different  on  each  quadrant  cf  the  circumference  of  armature.  Distribution  of 
current  is  shown  in  rig.  35.  Complex  potential  dfi  at  point  z—Qe,v  from,  four 
filaments  of  current  in  symmetrically  located  points  z, ,  z?,  z^,  z^  is 


dQ  rn  dl  In  l£»> 

2*  <*  —  z*)(z  —  zt) 


(23.9) 


Utilizing  the  condition  of  symmetry  of  distribution  of  current  over  +  ‘e 
armature,  integrating  and  eliminating  the  imaginary  part  from  the  expression  for 
fi,  we  obtain 
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where  I  is  the  number  of  ampere-turns  occurrirg  on  the  section  of  the  armature 
between  axes  of  neighboring  —  (main  and  auxiliary)  —  poles.  The  distribution  of 
potential  (23.11)  on  the  developed  circumference  of  the  armature  represents 
expansion  into  Fourier  series  of  a  periodic  isosceles  triangle. 
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Results  of  calculation  of  values  of  potential  at  the  came  points  of  the 

contour  as  ir.  the  preceding  example  are  given  in  Table  5  (contour  of  core  of 

additional  pole  J  =  0)  and  Table  9  (external  contour  of  region  -J  =  h). 

.  Curves  of  distribution  of  potential  Umi (T).  U„n ( X  4-  ih)  a.  d  U^aix  -f  ih)  —  Unl  { x ) 

are  shown  in  Fig.  35,  plotted  along  on  the  boundary  of  infinite  band  (0  *v<N). 

We  determine  the  constant  C  from  formula  (14.30).  Determining  the  area 

S .)! . 

of  curve  Uml  (x  +  ih) — Umi  (t)  from  the  drawing  on  the  interva  1  (0  <%<  JV).  we  obtain 
S  =  25.61  and,  consequently. 


C  —  —  *  -e  0  / 

N  95,5  0,2Cu/- 


(23,12) 


Replacing  curve  Umt{x  +  ih)— Vm\  (t)  by  a  rectangle  of  equivalent  area,  as  It  was 
shown  by  the  dotted  line  in  Fig.  3$,  It  is*  easy  to  derive  a  simple  rule  for 
approximate  determination  of  Cn  when  the  armature  winding  is  fed.  Indeed,  as 
can  b'’  seen  from  Fig.  36,  the  width  of  the  rectangle  is  equal  to  the  number  of 
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to  the  armature  can  be  determined  just  as  wnen  calculation  the  field  when  feeding 

the  windings  of  the  main  poles.  to  make  four  cuts  along  segments  of  the 

axes  between  the  yoke  and  cores  of  the  additional  poles  and  to  thereby,  convert 

the  six-connected  region  of  the  air  interval  of  the  machine  into  a  two-connected 

one.  With  conformal  mapping  (Fig.  30)  the  section  of  the  model  contour  corresponding 

to  the  line  of  cut  will  practically  reduce  to  a  point  and  the  change  of  potentia1 

on  it  will  lead  to  a  jump.  Values  of  potential  o^(t)  on  all  points  of  the  boundaries 

of  the  band  will  consequently  be  determined. 

Knowing  the  value  of  C  n  it  is  simply  to  derive  simple  approximate  formulas 

for  the  magnitude  of  induction  of  the  field  of  additional  poles  and  reaction  of 

the  armature  at  points  on  the  circumference  of  the  armature  of  a  quadripole 

machine  having  a  gap  between  the  cores  of  the  additional  poles  and  the  yoke. 

Field  of  additional  poles.  From  Fig.  34  one  may  see  that  constantum  C_ 

'  * "  ■  *■  — —  £  .n  . 

displaces  the  curve  of  potential  distribution  on  the  core  of  the  pole  such  that 

the  potential  difference  on  the  axis  of  the  pole  between  the  tip  and  the  armature 

decreases  to  a  magnitude  equal  to  IW„  „  -  C  „  and  remains  almost  constant  on 

e  H  m  .n  .  a  .n  . 

* 

the  entire  surface  of  the  tip  lying  opposite  the  armature  (aotted  curve  in  Fig. 

5M. 

Taking,  as  was  Jone  in  C  22  the  potential  of  the  armature  equal  to  zero,  for 
tr.-  induction  of  the  field  of  additional  poles  at  points  of  the  circumference  of 
c.ne  armature  we  obtain: 


B  (&„)*.«  — 


I  IW Ji.n  —  Cjt.n 

4/u„  |  e*tp+'r«>+  i  * 


(23.15) 


where  ^  is  determined  from  expression  (23.8). 

Fielc  cf  reaction  of  armature.  From  Fig.  36  one  may  see  that  the  constant 
C-£  n  displaces  the  curve  of  potential  distribution  on  the  core  of  pole  such  that 
the  potential  difference  on  the  axis  of  the  pole  between  the  tip  and  armature 
decreases  to  a  magnitude  equal  to  —  C3.D,  where  the  magnitude  of  potential 

on  lhe  entire  surface  of  the  tip  opposite  the  armature  is  almost  unchanged 
(dotted  curve  ir.  ?’lg.  y~-),  whereas,  the  potential  on  the  armature  decreases 
linearly. 


If 


Taking  in  the  same  way  as  was  done  in  $  22,  the  potential  of  the  stator  to 
equal  to  zero,  the  potential  of  the  armature  at  point  bfi  is  proportional  to  the 
distance  along  the  circumference  of  the  armature  from  the  axis  of  the  main  pole 
to  point  bn  and  equal  to 


(25.16) 


and,  finally,  the  potential  of  the  tip  of  the  additional  pole  equals  C  For 

n.  n . 

the  magnitude  of  induction  of  the  field  of  reaction  of  the  armature  at  points  on 
the  circumference  of  the  armature  we  obtain: 


j  F  HP.  .  .  bJL  _ 

C>.n  ] 

+  l  J 

(25.17) 


where  C  is  determined  from  expression  (2y.lh).  Here  the  designations  are  the 
same  as  in  formulas  (22,15 )-(22.l8) . 
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CHAPTER  IV 

INTEGRATORS  FOR  CALCULATION  OF  FLAT  FIELDS  ANT)  THEIR  APPLICATION 

§  24.  Electro integrator  for  Simulation  of  Particular 
Solution  of  Poisson  Equation 

Calculation  of  the  static  field  in  an  isotropic  medium  reduces  solution  of 
the  boundary  value  problem  for  the  equation 

A<p=/(x,  y).  (24.1) 

As  a  rule  density  of  field  sources  f(x,  y)  is  different  from  zero  only  in 
a  limited  region.  On  the  remaining  plane  <p(x,  y)  is  a  harmonic  function.  The 
contour  of  the  investigated  region  usually  is  the  boundary  between  two  distinct 
media  and  the  boundary  conditions  are  determined  by  their  properties.  In 
individual  cases,  for  example  when  calculating  the  magnetic  field  in  an  air 
interval  of  an  electrical  machine  or  when  calculating  the  strength  of  a  twisted 
prismatic  rod,  he  right  side  of  equation  (24.1)  is  known  and  calculation 
immediately  reduces  to  a  solution  of  the  boundary  value  problem  for  the  Poisson 
equation.  In  other  cases,  for  instance  when  calculating  the  distribution  of 
density  of  sinusoidal  current  in  a  cylindrical  conductor  or  the  magnetic  field 
in  steel  component  an  electrical  machine,  f(x,  y)  satisfies  a  more  complicated 
differential  equation  the  right  side  of  which  can  depend  on  the  sought  function 
and  its  derivatives.  However,  even  here  sometimes  can  be  obtained  result  by 
means  of  solution  of  a  series  of  boundary  value  problems  for  the  Poisson  equation 
[27]. 
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It  is  well  known  that  any  function  which  is  a  solution  of  the  boundary 
value  problem  for  the  Poisson  equation  can  be  presented  in  the  form  of  sum  of  the 
harmonic  functions  <p^(x,  y)  determined  in  the  given  region  by  boundary  conditions, 
and  the  function  ^(x,  y)  determined  on  the  entire  plane  only  by  the  distribution 
of  sources  f(x,  y).  The  function  y)  carries  name  of  particular  solution 

of  the  Poisson  equation.  Analytic  solution  of  the  boundary  value  pr  blem  for  the 
Poisson  equation  in  general  is  very  complicated  and  requires  great  expenditure  of 
calculating  labor  and,  moreover,  does  not  ensure  the  accuracy  necessary  in  practice. 
Therefore  it  is  of  interest  to  develope  devices  which  model  a  solution  to  the 
problem.  however  to  prepare  a  universal  model  allowing  a  change  in  the  contour 
of  the  region  and  boundary  conditions  on  it  and  at  the  same  time  ensuring  the 
necessary  accuracy  is  impossible.  The  manufacture  of  a  model  for  every 
concrete  problem  is  very  complicated  and  costly. 

In  this  connection  a  solution  of  the  boundary  value  problem  by  complex 
means  combining  analytic  calculation  with  simulation  of  the  most  complicated 
individual  labor  consuming  mathematical  operations  is  rational . 

Let  us  clarify  what  has  been  said  with  an  example. 

It  is  known  that  a  solution  of  the  Pirichlet  problem  for  the  Poisson 
equation  can  be  obtained  using  the  following  mathematical  operations: 

1)  considering  the  region  unlimited,  find  potential  function  <P2(x,  y)  with 

a  given  distribution  of  density  of  sources  f(x,  y)  in  the  region,  in  other  words, 
find  a  particular  solution  of  the  Poisson  equation; 

2)  having  determined  value  of  <P2(t)  on  the  contour  of  the  region,  subtract 
them  from  the  given  contour  values 

<Pi  (0*=<p(f)— <p2(0; 

3)  considering  9^(t)  as  boundary  values  of  harmonic  function  cp^x,  y), 
find  this  function,  i.e.,  solve  the  Diricnlet  problem  for  the  Laplace  equation; 

4)  combining  ^(x,  y)  and  <P2(x,  y),  obtain  a  solution  to  the  problem 

y)=<Pi(*.  irt+q^jr.  y). 

Analytic  fulfillment  of  the  first  and  third  operations  of  the  given  algorithm, 
being  very  complicated  and  labor  comsuming,  are  expediently  modeled.  Remaining 
operations  cause  no  difficulty.  Let  us  consider  a  device  which  models  the 
particular  solution  of  the  Poisson  equation  and  will  clarify  on  what  the  accuracy 
of  simulation  on  it  depends. 
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As  is  known  potential  function  cp2(x,  y),  satisfying  the  Poisson  equation 
on  a  plane  is  determined  by  the  expression 

*(*,  y)  -  ton  ^  J J  f  (X,,.  yt)  In  (2  -  2,)  dS j,  (24 . 2) 

s 

where  =  xQ  +  iyQ  is  a  complex  coordinate  of  element  dS  in  the  region  S, 
filled  by  sources  of  density  f(x,  y),  over  whose  arer  Integration  is  performed 
z  =  x  +  iy. 

Analogous  expression  will  determine  the  potential  of  the  dc  field  in  an 
unlimited  conducting  sheet  with  constant  unit-surface  conductivity  y  if  to 
every  point  of  section  S  of  the  sheet  is  applied  a  current  of  density  6  =  yf(x,  y). 
Consequently  the  sought  function  q?2(x,  y)  can  be  modeled  by  the  potential  of 
a  field  of  current  in  a  conducting  sheet. 

So  that  the  potential  of  the  field  of  current  in  the  sheet  yields  a  particular 
solution  of  the  Poisson  equation  it  is  necessary: 

1)  that  the  sheet  be  uniform  and  infinitely  large; 

2)  that  the  distribution  of  density  of  current  applied  to  the  sheet 
correspond  to  the  f(x,  y),  standing  in  the  rig!  side  of  the  Poisson  equation. 

It  is  not  possible  to  prepare  a  model  satisfying  these  requirements. 

Dimensions  of  the  model  are  limited  and  distribution  of  adjustable  sources  on 
it  can  only  be  discrete.  Besides,  at  the  place  of  connection  of  the  source 
homogeneity  of  the  sheet  of  model  is  disturbed.  All  this  causes  an  error 
during  modeling.  Let  us  estimate  the  magnitude  of  error  and  clarify  the 
possibility  of  reducing  it. 

Obviously  the  modeling  error  will  depend  not  only  on  the  dimensions  and 
form  of  the  sheet  but  also  on  those  boundary  conditions  which  we  assign  to  its 
perimeter.  If  the  region  filled  with  sources  can  be  combined  with  section  in 
center  sheet  and  in  it  predominate  sources  of  one  sign  then  it  would  be  to 

select  the  model  sheet  in  the  form  of  a  circle  and  its  contour  attach  a  contact 

bus  of  great  conductivity  using  it  to  draw  current  from  the  model.  Really, 
with  such  a  distribution  of  sources  on  an  unlimited  plane,  according  to  removal 
from  sources  the  lines  of  equal  potential  will  approach,  concentric  circles  and 
if  along  one  of  them  is  cut  a  sheet,  ensuring  the  former  value  of  potential  on 

the  line  of  cut,  the  field  of  current  in  the  sheet  will  not  be  changed.  Inasmuch 

as  at  a  finite  distance  from  sources  the  lines  of  equal  potential  in  general 
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introduce  an  error. 

We  will  coneider  that  the  model  is  made  from  a  uniform  conducting  sheet 
in  the  form  of  a  circle  of  radius  R,  the  central  part  of  which  (circle  of  radius  r) 
is  filled  with  adjustable  sources  of  current  connected  to  individual  points  of 
the  sheet.  On  the  circumference  of  the  sheet  is  soldered  a  bus  of  incommensurably 
large  conductivity  with  help  of  which  current  Is  removed.  If  sources  of  one 
sign  evenly  fill  inner  circle  r  the  equipotential  line  will  coincide  with  the 
boundary  of  circle  R  ana  there  will  be  no  distortion  of  the  field  on  the  model. 

The  biggest  distortion  of  the  field  induced  on  the  bus  by  charges  will 
occur  when  the  sources  are  equal  in  magnitude,  have  opposite  signs  and  are  con¬ 
centrated  at  two  diametrically  opposite  points  cn  the  circumference. 

When  solving  problems  in  the  majority  case  it  is  required  to  find  not  the 
actual  function  <p(x,  y),  but  its  derivative  —  the  gradient.  It  is  considerably 
more  difficult,  to  ensure  the  necessary  accuracy  of  simulation  of  the  gradient 
of  a  function  than  the  same  accuracy  of  function  modeling.  Therefore  the  error 
during  simulation  will  be  estimate  from  the  ratio  of  moduli  of  gradients  of 
field  potential  produced  by  charges  induced  on  the  bus,  and  the  field  of  sources. 

Let  us  assume  there  are  two  sources  —  positive  i  at  point  (r,  0)  and  negative 
t  at  point  (-r,  0)  (Fig.  37).  The  complex  potential  of  the  field  of  chese 
sources  on  an  unlimited  plane  was  equal  to 


(24.5) 

but  the  charges  induced  on  the  bus  equalize  the  electrical  potential  of  the 
bus  making  it  constant,  and  distort  the  field  within  circle  R. 

Applying  the  method  of  mirror  images,  we 
find  the  complex  potential  W^(z)  of  the  resultant 
field.  The  field  of  charges  induced  on  the 
bus  of  inside  circle  R  is  equivalent  to  the  field 
of  two  imaginary  charges  ±t,  located  at  points 


Fig.  37. 


—  —.0  Jand  , 0  J.  Consequently 
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The  potential  of  the  distorting  field  of  charges  Induced  on  the  bus  has 
the  form 
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The  modulus  of  the  gradient  of  this  potential  will  be  written  thus: 
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the  modulus  of  the  gradient  of  field  potential  of  sources 

lartvi  Hr  mi— 

Magnitude  of  relative  error 
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The  quantity  6  assumes  maximum  value  on  the  circumference  when  Q*=R: 

1  ^  100%. 

In  problems  encountered  in  practice  it  is  usually  necessary  to  define  the 
the  function  in  a  region  whose  dimensions  exceed  by  5-4  times  the  dimensions 
of  tne  region  coupled  by  the  sources.  Consequently  it  is  possible  to  taike 

«<4  r. 

The  biggest  error  in  the  considered  region  is  determined  by  the  expression 
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So  that  the  error  does  not  exceed  a  permissible  magnitude  it  is  necessary 
to  select  an  appropriate  value  of  the  ratio  The  radius  of  the  section  of  the 

model  filled  by  sources,  from  a  consideration  of  convenience  of  simulation  and 
measurement,  will  be  taken  equal  to  15  cm.  Talking  the  biggest  permissible 
magnitude  of  error  6  equal  to  5 £,  we  obtain 
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-  23,  lr  «=.  346  cn, 
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i.e.,  the  diameter  of  the  sheet  of  the  model  must  be  made  equal  to  7  m. 

It  is  natural  that  such  dimensions  of  the  model  are  totally  unacceptable, 
and  all  the  more  so  that  the  working  part  will  be  only  the  circle  q  =  4r. 

The  entire  remaining  part  of  the  model  -  ring(4r  <  q  <  23r)  _  6erves  to  decrease 
the  error  in  working  circle. 

Dimensions  of  the  model  may  however  be  reduced  to  the  dimensions  of  its 
working  part  if  one  were  to  replace  the  externa]  nonworking  ring(4r  <  Q  <  23r)  with 
its  conformal  mapping  realizing  the  function  [11] 


t-!S. 
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{24.10) 


As  a  result  of  mapping  circumference  C  =  4f  {Fig.  37)  will  pass  over  to 


a  circumference  of  the  same  radius 


t  -iHf.-w* 

Circumference® » 23r-  will  also  pass  over  into  a  circumference  of  radius 


k*  23nr^  =  0‘7/V* 


Consequently  the  external  ring  will  be  mapped  also  on  a  ring  turned  about 
the  real  axis  by  180°  since  instead  of  z  in  formula  (24.10)  stand  z,  the  inner 
contour  of  the  mapped  ring  passing  over  to  the  outer  contour  and  conversely. 

Let  us  imagine  now  that  the  mapped  ring,  as  also  the  circle,  is  prepared 
from  a  conducting  sheet.  Let  us  put  the  ring  under  the  circle  and  connect 
them  electrically  along  circumference  To  the  internal  circumference  of 

the  ring  we  Join  a  bus  of  Infinite  conductivity,  fhe  obtained  ..  'el  of  a 
two-sheet  surface  with  sources  assigned  ij  circle  Q<4r  may  be  considered  as 
region  of  existence  of  a  complex  potential  W,,(z)  the  current  field  equal  in  the 
circle®<4r to  the  complex  potential  W^(z)  of  the  field  in  the  initial  great 
circle  q—R  with  just  such  a  distribution  of  source  in  it. 

Let  us  demonstrate  thiB.  Due  to  the  electrical  connection  values  of 
complex  potential  on  points  of  both  circumferences  Q  =»  V  of  the  ring  and  the 

circle  will  be  equal  and  consequently  Vz>  analytically  will  continue  on  the 
ring  lying  under  the  circle  up  to  an  internal  circumference  ®  =  0,7 r  where  its 
imaginary  part  —  electrical  potential  UM  —  will  take  on  a  constant  value 

Um  *»  ImlBMC)]  const. 
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This  Is  explained  by  the  feet  that  there  a  bus  of  infinite  conductivity  is  attached 

Let  us  map  ring  0,7r  <  q  <  4r 1  with  the  help  of  Inverse  function 

onto  an  external  ring  4r  Here  points  of  the  internal  circumference  of 

the  ring  will  remain  coincident  with  points  on  the  boundary  of  the  circle.  Values 
of  complex  potem  ial  at  points  of  both  ringr  corresponding  to  each  other  during 
conformal  mapping  are  preserved,  consequently,  they  are  equal  to  the  WM(4retf) 
on  superimposed  circumference  p*4r  of  the  ring  and  circle.  Hence  complex 

potential  of  tne  current  field  in  the  external  ring  will  be  analytic  continuation 
of  the  complex  potential  of  current  in  the  c.rcle.  On  external  circumference 
q—R  the  imagine-ry  part  of  1F*(*)  will  be  constant. 

Comparing  complex  potentials  W^(z)  and  W^(z)  in  the  entire  region  — 
circle  R,  —  we  notice  that  each  of  them  is  completely  determined  by  an  identical 
distribution  of  sources  in  circle  R  and  constant  value  of  its  imaginary  part  on 
the  boundary  of  the  region.  Here,  as  follows  from  the  theorem  of  uniqueness, 

W*(z)  and  W;i(z)  can  differ  only  by  a  constant  value  which  may  be  set  equal 
to  zero: 
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Such  a  conclusion  permits  preparing  a  model  for  which,  during  modeling,  the 
error  caused  by  limited  dimensions  of  the  sheet  will  be  arbitrarily  small. 

For  this  it  is  sufficient  to  make  the  radius  of  the  internal  circumference  of 
the  ring,  and  hence  the  radius  of  the  contact  bus  sufficiently  small.  V.’e  select 
the  internal  radius  of  the  ring  oo  equal  to  2.5  cm.  This  corresponds  to  an  outer 
circle  circumference  of  R  =  1440  cm.  The  greatest  error  61  on  the  contour  of 
the  working  circle  of  the  model  Q  =  4r=*0,6m  amounts  to  0.17$. 

The  modeling  circle  and  ring  are  prepared  from  a  thin  uniform  metallic 
sheet  (manganin  of  thickness  0.25-0.5  mm),  then  they  are  put  one  on  the  other 
and  are  welded  along  the  circumference  by  contact  spot  welding.  It  necessary 
to  ensure  uniform  and  sufficiently  frequent  location  of  weld  points  along 
the  circumference  of  the  sheets.  3etween  the  sheets  is  laid  a  thin  insulation. 
Connection  of  sources  to  the  circle  is  accomplished  through  holes  in  the  ring 
by  contact  screws  of  small  diameter  (2  r0  =  2  jiijh).  The  sources  of  current  are 
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rowe  along  t.'  o  circumference  of  the  model.  The  supply  unit  la  located  under  the 
model  and  consists  of  a  stabilizer,  220/5  transformer  and  selenium  rectifier. 

Total  current  in  the  sheet  is  200  A. 

§  25.  Modeling  Errors 

Influence  of  discrete  distribution  of  sources.  An  assigned,  continuous 
distribution  of  sources  on  the  model  is  replaced  by  discret .  cupply  of  current 
to  separate  sections  of  the  sheet.  Sources  of  current  are  joined  to  the  central 
circle  r  of  the  upper  sheet  of  the  mode.,  by  meanB  of  brass  contact  screws  of 
small  diameter  (2r0),  passing  through  holes  in  the  sheet  located  in  node  of  a 
square  grid  with  sides  d.  The  grid  contains  400  contact  screws.  When  solving 
a  concrete  problem  the  region  occupied  by  the  sot  *ces  is  put  on  a  circle  with 
contact  screws  and  to  those  screws  which  fall  I,.  the  region  a  current  is  supplied. 
The  remaining  screws  are  de-energized.  The  field  in  the  model  will  obviously 
be  distorted  as  compared  to  the  on  so  ight  first  due  to  discrete  supply  of 
current,  second  due  to  nonuniformities  of  the  sheet  by  caused  by  the  switching  on 
of  contact  screws  whose  conductivity  may  be  taken  infinitely  large.  Let  us 
estimate  the  magnitude  of  error  caused  by  discrete  feed  of  current  to  the  model. 

Distortion  of  the  field  in  the  model  will  have  two  causes:  the  discrete 
structure  of  all  the  totality  of  sources  filling  the  assigned  region;  distribution 
of  sources  near  point  of  measurement  differing  from  that  assigned. 

Let  us  clarify  the  influence  on  magnitude  of  error  of  each  of  these  causes. 

We  divide  the  entire  region  filled  by  sources  Into  squares  of  side  d  and 
replace  each  square  with  a  circular  source  of  radius  r^.  The  complex  potentiel 
of  the  field  of  a  source  with  magnitude  t,  distributed  evenly  in  a  square  with 
side  a  is  expressed,  outside  the  square,  by  the  formula  [24], 


(-  ir  _ td  v 

2n(2n+  l)(4n+  !}23"+'  \z  j 


(25.1) 


(origin  of  coordinates  z  =  0  at  the  center  of  the  square).  The  complex  potential 
of  a  circular  source  Tq  of  the  same  magnitude  t  equals 


(25.2) 
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The  difference  in  ooter.tials  is  written  thus: 
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(25.3) 


The  component  of  the  modulus  of  intensity  brought  about  by  tnis  difference  has 
the  form 
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The  modulus  of  field  strength  of  the  circular  source  is  expressed  by  formula 

T  1 


|  grad  (/J  •  |  W[  (2)J  = 

and  relation  of  the  moduli  of  intensity 
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For  this  quantity  is  less  than  2$  and  drops  rapidly  with  an  increase 

in  J z J .  Consequently  beyond  the  limits  of  a  circle  of  radius  d  distortion  of 
the  field  as  a  result  of  replacement  of  the  source,  continuously  distributed  in 
a  square  of  side  d,  with  a  circular  source  rQ  cannot  be  taken  into  account.  All 
the  more  so  it  is  not  possible  to  consider  distortion  of  the  field  beyond  the 
borders  of  the  region  caused  by  the  discrete  structure  of  the  entire  set  of 
sources  filling  it.  Distortion  of  the  field  inside  the  region  will  be  caused 
only  by  those  circular  sources  which  are  located  alongside  the  considered  point. 
Let  us  estimate  the  error  caused  by  this  distortion  when  measuring  potential  and 
intensity.  We  make  the  appraisal  for  the  case  when  the  entire  circle  r  is  filled 
with  sources  of  constant  density  a.  Potential  outside  circle  r  is  equal 
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(25.7) 

Let  us  take  potential  of  contact  bus  on  circumference  R  equal  to  zero,  then 

(25.6) 
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Potential  inside  circle  r  equals 
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On  circumference  p  -  r  the  potential  is  continuous,  hence 
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and 


(25.9) 


With  a  decrease  in  radius  of  the  contact  screw  rQ  its  potential  will 
increase  and  at  the  same  time,  distortion  of  the  field  near  the  screw  will 

increase.  Let  us  find  the  magnitude  of  the  ratio  at  which  the  error 

a 

caused  by  this  distortion  will  be  less  than  permissible.  To  pimplify  calculations 

we  wilj.  consider  that  every  circular  source  (screw)  replaces  a  source  continuously 

2 

distributed  in  a  circle  R^  of  area  d  .  Besides,  determination  of  the  potential 
of  source  rQ  we  will  consider  chat  all  the  remaining  sources  are  continuously 
and  evenly  distributed  in  circle  r. 

Let  us  assume  that  the  center  of  the  considered  source  rQ  is  at  a  distance 
m  from  the  center  of  circle  r.  Since  source  r^  replaces  itself  by  sources 
evenly  distributed  within  limits  of  circle  R^,  then  its  potential  i.ay  be  presented 
in  the  form  of  a  sum  of  two  components:  the  first,  caused  by  all  the  remaining 
sources  continuously  distributed  outside  circle  R^  and  the  second  caused  by 
source  rQ.  The  first  component  of  potential  we  calculate  impressing  on  potential 
U  of  the  field  of  positive  sources  evenly  filling  circle  r,  a  potential  of  a  field 
UB  of  negative  sources  of  the  same  density  evenly  filling  a  small  circle  R^ 
displaced  a  distance  m  from  the  center  of  circle.  Applying  method  of  mirror 
images  we  find  that  outside  of  circle  R^ 


Here  and  pg  —  distance  from  point  of  determination  of  potential  tc 
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point  m  and  its  mirror  image  R  /m  on  circumference  R  respectively. 

R*  —  m* 


Thus 
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Or.  the  contact  bus  fwhenQ,  R—  m,  q.,  = - — — j  the  potential  equals  zero. 
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On  boundary  =  R,  g,  =  ~  —  m  —  R  j  the  potential  is  continuous 
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Consequently  the  first  component  of  potential  at  point  m  will  be 
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determined  thus: 
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The  second  component  of  potential  at  point  m  caused  by  circular  source 


rQ  equa.s 
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Cn  circumference  =  rQ,  and  consequently,  at  point  m 
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Resultant  potential  Uz  =  U\  -f-  U\i  at  point  m  is 
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The  absolute  error  at  point  m  equals 
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The  relative  error  at  point  m  (with  respect  to  voltage  between  the  center 
of  the  model  and  a  circumference  of  radius  r)  is 
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Hence  one  may  see  that  under  the  condition  In  —  =  — -1-  or  ^2-  *  C.ooB  the 
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relative  error  6  eau&ls  zero.  However  during  derivation  we  did  not  consider 
distortion  of  the  field  in  the  model  due  to  nonunifomity  of  the  sheet  caused  • 


by  attaching  contact  screws  of  radius  rQ.  This  distortion  will  be  less  smaller 

the  ratio  7?  ,  tnerefore  we  are  assigned  a  permissible  magnitude  6  and  from 
ll  rn 

this  condition  we  determine  the  minimum  value  of  jjr 


(25.18) 
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In  circle  r  is  placed  N  sources,  consequently  mr  =  Ha  ,  whence  r  **  d  1/  — . 
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Considering  what  vR^  =  d  ,  we  obtain  r  **  RiV.N 


Placing  this  value  in  expression  (25.18)  »?e  have 
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=;for  r  =  150  mm,  6m  =  0.01  and  N  =  400  we  obtain  r0>  0.615  mm. 


Let  us  take  rQ  -  1  mm,  d  =  15  mm  and  contact  screws  we  select  with  dimension 


M2. 


Let  us  new  turn  to  an  appraisal  of  error  for  intensity.  Measurement  of 
field  strength  on  the  model  is  made  with  a  double  probe  with  rigidly  clamped 
needles,  the  distance  between  whose  centers  equals  d.  Actually  the  potential 
difference  between  two  points  at  a  distance  d  is  measured,  therefore  the  appraisal 
of  error  will  determine  for  this  difference. 

The  potential  difference  between  points =  m  j with  continuous 

filling  of  circle  r  by  sources  of  constant  density  a  should  equal 


A  U(m) 


(25.20) 


4y  4y  2y 

Let  us  find  the  voltage  between  those  points  with  a  discrete  distribution 

of  sources  rQ  in  circle  r.  All  sources  located  beyond  the  limits  of  a  circle 

3 

of  radius  #2“*  center  at  point  m  (Fig.  58),  will  be  replaced  by 

continuously  distributed  sources.  The  voltage  between  the  probe  needles  can 
now  be  calculated,  determining  the  field  in  circle  Rg  from  sources  continuously 
distributed  outside  the  circle  and  from  nine  sources  rQ  falling  within  the 
circle  R5. 

If  during  measurements  the  center  of  the  probe  conincides  with  the  center 
of  the  contact  screw,  then  due  to  symmetry  of  the  field  of  nine  sources  ry  both 
needles  fall  on  the  same  equipotential  line  of  the  field  of  these  sources  and 
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the  voltage  between  the  needles  will  be  determined  only  by  sources  not  falling 
withir.  circle  P.g.  Potential  of  the  field  of  sources  distributed  outside  the 
circle  Rg.  equals 
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i.e. ,  equals  the  sought  voltage 

&Uu(m)  =  AU(m).  (25.22) 

Displacement  of  the  center  of  the  probe  from  the  center  of  source  r^  has 

little  effect  on  the  accuracy  of  measurement.  Thus  with  displacement  of  the 

centers  by  $■  the  relative  error  will  total  0.01  —  . 

h  m 

Thus  during  measurement  of  potential  and  average  f ield  strength  in  the 
model,  both  in  the  region  occupied  by  sources  and  also  outside  it  the  error  from 
their  discrete  distribution  need  not  be  considered  in  view  of  its  smallness. 

Influence  of  sheet  nonun if ormlty.  Let  us  estimate  the  error  caused  by 
connecting  contact  screws  in  the  upper  circle  of  the  model.  The  conductivity 
of  a  unit  surface  of  cross  section  of  a  contact  screw  is  incommensurably  larger 
than  the  conductivity  of  a  unit  surface  y,  therefore  the  cross  section  of  the 
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screw  will  be  considered  as  a  superconducting  circle  of  radius  rQ.  Under  the 
influence  of  neighboring  sources  in  every  such  circle  charges  will  be  displaced 
and  will  create  th»ir  own  field  distorting  the  field  of  sources  in  the  entire 
model.  At  separate  points  of  every  square  with  side  d  containing  a  contact 
screw,  due  to  distortion  the  f<e'..d  strength  may  differ  considerably  from  the 
Intensity  of  the  sought  fieud  of  sources,  however  on  an  average  its  value 
measured  with  a  double  probe,  local  oscillations  have  little  influence.  This 
permits,  during  appraisal  of  error,  to  replace  the  nonuniforra  section  of  the 
sheet  with  screws  by  a  uniform  section  of  constant  conductivity  equal  to  the 
conductivity  of  a  square  with  side  d  in  the  center  of  which  is  connected  a 
superconducting  circle  rQ. 

With  our  earlier  selected  magnitude  of  relation  —  =  15  the  influence  of 

r0 

displaced  charges  of  one  cylinder  on  the  displacement  of  charges  in  the  other  is 
insignificant  and  during  calculation  this  influence  it  need  not  be  considered. 
Under  this  condition  conductivity  of  a  square  d  with  a  superconducting  circle 
r,~;  connected  to  it  car.  be  approximately  found. 

Let  us  consider  a  conducting  cylinder  placed  in  a  uniform  field  (Fig.  39). 

The  expression  for  complex  potential  of  the  resultant  field  in  this  case  has  the 
form 

W(z)  =  /(x,y)  +  iU(x, y)  =  E0  (z  +  ,  (95.23) 

where  EQ  —  intensity  of  a  uniform  field 

U(x,y)  =  £0^i  x» y!  j y<  J(x>y)  =  J x-  (25.24) 

Conductivity  of  square  d  we  find  taking  the  ratio  of  mean  value  of  difference 
of  stream  functions  on  the  sides  of  the  square  AD  and  BC  to  the  mean  value  of 
potential  difference  in  sides  AB  and  CD 

Yi  =  Y£  ~  Y .  (25.25) 
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For  d  =  15rQ  we  obtain 
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Let  us  now  turn  to  an  appraisal  of  the  error.  For  this  it  is  sufficient  to 
solve  th^  following  problem:  inside  a  circle  of  radius  r  and  conductivity  y^ 
is  assigned  the  distribution  of  sources  (giving  rise  to  the  biggest  error) , 
Conductivity  of  the  remaining  plane  is  y.  Find  the  field  inside  and  outside 
circle  r  and  compare  it  with  a  field  of  the  same  distribution  cf  sources  on  a 
uniform  plane  with  conductivity  y. 

Let  us  find  complex  potential  W^(z)  of  the  field  of  source  i  located  at 
point  z„  of  circle  r  (Fig.  40).  Using  the  conclusions  of  Sirl  [41]  we  will 

consider  that  the  field  inside  circle  r  coincides  with  a  field  created  by 

Vi  —  V  f* 

source  t  at  point  z„  and  source  T.  =  t— - i-at  point  z,  =  — ,  with  the  assumption 

x  Yi  +  Y 

that  the  entire  plane  has  conductivity  y^,  the  field  outside  circle  r  coincides 

2v 

with  a  field  cicated  by  sourceTj  =  x - - — at  point  z„  and  source  t_  =  at  point 

Y  +  Yi  1  ^  1 

z  =  0,  with  the  assumption  that  the  entire  plane  has  a  conductivity  y. 


Fig.  40. 


In  accordance  with  tnis  the  complex 
potential  of  the  field  inside  circle  r 
has  the  form 

(25.50) 

complex  potential  of  the  field  outside  the 
circle 
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complex  potential  or  the  field  of*  the  same  source  in  uniform  medium  witn 
conductivity  y 
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The  absolute  error  of  potential  inside  the  circle  will  be  recorded  thus: 

f*\  I  1  (25.53) 


absolute  error  outside  the  circle 
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Considering  that  g  differs  little  from  unity  we  may  write 
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Let  us  set  IzJ  =  ar,  |z|  =  cr,  where  a  <  I  and  c  <  1,  since  |zt|  <  r  and  z  <r,  then, 
considering  that  the  least  value  of  the  denominator  [r* — zzt|  will  occur  under  the 
condition  argz  =  argzt  we  obtain 
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The  biggest  value  of  the  right  side  of  this  inequality,  equal  to  two, 
will  occur  under  the  condition  a  =  c,  i.e.,  when  z  =  z^  and  the  point  of 
measurement  coincides  with  the  source.  The  relative  error  at  this  point  is 
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Hence  it  also  follows  that  with  any  other  distribution  of  sources  in  the  circle 
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r  the  relative  error  6  will  be  less  than  6MMe. 


The  error  of  intensity  outside  the  circle  is  written 
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The  maximum  error  &J,KC  will  occur  when  jz|  =  | | ,  i.e.,  when  the  source  and 
poinc  of  measurement  are  on  the  boundary  of  the  circle. 
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(25.43) 


For  any  other  distribution  of  sources  the  relative  error  5”  will  be  less 
than  b"aKC. 

The  analysis  carried  out  leads  to  the  conclusion  that  when  solving  concrete 
problems  the  resultant  error  of  modeling  the  derive  ive  of  tne  sought  function 
will  not  exceed  3$  of  the  real  magnitude  at,  the  measurement  point.  The  error 
simulation  of  the  function  will  be  even  less. 

An  electrointegrator  permits  determining  not  only  the  sought  function  but 
also  its  conjugate  in  that  region  where  it  exists.  For  instance,  during 
calculation  of  the  magnetic  field  in  the  air  gap  of  an  electrical  machine  it 
is  necessary  to  know  the  distribution  of  the  scalar  magnetic  potential  along 
the  contour  of  the  steel  parts  for  assigned  distribution  of  current  density 
in  the  cross  section  of  the  windings.  The  electrical  potential  of  the  field  of 
current  in  the  model  can  serve  as  an  analog  of  only  the  vector  magnetic  potential 
which  outside  the  cross  section  of  the  windings  is  a  harmonic  function,  the 
conjugate  of  the  scalar  magnetic  potential.  Arranging  the  double  probe  in 
such  a  manner  so  that  on  every  secti  n  of  the  contour  of  length  d  the  needles 
of  probe  fall  on  the  normal  to  the  middle  of  the  cross  section  on  both  sides 
at  a  distance  ^  from  the  contour,  we  can  measure  the  increase  in  scalar 
magnetic  potential  on  ever  section  and  thereby  find  the  distribution  of  potential 
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along  the  contour. 

§  26.  Electrointegrator  for  Solution  of 
the  fcirichlet  and  Neumann  Problems 

Let  us  now  pursue  the  question  of  the  simulation  of  the  third  mathematical 
operation  of  §  2*f,  i.e.,  simulation  of  a  solution  to  the  Dirichlet  problem 
for  the  Laplace  equation,  'Immediately  we  note  that  the  Neumann  problem  leads 
directly  to  the  Dirichlet  problem  for  the  conjugate  harmonic  function.  The 
usual  method  of  simulation  has  essential  deficiencies.  Let  us  consider,  for 
instance,  the  possibility  of  a  solution  to  the  Neumann  and  Dirichlet  problems 
by  meanr  of  simulation  of  the  sought  function  by  an  electrical  field  of  current 
in  a  conducting  sneet. 

As  was  shown  in  Chapter  I  any  simply  connected  or  two-connected  region 
can  be  conformally  mapped  onto  an  infinite  band.  In  Chapter  III  we  considered 
in  detail  simulation  of  conformal  mapping  onto  a  band  of  the  complex  potential 
of  a  field  of  current  in  a  conducting  sheet.  Modeling  permits  experimentally 
determining  the  corresponding  points  of  any  simply  connected  or  two-connected 
region  and  an  infinite  band.  Knowing  the  correspondence  of  points  it  is  possible 
to  transfer  a  solution  to  the  Dirichlet  or  Neumann  problem  on  to  an  infinite 
band  where  it  is  known  in  the  form  of  a  Poisson  integral.  However,  even  on  a 
band  numerical  reduction  of  a  solution  is  connected  with  a  great  expenditure  of 
labor.  In  connection  with  this  a  modeling  device  was  developed  and  prepared, 
an  electro integrator wh ' ch  permits  fast  and  sufficiently  accurate  solution  of  the 
Dirichlet  problem  .  n  an  infinite  band  [36], 

The  electrointegrator  is  intended  mainly  for  finding,  on  the  boundary  of 
the  band  the  normal  derivative  of  the  harmonic  function  defined  by  its  boundary 
values.  It  is  based  on  the  scheme  for  simulation  of  the  harmonic  field  of 
the  current  function  considered  above  (Fig.  12).  The  electrointegrator  is 
shown  schematically  in  Fig.  4l.  The  basic  element  of  the  electrointegrator  is  a 
segment  of  band  1  in  the  form  of  a  rectangle  made  from  a  sheet  of  0.7  mm  stainless 
steel  measuring  250  x  2000  mm. 

One  side  of  the  rectangle  is  intended  for  assignment  of  boundary  values  of 
the  current  function  and  is  divided  into  100  sections  on  each  of  which  an 
adjustment  of  current  is  made  with  the  helo  of  rheostats  2.  The  current  in 
each  rheostat  is  set  equal  to  the  product  of  the  increase  in  current  function 
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on  the  section  of  the  boundary  to  which  the  rheostat  is  connected  times  the 
conductivity  of  a  unit  surface  of  the  band.  The  sections  constitute  teeth 
whose  form  and  dimensions  are  selected  from  conditions  of  uniform  spreading  of 
current  in  them.  To  the  ends  of  the  rectangle  current  is  brought  in  through 
massive  brass  plates.  Rheostats  connected  to  teeth  of  the  band  permit  setting 
currents  from  0.025  to  2.5  A,  and  the  end  rheostats  3  —  from  1  to  25  A.  It  is 
possible  to  change  the  direction  cf  current  in  the  rheostats  with  switches  4. 
Control  of  the  current  adjustment  is  performed  with  a  multirange  magnetoelectric 
ammeter  5  which  with  the  help  of  special  fork  6  is  connected  in  turn  in  the 
circuit  of  each  rheostat.  The  electrointegrator  is  powered  by  a  single-phase 
220  V  line.  A  type  [SN-250]  (CH-250)  fo-  voltage  stabilizer  is  incorporated 
a  dc  voltage  is  taken  from  the  output  of  an  [SV-100]  (  CB-100  )  selenium  rectifier 
(7).  The  transformer  of  rectifier  8  has  three  different  coefficients  of 

i 

transformation  which  permits  obtaining  8,  10  and  12  V  rectified  voltage  (unloaded). 
The  dc  voltage  is  supplied  through  buses  9  to  which  are  connected  the  adjusting 
rheostats. 

This  simulation  scheme  ensures  practically  independent  assigment  of  boundary 
values  of  the  sought  current  funcuion  in  the  teeth  of  the  band  and  at  the  same 
|  time  permits  obtaining  values  of  potential  gradient  U  sufficiently  large  for 

I  measurement.  Measurement  of  the  normal  derivative  of  the  current  function  on 

! 

j  the  contour  of  the  region  leads,  as  was  shown  above,  to  measurement  of  the 

voltage  drop  along  the  boundary  ever  a  section  At,  i.e.,  to  a  measurement  of 
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mean  value  of  electric  current  field  strength  over  this  section:  Measurement  is 
made  with  a  probe  with  two  contact  needles  10  separated  by  a  distance  which  equal 
to  the  tooth  width.  As  studies  have  indicated,  when  measuring  the  mean  value  of 
intensity  on  a  section  of  teeth  division  the  magnitude  of  error  appearing  as 
a  result  of  noncoincidence  of  values  of  the  function  of  current  at  the  bace 
of  the  tooth  with  values  of  the  sought  function  on  the  boundary  is  considerably 
reduced.  For  measurements  is  used  a  sensitive  magnetoelectric  galvanometer  11. 

Simulation  on  a  band  permits  instead  of  simultaneous  assignment  of  limiting 
values  of  function  on  both  boundaries  of  band  to  twice  assign  the  function  on 
one  boundary  ensuring  every  time  on  the  other  boundary  a  zero  value  of 
it.  In  the  beginning,  with  the  help  of  rheostats  connected  to  the  teeth  values 
of  the  current  function  are  values  given  which  are  proportional  to  the  sought 
function  on  the  upper  boundary  of  the  band  and  all  necessary  measurements  are 
made.  Then,  considering  the  boundary  with  teeth  the  lower  boundary  of  the  band, 
values  of  the  current  function  equal  to  values  of  the  searched  function  on  the 
lower  edge  are  assigned  to  it  and  all  measurements  are  also  made.  Summing 
values  at  points  with  coordinates  x,  y  and  x,  (h  -  y),  the  sought  value  is  obtained. 

It  is  obvious  that  the  boundary  without  ceeth  is  everywhere  a  line  of  current, 
therefore  J  along  the  boundary  is  constant  and  may  be  set  J  *  0. 

Ihis  permitted  a  twofold  reduction  in  the  number  of  adjusting  rheostats 
The  superpositioning  method  makes  it  possible  to  increase  the  accuracy  of 

problem  solution  due  to  the  singling  out  of  the  constant  component  of  threshold 

dip 

distribution  of  the  function.  The  normal  derivative  5—  for  a  constant  value 

an 

of  cp  on  the  boundary  can  easily  be  calculated  analytically.  As  investigation 
has  shown,  the  influence  of  boundary  values  of  functions  removed  from  the 
considered  point  by  a  distance  greatf  r  than  double  tne  width  of  the  band  are 
negligible.  This  permits  on  a  rectangle,  with  a  ratio  of  sides  l :h  =  10:1,  to 
model  the  problem  Just  as  on  an  infinite  band,  boundary  values  of  function  on  the 
entire  length  Z  of  the  rectangle  being  measured  and  the  derivative  on  the  middle 
part  of  It  retreating  from  the  edge  2h  being  measured.  Thus  on  the  rectangle 
a  solution  to  the  problem  can  be  obtained  from  any  section  of  an  infinite  band 
performing  simulation  along  its  sections.  The  possibility  of  solution  of  the 
problem  by  parts  is  the  great  advantage  of  simulation  on  the  band  since  it  permits 
a  sharp  reduction  in  the  number  of  adjusting  rheostats  without  a  decrease  in  accuracy. 
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The  normal  derivative  of  hamonic  function  <p  on  the  boundary  of  region  D 
is  expressed  by  formula 


£ 


_  *pl 

dr 

< 

% 

dt 

(26.1) 


where 


dr 

dt 


—  normal  derivative  of  sought  function  on  the  boundary  of  the  band: 

—  modulus  of  derivative  mapping  the  function; 


dt  —  element  of  length  of  contour  of  region  D  corresponding  to  element 
of  length  d-r  of  the  boundary  of  the  band  during  conformal  mapping. 


During  simulation  of  the  conformally  mapping  function  we  obtain 


i~ 

\dt 


At  At 

:  —  =  7Tffl. 
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(26.2) 


where  At  —  width  of  band  tooth; 

A /j  —  length  of  section  of  model  of  region  D,  corresponding  to  one  tooth; 

m  —coefficient  showing  how  many  times  the  dimension  of  the  region 
model  are  greater  than  dimensions  of  the  actual  region. 

During  simulation  of  the  sought  function  onto  a  band  with  the  current 
function  J  we  have 


dv 
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(2  6.3) 


Here 


k  = 


AU  —  voltage  drop  on  the  section  of  a  tooth; 

7  —  conductivity  surface  of  the  band  =  8,04-  10s  ; 

—  —  number  of  units  of  the  sought  function  corresponding  to  a 
YJ uxr.c  unit  of  current  in  the  model  (coefficient  of  simulation). 

Substituting  (26.2)  and  (26.3)  in  equation  (26.1)  we  obtain 

d?  I  .  ,  A  U 
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Expression  (26.4)  can  serve  for  calculation  of  the  normal  derivative  of 
function  <p.  In  Appendix  1  is  given  an  example  of  calculation  of  the  magnetic 
field  of  a  dc  machine. 


(26.4) 
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Example  of  calculation  of  radial  components  of  magnetic  Induction  of  the  field 

of  main  polec  of  dc  machine  hW-3ooT 

Statement  of  problem 

The  configuration  of  the  region  of  the  air  interval  of  the  machine  and 
of  the  windings  of  the  main  poles  is  given  (Fig.  42).  Determine  the  radial 
component  of  magnetic  Induction  on  the  armature  of  an  unsaturated  machine. 

Magnetic  induction  in  the  machine  can  be  represented  ir.  the  form  of 
two  components 


where  S*  —  component  of  induction  of  vortex  field  of  currents  flowing  in  windings} 


B. 


component  of  induction  of  field  of  magnetization  of  steel  parts  of 
machine. 


Component  Eg  is  easily  found  analytically,  its  magnitude  on  the  circumference 
of  the  armature  in  an  unsaturated  machine  is  many  times  less  than  BM. 

The  radial  component  of  vector  BH  is 


Bun  --= 


do 


where  q>  is  the  scalar  magnetic  potential. 

In  an  unsaturated  machine  it  is  possible  to  take  p  =>  oo  and  under  this  condition 
to  calculate  the  boundary  values  of  the  scalar  magnetic  potential  on  the  contour 
of  the  air  interval.  Thus  the  problem  reduces  to  finding  the  normal  derivative 
of  potential  on  the  circumference  of  the  armature  from  its  values  on  the  boundary 
of  the  air  interval. 


Determination  boundary  values 

Scalar  magnetic  potential  was  calculated  at  19  points  on  the  contour  of  the 
air  interval  of  the  machine  2raPhoanalytically  by  the  formula 


f(A0  = 


iw  v* 

fcS  Zj  a*are(V 


where  IW  —  ampere-turns  of  one  coil  of  the  main  pole; 

n  —  number  of  the  axes  by  which  the  cross  section  of  the  coil  is  replaced; 
zk  —  complex  coordinate  of  the  axis  with  current; 

z  —  complex  coordinate  of  the  point  in  which  is  determined  the  scalar 
magnetic  potential ; 

s  —  number  of  axes  with  current; 


N 


drawing  with  an  accuracy  of  15  . 
Table  10. 


a.  -  ±1  depending  upon  direction  of  current 
K  in  axis. 

The  cross  section  of  the  coil  of  the  main 
pole  is  replaced  by  two  axes  with  current 
(possibility  of  such  replacement  is  shown 
earlier  in  §  4).  Quadripole  machine;  s  *  l6. 

Values  of  (2* — 2y)  were  measured  on  the 
Results  of  calculations  are  given  in 


Table  10. 


No.  of 

point 

<P 

No.  of 

point 

* 

No.  of 

point 

No.  of 

point 

<P 

iv 

IV 

IW 

IW 

Armatur# 

circuit 

1 

1 

1 

Stator  fcireult 

i 

-0.191 

6 

-0.078 

u 

0,800 

16 

0,028 

2 

-0.185 

7 

-0,055 

12 

0,822 

17 

-0,024 

3 

-0.170 

8 

-0,034 

13 

0.878 

18 

-0,025 

4 

-0.145 

9 

—0.016 

14 

0.911 

19 

0.000 

5 

-0.113 

10 

0.000 

1 

15 

0,869 

Conformal  mapping  of  region  of  air  interval  onto  a  band 


The  correspondence  of  points  of  the  contour  of  region  of  air  intervaj  of 
machine  to  points  of  boundary  of  band  during  conformal  mapping  was  found 
experimentally.  A  model  of  the  region  of  the  air  interval  was  prepared  from 
0.25  mm  dynamo  steel  in  scale  m  =  3:1.  The  investigated  section  of  region 


of  air  interval  between  axes  of  the  main  and  additional  poles  is  depicted  on 
a  rectangle  with  ratio  of  sides 


where  Ru  —  cc  electrical  resistance  between  contacts  of  mode. 

r  —  resistance  of  square  prepared  from  material  of  model  (r  is 
conveniently  calculated  by  measuring  the  resistance  of  a  long 
rectangular  strip) . 

During  conformal  mapping  onto  a  band  of  width  250  mm  the  length  of  the  band 


is  found  equal  to  5.^30  m  and  with  a  tooth  width  of  20  mm  contains  290  teeth. 
Calculated  values  of  magnetic  potential  on  the  contour  of  the  air  internal  are 
translated  to  the  corresponding  points  of  boundary  of  band.  Distribution 


curves  for  ©  along  the  lower  and  upper  boundary  of  the  band  are  shown  in  Fig.  43. 
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Solution  cf  problem  on  elec tronitegra tor 
Assignment  of  threshold  function.  Since  the  investigated  part  of  region  ' 
is  mapped  onto  a  rectangle  with  ratio  of  sides  22.3:1,  while  the  analog  device 
permits  assigning  boundary  values  only  on  a  section  of  a  band,  the  problem 
was  solved  by  parts.  Dimensions  of  section  of  the  band  were  selected  in  such 
a  way  as  to  ensure  the  largest  possible  accuracy  of  assignment  of  boundary 

values  and  measurement  of  the  normal 


derivative  to  the  sought  function.  The 
constant  component  of  boundary  distribution 
cp(t)  was  separated  on  each  section. 

Setting  of  currents  in  the  rheostats 
was  performed  in  turn  it  being  assumed  that 
the  voltage  on  the  rheostats  under 
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Fig.  42. 


operating  conditions  will  equal  half  the  source  voltage  (see  diagram.  Fig.  41). 
Voltage  drop  in  the  band  leads  to  a  redistribution  of  voltages  on  the  adjusting 
rheostats  which  leads  to  a  distortion  of  boundary  values  of  the  current  function. 
Howeve2  the  analysis  maat  showed  that  the  distortion  does  not  exceed  1%. 

Finding  the  radial  component  of  magnetic  induction.  Calculation  of  induction 
of  the  magnetization  field  was  performed  by  the  formula 

where  uQ  =  47r*l0"^  H/m; 

kz  -  coefficient  taking  into  account  toothed  nature  of  armature, 

m  =  3,  k  =  5,73; 

AU  —  voltage  drop  in  section  of  band  tooth 

Y*  —  8,04  •  10*  i/ohm ; 

At.  —  length  of  section  on  boundary  of  air  interval  corresponding  to  one 
tooth  of  the  band. 


Substituting  numerical  values  we  obtain 

=  1,76- 10-3 


MV 


Induction  was  calculated  at  twenty  points  evenly  located  on  the  circumference 
of  the  armature  between  the  axes  of  the  main  and  additional  poles. 
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Values  of  AU  were  measured  with  a  magnetoelectric  galvanometer  with  a 
sensitivity  of  SH  =  10“'’  V/div. 

Values  of  At^  were  determined  by  simulation  of  conformal  mapping  of 
region  of  the  air  interval  onto  a  band , 

The  vortex  component  of  induction  Bin  under  poles  was  calculated  by  the  formula 


where  o  —  magnitude  of  air  gap,  but  in  the  interval  between  the  main  and  additional 
poles 


« _ ♦W-T, 
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where  <p(M)  —  potential  of  point  M  tak-in  at  a  sufficiently  small  distance  o' 

from  the  considered  point  on  armature  along  the  radial  direction. 

Magnitude  of  B&,  nowhere  on  the  armature  exceeds  0.63  flw„„c  . 

In  Table  11  are  given  computed  values  of  B„  =  BM  +  and  experimental 

data.  Curves  plotted  from  these  data  are  shown  in  Fig.  44. 


Table  11. 


No.  of  point 

B*  estieated 

•  xperi  carnal 

No.  of  point 

erticated 

n 

axperinarta 

0 

0,171 

0,173 

10 

0,098 

i 

0,173 

0,173 

11 

0,072 

0,079 

s 

0.173 

0,173 

12 

0,050 

0,056 

3 

0,173 

0,173 

13 

0,028 

0,037 

4 

0,173 

0,173 

14 

0,016 

0.025 

5 

0,169 

0,170 

15 

0,009 

0.015 

6 

0,159 

0.162 

16 

0,007 

7 

0,149 

17 

0 

0,004 

8 

0,123 

0.134 

18 

0 

0,002 

9 

0,108 

0,118 

19 

0 

0,002 

20 

0 

0.002 
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a  direct  '•urxent  is  applied  to  each  tooth  proportional  to  an  assigned  increase 
in  current  function  on  a  section  of  the  boundary  of  the  band  equal  to  the  width 


of  a  tooth.  To  ends  of  the  segment  of  tape  are  soldered  massive  crass  contacts 
to  which  also  is  applied  a  current  (Fig.  45). 

The  degree  of  homogeneity  of  stainless  steel  tape  is  very  high.  Measurements 
of  the  magnitude  of  conductivity  of  a  unit  surface  of  tape  7  made  by  us  showed 
that  its  deviation  is  less  than  0.5%  ycp. 

Therefore  the  error  due  to  nonuniformity  of  the  tape  will  be  disregarded. 


Fig.  45. 

Sources  of  error  of  simulation  of  the  sought  function  on  the  integrator  are 
obviously; 

1)  distinction  of  form  of  tape,  on  which  is  modelled  the  sought  function, 
from  an  infinite  band; 

2)  deviation  of  fixed  values  of  stream  function  at.  tne  base  of  every  tooth 
from  assigned  values  of  the  sought  function; 

3)  redistribution  of  current  applied  to  the  teeth  due  to  voltage  drop  in  the 

tape. 

Let  us  estimate  the  ex-ror  of  measurement  of  The  normal  derivative  of  the 
sought  searched  function  introduced  by  eacn  source  separately  [3ij. 

Influence  of  lateral  contacts.  To  ends  of  the  tape  along  lines  x  =  0 
and  x  =  ?  (Fig.  4p)  are  soldered  brass  contacts  responsible  for  a  constant  values 
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of  potential  u  =  c1  and  U  =<  c0  on  these  lines.  Consequently  the  conducting  tape 
will  be  a  rectangle  and  not  an  infinite  band.  The  boundary  conditions  on  the 
rectangle  will  be  nixed  since  on  individual  sections  of  the  contour  of  the 
rectangle  (y  -  0  and  y  =  h)  values  of  stream  function  J(x)  =  0  and  J(x,  h), 
are  assigned,  on  the  other  (x  =  0,  x  =  i)  —  values  of  potential  U  =  c^  and  U  =  Cg. 

Let  us  consider  the  line  of  contact  x  =  l ,  on  which  we  take  U  =  Cg  «  0. 

Potential  of  field  of  current  U  and  the  derivative  normal  to  it  QL  are 

dn 

continuous  as  this  line  is  approached  and  the  values  of  potential  on  it  are 
equal  to  zero.  Consequently,  the  complex  potential  —  analytic  function  ft  =  U  +  iJ  • 
is  also  continuous  as  the  line  x  =  l  is  approached  and  on  it  takes  the  pure 
imaginary  values  fi  =  iJ.  As  follows  from  the  Riemann-Schwarz  principle  of 
symmetry  these  conditions  ensure  symmetric  continuation  of  function  fl( z)  through 
the  line  of  contact  :i  =  l  on  the  adjacent  section  of  the  band  —  a  rectangle 
with  boundaries  x  =  l  and  x  =  2l ,  and  consequently,  also  ensure  equal  values  of 
current  function  J(x,  h)  at  points  on  the  boundary  symmetric  with  respect  to 
the  line  of  contact  x  =  l,  i .e.,J(x,  h)*=J(2l — X,  A)[l6].  Applying  similar  reasoning 
the  other  line  of  contact  x  =  0  and  to  all  lines  x  =  k l  (k  —  integer)  we  conclude 
that  mixed  boundary  values  U  =  c^  on  x  =  0,  U  =  Cj  on  x  =  l,  J  =  J(x,  h)  on 
y  =  h  and  J  =  0  on  y  =  0  are  equivalent  (for  section  of  band  0<x<  /  )  values 
of  J(x,  h)  periodically  repeated  on  the  boundary  of  the  infinite  band,  even  with 
respect  to  lines  x  =  kl  and  with  value  J  =  0  on  boundary  y  =  0  (Fig.  46). 

Let  us  estimate  the  error,  introduced  by  the  contacts,  in  the  magnitude 
of  the  normal  derivative  ^  at  boundary  point  of  band  x,  h.  In  Fig.  46  tne 
solid  line  represents  limiting  values  of  functions J  on  the  boundary  of  an  infinite 
band  necessary  according  to  conditions  of  the  problem;  the  dotted  line  shows 
values  equivalent  to  constraint  assigned  constant  potentials  U  =  c^  and  U  =  Cg 

on  the  lines  of  contact.  Obviously,  the  error  in  magnitude  of  the  normal 

dJ 

derivative  —  will  be  determined  by  the  difference  of  boundary  values 

% 

J(x,  h)  -  J(2 l  -  x,  h)  beyond  the  lines  of  contacts  x  =  l  and  x  =  0.  For 
simplicity  we  consider  the  influence  of  the  difference  of  limiting  values 
J  at  distances  greater  than  2h  from  the  considered  point  to  be  insignificant. 

at 

The  magnitude  of  the  normal  derivative  —  at  ooint  (x,  h),  of  the  boundary 

dy 

of  an  infinite  band,  with  an  assigned  distribution  J  =  J(x,  h)  on  the  upper 
boundary  and  J  =  0  on  the  lower  boundary  of  the  band,  must  equal 


j(x,h)  k  r  j(x)-j(x,h)  . 

7hT(^x)-\dx  + 


J(x)-J(x,h) 
chft(x —  x)  —  1 


J(x)-J(x,h) 
chk(x  —  x)  —  l 


dx 


(27.1) 


In  reality,  due  to  the  fact  that  the  band  is  replaced  fcy  a  rectangle 
with  contacts  along  lines  x  =  0  and  x  =  l,  we  have 


Sim 

r-*A 


=  ;mi 

h 


,  l  r°/(- *)-/(*,  ft) 

r2ftJ  ch  ft  (t  —  x)  —  1 


-f  1  f  J(x)~J(x,h) 
2h J  chft(r  — x)  —  1 


ch  ft  (t  -  -  x)  —  l 


Absolute  error,  consequently,  is  written 


A 


dJ 

dy 


1  f  J(x)-J(-x) 
2ft  J  chft(T  — x)— 1 


J(x)~-J(2l  —  x) 
chft{x  — x)—  1 


dx. 


(27-2) 


(27.5) 


Let  us  assume  that  point  (x,  h)  is  removed  from  the  contact  x  =  l  by  a 
distance  equal  to  double  the  width  of  the  band,  i.e.,  x  =  8h (l  -  lOh) .  We 
obtain  the  maximum  error  possible  if  we  take  the  differences  J(t)  -  J(-t)  and 
J(t)  -  J(2l  -  t)  equal  to  their  maximum  value  M  in  the  interval  /<T</-f-ft 
or  -  h  <x<  0  (we  assume  that  J(t)  is  limited  on  the  entire  upper  boundary  of 
the  infinite  band  and  beyond  the  borders  of  the  indicated  interval  J(t)  <  26m) . 

The  value  J(t)  =  26m  for  t  >  l  +  h  affects  the  valve  of  at  ooint  x  =  8n 

dy 

less  than  the  value  of  J(t)  =  M  within  the  limits  of  interval  / <  t < 1  -j-  ft 

0  am 


AdJ_\  f  dx  ,  ftAf  C  dx 

dy  1^  2 ft  J  ch  *(t  —  8ft)  —  1  '  2A  J  chft(x  —  8ft) —  1  ~ 


“2 ft 


da 

cha—  1 


In 


2 ft 


(cth  4ji  -f  cth  n  — 


2)~ 


^-3-67r4<2.r 


3m_ 

A  ' 


(27. ft) 
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Fig.  46. 
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Consequently,  at  distances  from  contacts  greater  than  twice  the  width  of  the  band 
the  error,  introduced  by  contacts,  in  the  magnitude  of  the  normal  derivative  of 
the  modelling  function  may  be  disregarded.  Analogously  it  may  be  demonstrated 
that  the  error,  introduced  by  contacts,  in  the  magnitude  of  the  modelling 
function  J  (and  its  conjugate),  at  distances  from  the  contacts  greater  than  twice 
the  width  of  the  band,  is  just  as  small. 

Thus  the  middle  part  of  a  tape  of  length  lOh  -  4h  =  oh  will  be  the  working 
section.  The  modelling  function  J  'a  it  (and  also  its  conjugate  U),  if  boundary 
values  of  J(x,  h)  are  fixed  on  the  entire  upper  boundary  on  the  tape  will  be 
very  close  to  the  sought  function. 

Influence  of  divergence  of  limiting  values.  Modelling  current  function  J 
is  established  on  the  boundary  of  the  band  with  the  help  of  a  rheostat  connected 
to  each  tooth.  To  the  tooth  is  applied  a  current  proportional  the  increase  of 
the  sought  function  on  the  section  of  the  boundary  equivalent  to  ti  tooth  width. 
The  normal  component  of  the  vector  of  current  density  on  the  boundary  of  the 
band  y  =  h  will  be  proportional  to  the  tangent  to  the  derivative  of  the  current 
function 


\E  =r  —  V  dJL  =ydJ_ 

n  Y  "  y  dy  Yar- 


(27.5) 


The  distribution  of  current  density  on  the  boundary  within  the  limits  of  a 
tooth  width  is  determined  by  the  form  of  tooth,  the  position  of  the  contact  on  it, 
the  magnitudes  of  currents  in  the  neighboring  cf  the  teeth  and  the  magnitude 
of  current  through  the  cross  section  of  the  tape,  i.e.,  the  magnitude  of  the  current 
function  at  the  base  of  the  tooth.  In  general  the  distribution  of  current 
density  does  not  coincide  with  the  assigned  distribution  of  the  tangential  to  the 
derivative  of  the  sought  function.  Therefore  the  value  of  current  function  J 
on  the  boundary  y  =  h  will  coincide  wi‘h  assigned  values  only  between  teeth  at 
points  of  tangency  of  the  line  y  =  h  with  the  contour  of  tne  teeth.  Even  on 
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those  sections  of  the  boundary  where  assigned  values  of  current  function  are 
constant,  constant  values  of  current  function  J  cannot  be  assured  due  to 
current  flow  from  the  band  into  the  tooth. 

Divergence  of  boundary  values  of  the  current  function  with  those  assigned 
will  be  less  the  greater  v=<  ^  (h  —  width  of  band,  T  —  width  of  tooth)  and 
the  greater  the  smoothly  assigned  valuer  of  function  J  on  the  boundary  change. 

These  factors  determine  the  magnitude  of  error  of  the  electrointegrator  and  its 
resolving  power. 

In  order  to  find  the  normal  derivative  of  the  searched  function  it  is  necessary 
to  measure  the  tangential  component  of  in*ensity  Ex  on  boundary  y  =  0  or  y  =  h 
of  the  band  of  the  integrator.  It  is  impossible  to  measure  the  value  of  intensity 
in  any  point  of  the  band.  Therefore  the  mean  value  of  intensity  is  measured 
on  a  sufficiently  small  section  of  the  boundary.  Measurement  is  made  a  probe 
having  two  contact  needles  the  distance  between  which  is  rigidly  fixed. 

Let  uo  find  the  magnitude  of  error  of  such  measurement  obtained  as  a  result 
cf  divergence  of  boundary  values  of  the  current  function  with  assigned  values 
of  the  sought  function. 

Let  J^(x)  be  given  according  to  the  conditions  of  the  problem  of  distribution 
of  the  current  function  on  the  boundary  of  the  band,  J(x)  —  distribution 
fixed  on  the  boundary  of  the  conducting  band  of  the  electrointegrator  by  means 
of  applying  a  current  to  the  teeth  proportional  to  increases  on  corresponding 
sections.  The  difference  of  these  values  AJ(x)  -  J. (x)  -  J(x)  on  the  boundary 

dJ 

yields  an  error  when  measuring  of  mean  value  of  the  normal  derivative  . 


Let  us  take  the  distance  between  probe  needles  equal  to  m.  Then 

_  *+*  x+m 

dxr  I  !  r  dAJ  .  1  p  dAU  .  AU 

T»l  rn  j  ~SHd  H  J  “ST  ix  =  ~S' 


(27.6) 


where  <1U  —  corresponding  potential  difference  between  needles  of  probe  caused 
by  divergence  of  boundary  values  of  the  current  function  with  assigned  values 
of  the  sought  function. 

On  the  boundary  of  the  band  at  point  (x,  h)  the  error  has  the  form 


1-M 


d&/\  |  dj,  dJ  ]  , 

.  *  7*  A « -/(•)- ^  W  +  / (*)  ^  A/(x) 

+  2A  J  - dTAlT^-l)-! - dt-“1T4 


(27-7) 


A/(x  -fa)  -f-  bJ{x  —  a)  —  2SJ(x) 


ch/fea  —  1 


da. 


dtj 


The  potential  difference  AH,  caused  by  error  ,  at  point  x  and  x  +  m  on  the 
boundary  of  a  conducting  band  between  needles  of  the  probe  will  be  (Appendix  1,  §  27) 


*+* 


■r+m 


+  * 
^2 h 


Ay(x  +  a)-f  Ay(x-a)-2Ay(x)  . 

LZ  *  wQ  — 


chAa—  1 


x+m  o» 

H  _ 

+?  •>  j  }A7  (x -f  a)4  Ad  (x  —  a)  —  2Ay  (x)J dx 

J  l/WO+M  -i - — — - dt. 


(27.8) 


«+« 


ch  ka  —  I 

From  this  expression  one  may  see  what  if  on  the  boundary  of  band  AJ(x;  there 
is  a  periodic  function  with  a  period  to  equal  to  m,  then  AU  takes  a  minimum 
value 


AGL 


jr+m 


A y  (x)  dx . 


(27.9) 


Since  on  the  boundary  of  the  band  values  of  J(x)  coincide  with  values  of  J^(x) 
only  at  points  between  the  teeth  then  the  difference  of  these  values  AJ(x) 
must  be  either  a  periodic  function  with  period  to  equal  to  the  tooth  width  T 
(when  values  of  function  J^x)  on  the  considered  section  are  constant)  or, 
as  we  will  see  later,  can  be  represented  in  the  form  of  a  product  of  the 
periodic  function  of  the  same  period  times  another  function  dependent  on  J^(x) 
(when  J^(x)  is  changed).  Therefore  for  increase  of  accuracy  of  measurements 
it  is  necessary  that  the  distance  m  between  needles  of  the  probe  be  made  equal 
to  the  width  of  the  tooth  T.  Here  formula  (27.8)  takes  the  form 

*+r  •  (A7(x  + a)  + Ay(x  — a)  — 2Ay(x)J<fx  (27.10) 

At/(x)»—  J  A J(x)dx  +2A  J  ~  ch Aa  —  1  da " 
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Let  us  apply  formula  (27.10)  for  appraisal  of  the  error  in  measurement  of 
the  mean  value  of  the  normal  derivative  of  the  sought  function  J^x,  y)  on  the 
boundary  of  band  y  «  h  with  different  forms  of  behavior  of  the  maximum  values 
(x,  h)  near  the  point  of  measurement  (x,  h). 

1.  Let  us  assume  that  on  both  sides  of  the  measurement  point  x  values 
of  the  given  function  are  constant:  J^x,  h)  =  const  =  c.  On  the  electrointegrator 
this  signifies  that  to  teeth  on  the  left  and  right  of  this  point  current  is  not 
applied.  Values  of  the  current  function  J  on  the  upper  contour  of  the  tape  will 
also  equal  c  but  on  the  line  y  =  h  due  to  flow  of  current  in  the  teeth,  values 
of  current  function  J(x,  h)  will  differ  from  =  c. 


Fig.  47. 


In  Fig.  47,  a  is  given  the  distribution  of  current  density  —  8n  =  fl(x) 
in  the  base  of  a  tooth  obtained  experimentally.  At  the  point  of  contact  of  line 
y  =  h  with  contour  of  the  tape  J  =  =  c,  due  to  flow  of  current  in  the  tooth 

the  magnitude  of  J(x,  h)  drops  further  attaining  a  minimum  on  the  axis  of  the 
tooth.  Then  as  a  result  of  the  flow  of  current  from  the  tooth  the  magnitude 
J(x,  n)  again  increases  and  attains  a  maximum  J  =  =  c  between  teeth. 


f 


>  14« 


On  the  line  y  =  h  the  value  of  the  current  function  will  equal  (Fig.  47b) 


(27.11) 


The  difference  of  these  values 


dj(x)  -  A-/M)  - 


(27.12) 


will  obviously  be  a  periodic  function  with  period  T.  The  error  in  measurement  of 


average  intensity  ATJ  is  expressed  thus: 


A J(x)dx. 


Let  us  demonstrate  that  this  error  can  be  predetermined  and  eliminated. 


(27. .15) 


The  mean  value  of  J(x,  h)  equals 


MJ.  *+r 

Y  J  1  (x*  4*  « -yr  f  —  A J  (x)J  dx  =  Jl 

•  * 

1  *?*r 

— j  I  A J(x)dx. 


From  a  comparison  of  formulas  (27.15)  and  (27.14)  we  find 


(27.14) 


av"T 


(27.15) 


In  order  to  clarify  the  meaning  of  expression  (27.15)  we  show  that  conductivity 
g  =  =  v  of  a  rectangle  bounded  by  lines  x  =>  0,  y=0,  x=T  and  y  =  h,  is  equal 

to  the  ratio  of  the  difference  in  mean  values  of  the  current  function  AJ^, 
on  sides  y  ■  h  and  y  »  0  to  the  difference  of  mean  values  of  potential  AUcp 
on  sides  x  =  T  and  x  =  0.  Indeed 


^  JC9(X,0)=  t0)ldx 

o 


(27.16) 


(27.17) 


f 


AU 


* 

"cp  (7.  y)  -  tfcp  (0.  y)  ~  J  J(£/  (T.  y)  -  U  (0,  y)J  dy 


Function  J(x,  y)  is  harmonic  in  the  rectangle,  including  its  contour,  therefore 

r»  t  a 


A7  = 

CP 


rJi»fsr*-44[W4(V 


(27.18) 


whence 


A  A/cp 

aitTp* 


(27,19) 


Let  us  consider  a  section  of  tape  with  a  tooth  between  line  x  and  x  +  T 
(Fig.  48a).  If  the  current  function  on  the  upper  contour  of  the  tape  is  constant, 
then  due  to  symmetry  of  the  tooth  lines  x  and  x  +  T  will  coincide  with  lines 
of  equal  potential  U  =  and  U  =  Ug.  The  conductivity  of  this  section  g±  will 
consequently  equal 


Here  h  >  h  —  height  of  rectangle  on  which  the  considered  section  of  tape 
with  tooth  can  be  depicted  if  the  width  of  this  rectangle  Is  taken  equal  to  T. 
Conductivity  of  the  rectangular  part  of  the  considered  section  of  tape  with 
tooth,  bounded  from  above  by  the  line  y  =  h,  has  the  form 


h  J"  I  r  i  "r  1 

*sC=  t  t=u%-ul  ~  i/.-t/.r1 — t  j  &J w dx I • 


and  difference  in  conductivities 


(27.20) 


gi  —  gt  = 


W„ 

U*-Ut 


(27.21) 
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From  formula  (27.15)  =  |  AU,  formula  (27.19) 

Placing  these  values  in  expression  (27.21),  we  obtain 


hJtJSU  k  —  h. 


(27.22) 


Hence  we  obtain  a  measurement  error  for  the  average  voltage,  using  a  double 
probe  with  distance  between  needles  equal  to  T,  on  the  boundary  of  the  band  y  =  h 


AU  *= 


(27.25) 


where  a 


—  constant  which  can  be  determined  experimentally. 


measuring 


J-* _ 6  (27.2* 

T  Y  QJ*-Od 


on  a  model  from  conducting  sheet  with  a  conductivity  of  a  unit  surface  7  in  the 
form  of  the  considered  section  of  the  tape  with  a  tooth.  In  formula  (27.2*0 
1^  is  the  current  through  the  model,  —  the  voltage  between  contacts 

of  the  model  along  lines  x  and  x  +  T.  Potentials  on  contacts  must  be  constants. 


Thus,  on  those  sections  of  the  band  boundary  where  the  given  function  takes 
constant  values  the  measureing  error  of  mean  value  of  the  normal  derivative  of  the 
assigned  function  on  a  section  boundary  of  width  T  can  be  calculated  beforehand. 


% 
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The  mean  value  of  the  normal  derivative 
y  =  h  will  be  recorded 


dJ 

dy 


on  section  (x,  x  +  T)  of  the  boundary 


dj_  _U(x  +  T)-U(x)  ,  M  U(x+T)-U(x)  .  a  . 
dy  c  T  +  T  T  +  7  A- 


(27.25) 


Noticing  that  for  J  = 

U(x  +  T)-U(x)  U.-Ut  Jt 
T 


(27.26) 


and 

(2r-27) 

we  conclude  that  the  influence  of  error  AU  on  measurement  of  the  normal  derivative 
of  the  sought  function  on  the  boundary  of  the  band  is  equivalent  to  an  increase 
in  width  of  the  band  from  h  to  h^.  Considering  the  width  of  the  band  onto 
which  the  assigned  region,  equal  to  hm  (and  not  h)  is  mapped,  completely  eliminates 
the  error  AU. 

2.  Let  us  assume  that  both  sides  of  the  measurement  x  the  assigned  limiting 
values  of  the  sought  function  J^x,  h)  change  linearly.  We  take  as  the 
origin  for  reading  x  the  left  edge  of  the  tooth  on  which  measurements  are  taken. 

Then  the  law  of  change  of  J^x,  h)  will  be: 

h)=px+c.  (27.28) 

On  the  electrointegrator  this  will  signify  that  to  teeth  or.  the  left  and  right 
of  the  point  x  an  identical  current  is  applied.  The  least  divergence  between 
J^(x)  and  J(x),  and  consequently  the  least  magnitude  of  error  AU  would  occur, 
obviously,  when  the  density  of  applied  current  fin  at  the  base  of  the  tooth 
(y  =  h)  is  constant.  The  divergence  would  then  be  determined  only  by  the 
influx  of  current  to  the  tooth  from  the  band.  Such  a  tooth  form  (Fig.  48a) 
was  found  experimentally  in  the  base  of  which  the  density  of  applied  current 
during  free  influx  of  current  from  the  tooth  differs  little  from  its  mean  value 
and  has  the  form  shown  in  Fig.  48a. 

The  increase  of  the  current  function  with  an  increase  in  x  leads  to  an 
increase  in  current  flowing  into  the  teeth.  3esides  this,  near  the  tooth  is  applied 
a  current  which  does  not  succeed  in  being  evenly  distributed  over  the  entire 
cross  section  of  the  tape  and  the  influx  of  current  in  neighboring  teeth  increases 
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values  of  density  of  current  we  write  thus: 

^(•■t—0*A*/iW  +  ff»W+P!f«W  +  /»WI.  (27.29) 

Here  f^(x)  =  f^x  +  kT)  is  a  periodic  function  conditioned  by  the  flow  of  current 
into  the  teeth  (Fig.  47a);  f2(x)  =  f2(x  +  kT)  —  a  periodic  function  dependent 
on  the  divergence  of  density  of  current  applied  to  the  tooth  with  an  assigned 
value  of  current  density  (Fig.  48a);  f^(x)  =  f^x  +  kT)  -  a  periodic  function 
appearing  due  to  an  increase  of  influx  into  the  tooth  of  current  applied  in 
neighboring  teeth  (Fig.  49a). 

Let  us  consider  the  influence  of  every  member  of  expression  (27.29)  on  the 
magnitude  of  error  AU(x). 

As  can  be  seen  from  the  graphs  (Fig.  48a  and  49a)  f2(x)  and  f^(x)  -  are 
even  function  with  respect  to  the  axis  of  the  tooth.  Consequently  their 
antiderivatives 


and 


Ut  (x)  =  (X)  r-.  p  |  ft  (x)  dx 

Ay,  (x)  =  p<ft  (x)  =  p[f,  (x)  dx 


wi-1  be  odd  periodic  functions  whose  constant  components  equal  zero.  Therefore 

*+r 

AC/t-f  Af/,  =  —  J  [Ay,  (x)  +  Ay,(x))dx=0. 

M 

Let  us  find  the  magnitude  of  error  from  pxf^x).  We  designate 


(27.50) 


T 

j/1(x)dx=<p1(x)^  fu(x)4-yj<pt(x)yt=  «pu(x)  +  c,.  (27.51) 


j VuM<fa  -  Fi(*)  -  ^u(x)+  jjfdx)  dx  =  fu(x)  4-  rt. 


(27.52) 


Here  T-^x)  and  F^(x)  are  periodic  functions  whose  constant  components  equal 
zero  (Fig.  47b,  c): 


We  have 


tu(*)dx  =  0,  C  Fu  (x)dx  *=  o. 

*  M  ' 


(27.55) 
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(27.34) 


M 

AJi W  =  P  J*/i  (*)  dx  =  p  [x  <p,  (x)  —  £<p,  (x)  dxj 
=  Pl«PnW- ^uW  +  <iJ. 


Placing  the  valus  of  AJ.,  (x)  in  #v>rmula  (27.10)  we  obtain 

*  P^n(*+°H-fu(*  —  a)  —  2Fn  (x) 


AUi(x)=& 


j^nW— c*+j\f- 


ch  ka —  1 


da 


(27.35) 


As  can  be  seer  from  the  graphs  (Fig.  47c)  e.-  =  0,  F^(x)  =  F,.,(x)  and  in  the 
middle  of  the  bases  of  the  tooth  Fu  =  &  +  °j  =  — Fn  _ a  j 

hence  placing  the  needles  of  the  probe  during  measurement  at  the  middle 
of  the  bases  of  neighboring  teeth  ^x  =  ^ J ,  it  is  possible  to  eliminate  error 
AU1(x'. : 


At/, 


GH- 


(2?.3c) 


Thus  in  thi-  cast  the  error  will  be  caused  only  by  the  component  of  current  density 
proportional  to  cf;1(>r).  But  ycf^x)  would  be  the  currer  t  density  flowing 
into  the  teeth  if  values  of  the  current  function  on  tne  upper  boundary  of  the 

b8nd  were  constants  and  equal  to  its  value  at  the 
origin  of  the  tooth  (for  x  =  0  J,,(0)  =  c).  Consequently 
taking  the  width  of  the  band  onto  which  is  mapped  the 
assigned  region  equal  to  h^,  we  can  completely 
eliminate  the  error  in  this  case  also. 

3.  Let  us  assume  that  on  both  sides  the 
measurement  point  y  the  given  limiting  values  of 


the  sought  function  J,  (x,  h)  are  measured  along  the 
oarabola 


/,  (x.)  =qx2+px+c. 


(27.37) 


On  the  electroin>,egrator  this  indicates  that  to 
teeth  on  the  left  and  right  of  x  there  is  applied  a 
linearly  increasing  current.  In  this  case  an  error  will  arise  due  to  the 
noncoincider.ce  v-  density  cf  the  supplied  current  with  the  assigned  values. 


1S^ 


and  consequently 


^(*)<P<f,  +  |e>l+KI>jL=4.. 


Thus  in  this  case  the  measurement  error  of  the  normal  derivative 


d_J 

dy 


(27.42) 


for 


an  assigned  ratio  of  band  width  h  to  width  of  tooth  T  is  determined  only  by  the 
magnitude  of  the  difference  of  currents  supplied  to  the  two  neighboring  teeth. 

The  relationship  v  =  —  does  not  enter  directly  into  the  expression  for  error 

T  ,  ti 

of  AU  however  the  quantities  c^,  Cg  and  Cg,  determining  error  (27.42)  depend 
on  v.  Indeed,  for  a  constant  current  density  in  the  tooth,  with  a  decrease 
of  width  of  tooth  T  the  form  of  functions  f^(x),  f9(x)  and  f^(x)  will  not  change 
however  their  integrals  <p(x).  F(x)  and  ^(x),  and  consequently  constants  c,,  cP 

ii 

and  Cg  will  decrease  inversely  proportional  to  v  in  a  degree  equal  to  the 
multiplicity  of  integration.  Thus  the  decrease  in  c-j  will  be  proportional  to 
lA'  ,  the  decrease  in  Cg  and  Cg  —  proportional  to  l/v~ .  Considering  that 
|cj|  +  |cj|  )£>  cJ(  we  conclude  that  the  measurement  error  of  the  normal  derivative 
of  the  sought  function  on  the  boundary  of  the  band  with  a  decrease  ir.  width  of 

p 

tooth  (i.e.,  with  an  increase  in  v)  will  decrease  somewhat  faster  than  l/v  . 

4.  Let  us  assume  that  on  both  sides  of  the  point  of  measurement  x  the  assigned 
limiting  values  oi'  soucht  function  J^(x,  h)  are  vary  according  to  cubic  parabola 

Ato  =  *<**  ■+■  <?■**  +  px  +  c.  (27.43) 

On  the  electrointegrator  this  signifies  what  to  the  teeth  on  the  left  and  right  of 
x  a  current  is  supplied  which  increases  according  to  law  quadratic  parabola  law. 

With  an  increase  in  x  the  current  function  will  increase  proportionax  to  y?  and 

p 

the  current  supplied  to  the  teeth  is  proportional  to  x  .  Therefore  the  error  of 
current  density  on  boundary  y  =  h  may  be  written: 


1 

J  *  «tfi  to  +  q*'h  U)  +  pxh  (x)  +  cft  (x)  + 

+3sx*[/,  (*)+/,  (x)J-f  2<7x(/2  (*)+/,  (x)l+p  [f%  (x)+/,  (x)J. 

Error  from  components 

qx'fi  to  +  pxfi  to  +  eft  (x)  +  2 qx  [/,  (x)  +  ft  (x))  +  p  [ft  (x)  +  /,  (x)J 


(27.44) 


was  determined  in  the  preceding  case.  The  error  caused  by  components  of  current 
density  proportional  to 


1M 


sx*!i(x)  +  Zsx*lf1(x)  +  ft(x)). 


(27. *5) 


can  be  estimated  as  in  the  preceding  case 


(27.46) 


The  total  error  in  this  case  will  be  determined  chus : 


AUx  (j)<**(<l  +  3Ts) +  |  cfl  +  l  c; ) ). 


(27.4?) 


Let  us  clarify  meaning  of  the  obtained  expression.  The  difference  of 
currents  supplied  to  the  tooth  with  point  measurement  x  and  its  neignbor 
on  the  right  equals 


<1  I 

Ai,  =  /,  —  /,=  y  J  /;  (x)  dx  —  yj  J\  (x)dt  = 

—  y  (sx*  -f  qx*  px)  —  y(sx*  -J-  qxl  -f  px)  jj  =  (6 sT*  +  2qT)  y 


(27.48) 


Difference  of  currents  supplied  to  the  tooth  with  point  of  measurement  x  and 
its  neighbor  on  the  left  has  the  form 


1  o 

Af,  =  it  —  i,  =  y[j\(x)dx  —  y  $J](x)dx~2qT*y.  (27.49) 

*  ~T 


The  change  in  difference  of  currents  supplied  to  the  teeth  is 


hence 


Ay  =  A/',  —  &t  =  6yTzS' 


s  =  A<1  ~  A<»  A/s 

67^y  ’  *  27> 


(27.50) 


Let  us  substitute  into  the  expression  for  error  (27.47)  values  q  and  s,  expressed 


in  terms  of  differences  in  currents  supplied  to  the  teeth 


AUz  (y)  +  Ki  +  Ki  > 


(27.51) 


(2)  +  l^l  +  KP—r^- 


(27.52) 


Here  ig  —  current  in  tooth  on  which  the  point  of  measurement  x,  lies,  3^  is  the 
current  in  the  tootn  to  the  right  of  point  x.  The  expression  for  error  (27.52) 


f 


is  the  same  as  In  the  preceding  case  when  limiting  values  of  the  function 
varied  according  to  the  quadratic  parabola  law  (27.42).  For  i^  =  i2  and 
i^  =  ig  =  0,  when  the  limiting  values  vary  according  to  a  linear  law  or  remain 
constants,  the  error  obviously  will  equal  zero  if  the  oand  width  is  taken 
equal  to 

From  formulas  (27.42)  and  (27.52)  one  may  see  that  the  measurement  error 
for  the  mean  value  of  the  normal  derivative  of  the  sought  function  on  width 
of  tooth  T  is  proportional  to  the  difference  of  the  increments  of  the  threshold 

function  J-^x)  over  the  width  of  two  teeth,  i.e.,  is  proportional  to  the  mean 
value  of  the  second  derivative  to  this  function  over  section  2T. 

Let  us  show  that  both  for  any  other  continuous  law  of  change  of  limiting 
values  of  sought  function  J^x)  and  its  derivative  J^(x)  the  error  must  be 
determined  by  the  values  of  current  in  two  neighboring  teeth  to  which  the  needles 
of  the  measuring  probe  are  attached.  From  formula  (27.39d)  (see  appendix)  it  is 
clear  that  the  magnitude  of  error  £U  is  basically  determined  by  the  magnitude  of 


integral 


J1  —  cos  <oa 
ch  ka  —  1 


da 


2  nv  -  1, 


(27.53) 


taking  into  account  the  influence  of  divergence  of  boundary  values  of  the  function 
of  the  entire  upper  boundary  of  the  band.  The  portion  of  error  caused  by 
divergence  of  boundary  values  on  the  width  of  two  teeth  in  the  interval  — 

'  T  <  a  <  T  obviously  will  be  proportional  to 

k  J  *a°— T  da==  [^C0S  —  0  cth  ^  ~  cos  waj  — 

[T  m 

—  9/.»  X’ wfein  <i>a  -f  a  cos oia ;  _  ^  2a>* 

/  \  *'“ (/»*** +  (■>*)  ~  /,>iV-fa»~ 

o  iZr  ,  , » 


S2(oV-"*r  „ 

tw+w*  ~8v  if 

-  1  -  2^e"*  V  =  2nv  -\ 


2nv  +  I  — 


(27.54) 


Consequently  the  portion  of  error  caused  by  divergence  of  boundary  values 
on  the  entire  remaining  boundary  of  the  band  for  v  -  10  will  be  less  than 


•  100  =  8,8% 


of  che  total  error  and  hence  the  error  AU  will  depend  very  little  on  the  character 
of  change  of  the  boundary  values  of  the  sought  function  beyond  the  limits  of 
the  two  teeth. 

Let  us  estimate  the  magnitude  of  the  AU  error.  Prom  the  curves  in  Figs. 

47d,  48c  and  49c  we  find 


c,  =  0,05-  10-  *  jc'|  =  0,16-  10-J,  /r*j  =  0,55- 10~* 


(27.55) 


Thus 


A£/x  j  ^ (0,05  +  0,16  +  0,55)- 10-*  = 

»  2,1310-^-^-V 
Y 


(27.56) 


The  biggest  value  this  quantity  will  be  attained  for  =  -i1  =»  1 

Rheostats  connected  to  the  teeth  of  the  band  permit  regulating  the  current  in 

them  from  0.025  to  2.5  A,  rheostats  on  the  lateral  contacts  of  the  band  —  from 


1  to  25  A. 


83  2,5  A,  /M=25A,  Y  =  8,04  10*4- 

ohm 


The  maximum  value  of  absolute  error  of  change  in  mean  value  of  the  normal 
derivative  of  the  sought  function  equals 


A Uume 

T 


2,13- 10  2 
-  2 


5- 10-2 
8,04 


=  6,62-  10~SV 


(27.57) 


With  a  constant  value  of  threshold  function  J^(x)  =  Jc  =  const  it  is  easily 
possible  to  calculate  the  normal  derivative 


dJ  =  -U  =  'j_ 

dy  k  yh 


(27.58) 


Therefore  for  an  increase  in  accuracy  of  problem  solution  on  the  integrator  it 
is  advisable  to  subtract  from  the  ordinates  of  the  curve  of  the  boundary  function 
constant  equal  to  the  initial  ordinate  J.,  (Fig.  50)  of  curve  J^(x)  at  the 
origin  of  the  considered  section  of  the  boundary  of  the  band  Z  =  10hm,  and 
to  alter  the  scale  of  the  remaining  ordinates  of  the  curve  in  such  a  manner 

irr. 


( 


so  as  to  satisfy  the  relationship 


£ '—£' 


—  /  J  him*  +  (Jt  —  J  i)  — 


(27.59) 


-  «  I  I - 1 - 1 - Mil 

®l  x  X*T  J  J  Here  and  /M,«*  —  are  extreme 

Fig.  50.  ordinates  of  the  curve  J^x), 

and  —  values  of  ordinates  at  the  origin  and  end  of  the  interval  l  =  10hm, 

n  and  m  the  number  of  maxima  and  minima  of  curve  J^(x)  respectively.  The 

greatest  relative  error  of  the  integrator  ^with  respect  to  is  expressed  by 


greatest  relative  error  of  the  integrator  [with  respect  to 


is  expressed  by 


the  formula 


,  Wmu  yh  2,13-2-  \0~2itUK  V>T 

mwc~  t  im  wu  : 

=  4.26-  JO-*  =  4.26%. 


(27.60) 


This  value  will  correct  only  when  the  threshold  function  satisfies  definite 
conditions  for  which  its  assigment  on  the  integrator  is  possible  namely: 

1)  after  fulfillment  of  relationship  (27.59)  the  increase  of  the  boundary 
function  on  a  section  of  the  boundary  of  the  band  equal  to  the  tooth  width  T, 


should  nowhere  in  the  interval  0<x</  exceed 


In 


Ay,  =  JX(X  +  D -/,(*)  <  ^ ; 


(27.61) 


2)  the  distance  between  any  immediate  extremal  points  of  the  function 
should  be  not  less  than  2T. 

From  formula  (27.60)  it  is  easy  to  determine  the  additional  conditions  which 
must  be  satisfied  by  boundary  function  J^(x),  so  that  the  relative  error  does 
not  exceed  a  given  value,  for  instance  one  percent. 


b  =  AUzyh  =  2,  i3  1Q-Zv  (<,  —  <»)  _ 


whence 


(27.62) 


il  f,<2,l3v’ 


(27.6?) 


i.e.,  the  difference  in  current  supplied  to  any  two  neighboring  teeth  need  not 
exceed  Im/2.15v. 

Error  of  problem  solution  on  the  integrator  was  determined  under  the 
condition  that  the  threshold  function  and  its  derivative  are  continuous.  We 
shall  now  demonstrate  using  the  superposition  principle  with  the  integrator  it 
is  possible  to  solve  the  problem  with  the  same  accuracy  as  when  threshold 
function  and  its  derivative  have  discontinuity  of  the  first  kind. 

Let  us  consider  this  with  an  example  (Fig.  51).  Assume  that 


y(X)  „  \J>  (*)>  —<»<*<  x„ 
w//(x),  Xj  <  X  <  CO, 


where 


Jn  (xi  +  0)  —  J,  (xx  —  0)  =  c  ¥=  0,  J\  (x,  —  0)  =  <7,  J'u  (x,  -f-  0)  =  Qt. 


We  draw  tangents  to  J(x)  to  *he  left  and  right  at  point  x„ . 
tangents  are  written: 

)  + A  (x,). 

J*  (--)= Qt  (x  —  xj  +  Jt  (x,)  +  a. 

We  designate 


Equations  of  the 


(27.64) 


AW- AM -5  »(*). 

A/  M  A  (x)  =  it  (x). 

Now  the  assigned  bo’ondary  function  may  be  written:  for  -  oo<x<Xj 


J (x)  =  J, (x)  =  $x (X)  +ql(x-  X,)  +  /, (xj. 


(27.65) 


for  Xj  <  x  <  oo 

j  (x)  *  j„  (x)  =  It  (x)  4-  <7i  (X  —  xj  -f  /j  (X,)  -f  e. 

Boundary  function  £(x)  is  continuous  together  with  own  derivative  and  the 
component  of  the  normal  derivative  conditioned  by  c(x),  can  be  found  with  „he 

integrator.  The  component  of  the  normal 
derivative  conditioned  by  threshold  function 
J(x)  =  J^x)  for  x  <  x^  and  J(x)  =  J2(x)  when 
x  >  x^  it  can  be  exactly  calculated.  Using 
formula  (27.7)  and  substituting  into  it  AJ(x) 
on  J(x),  after  simple  transformations  we  obtain: 


ISM 


Fig.  51. 


on  the  upper  boundary  of  the  band  (y  =  h) 


a f>  i  <h-<h 
h  n 


<n(l  — 


e 

T(T- : 


on  the  lower  boundary  of  the  band  (y  =■  0) 


(27.66) 


dj  ^  J(x) 

dU  y-T  * 


- — 2*  In  (1 +*“*!*-*.!)+ 


c 

h  (l  + 


(27.67) 


In  formulas  (27.66)  and  (27.67)  J(x)  -=  J^(x)  for  x  <  x1  and  J(x)  =  J2(x)  -  c  —  for 
x  >  x^.  Summing  values  of  normal  derivative  calculated  from  formulas  (27.66)  and 
(27.67)  with  those  measured  on  the  integrator  and  stipulated  by  boundary  function 
£(x),  we  obtain  a  solution  to  the  problem  in  this  case  also. 

Influence  of  voltage  drop  in  the  tape.  The  voltage  between  buses  fed  from 
the  rectifier  and  tape  equals  ±5  V.  If  a  current  flows  through  the  tape  due 
to  the  voltage  drop  in  it  the  potential  difference  U  between  the  bus  and  different 
points  on  the  tape  will  change  and  will  differ  from  5  V.  This  leads  to  a  change 
of  currents  supplied  to  teeth  of  the  tape  and  consequently  to  an  error  of  assignment 
of  boundary  values  of  the  searched  function.  Let  us  calculate  the  possible 
magnitude  of  this  error. 

The  biggest  voltage  drop  in  the  tape  will  be,  if  along  the  entire  tape  is 
passed  a  maximum  current  1,^.  =  25  A,  is: 


25- 10 

yh  =  8,04-  10*  -°*3lIV- 


(27.68) 


Hence  the  possible  distortion  of  potential  difference  between  the  bus  and 
different  teeth  of  the  tape,  and  means  the  possible  relative  error  of  assignment 
of  boundary  values  of  J1(x),  will  be 

=  6,22.  to-*  =  6,22%  (27.69) 

This  error  is  easily  eliminated  if,  without  disconnecting  currents,  we  measure 
the  current  in  every  tooth  and  reduce  it  to  the  required  magnitude.  After 
the  first  such  correction  the  error  obviously  will  be  less  than 

mk  13  6,22*- 10— ■*  < 0,4%,  (27.70) 

and  may  be  neglected. 


i 


The  connection  between  normal  derivatives  of  the  harmonic  function  on  the 
boundary  of  the  band  and  on  the  contour  of  the  region  in  which  the  problem  is 
solved,  is  known,  is  expressed  in  terms  of  the  contour  value  of  the  derivative 
of  the  conformal  mapping  function 


dA 

dn 


dl 

dJ\  ~ 

At 

dt 

A t 

dj 


V— 0 


(27.71) 


Here  At  —  element  of  length  of  contour  of  the  considered  region;  At  —  its 
corresponding  (during  conformal  mapping)  element  of  length  of  the  boundary  of 
band  or  magnitude,  proportional  to  the  voltage  drop  on  section  At  of  the  model 
contour  during  electrosimulation  of  conformal  mapping. 

If  simulation  of  conformal  mapping  is  performed  on  a  model  of  thin  matel 
sheet  (electrical  steel)  the  error  of  measurement  of  with  a  double  probe  with 
fixed  distance  At  between  needles  connected  to  a  galvanometer  will  differ  little 
from  the  galvanometer  error.  This  permits  affirming  that  the  electrointegrator  i: 
totality  with  simulation  of  conformal  mapping  make  possible  sufficiently  accurate 
solution  to  the  problem  of  determination  of  the  normal  derivative  of  the  boundary 
function  according  to  its  limiting  values  on  the  contour  of  the  considered  region 


Appendix  1 

Derivation  of  formula  (27.8)  for  error  AU(x) 

It  is  possible  to  alter  the  order  integration  in  formula  (27.8)  by  proving 
that  the  improper  integral 


fA/(x  +  a)  +  A/(x-a)-2A/(x)  . 

I  dT*T=l - da 


converges  uniformly. 

This  integral  has  singular  points  a  =  0  and  a  =  cc.  At  point  a  =  cc  uniform 
convergence  is  evidently  due  to  a  fast  increase  in  the  denominator.  For  uniform 
convergence  when  a  =  0  it  is  necessary  to  introduce  the  following  limitation: 
function  AJ(x)  must  be  discontinuous  and  have  a  continuous  first  derivative. 

For  AJ (x)  this  is  satisfied  if  we  consider  only  continuously  differentiable 
boundary  conditions.  The  derivative  here  is  limited: 

Ay  (x)  =  lim  M(x  +  a)  +  A7  (x  -  a)  ~  2A7  (x) 

*-*o  a* 


where  c  —  some  constant  suitable  for  all  x.  Therefore  for  sufficiently  small  a 


A7  (x  -f  a)  +  Ay  (X  -  a)  -  2A J(x)  <  ca*. 


Considering  that 


chJfca  —  1 


**a*  *V 

~W  +  4! 


4*  •  •• 


H 


i  + 


\ 

41  +  ’) 


p 

decreases  as  a  -*  0  no  faster  than  a  ,  we  conclude  that  the  integrand  in  the 
environment  of  zero  and  at  zero  is  limited  and,  consequently  integral  (27.7) 
for  all  values  x  is  finite.  This  permits  integrating  integral  (27.7)  according 
to  parameter  x  within  finite  limits  and  to  change  the  order  of  integration  when 
deriving  formula  (27 .8) . 


Appendix  2 

Determination  of  the  error  caused  by  the  component  of  current  density, 
is  proportional  to  qx2f±(x)  +  2  qx(f?(x)  +  f,(x)] 

Let  us  designate,  as  before  (expressions  (27.31)  and  (27.32)) 


(x)  =  (M*)  + 


J<Pn  W  dx  =  Ft  (x)  =  F„  (*)  +  <* 


jFu(x)dx= 


t 

f  jWi(*)dxt 


a 

jft(x)dx=<ft(x)  =  q>„(x)  4-  c\,  J«p n(x)dx=F9(x)  =  Fu(x)  +  c'v 


M 

jft{x)dx  =  <p,(x)  =  tp„(x)  +  c\,  j<ptl  (x)  dx  =  /=-,(x)  =  f,l(x)  +  cj, 
r  r 

“  T jF 1 W “  yJ F* W j  <Pti (x) dx—0. 


*+7  *+r  4.r 

J  W ^  j  (*)  =■  0,  J  (x)  dx=0,  f  Yu(x)dx= 0. 

'  *  «  ; 


Graphs  of  functions  f(x),  <p(x),  F(x),  f(x)  are  shown  in  Figs.  47,  48  and  49. 

O 

Divergence  AJ^(x)  from  term  qx  f^(x)  will  equal 


M 

XfxW  «  q  jxtfl(x)dx  »  qx*q>lt(x)  —  2 q  jxytt  (x)  dx  = 
-  «(AuW-2^uW  +  2'Pu(x)  +  2c,). 


Error  MJ(x),  caused  by  divergence  AJ^(x),  has  the  form. 


*+r 

A6/(jc)  =  i- J  &Ji(x)dxi- 


■+•  or 


k  ?T  fA/,(*  +  a)  +  4y,{*  —  a) -247,  (*)!<(* 


“J 


ch  ka  —  i 


—  da. 


We  find  each  term  separately 

*+r  x+T 


h  (*><**  =  j  \x*vn(x)dx  -  ?2  f  xfll(x)dx  + 

•  «  i 

+  £  Jt«(x)^  +  =  |-x*Fu  (x)j  - 1*  Jxfa(x)dx 

+  ¥^[K)'»  «-2  Vu  (X)  +c] ; 

1 lf+r 

X  j* +  «)  +  A/,  (X  —  a)  —  2A/X  (x)]  dx  = 

X 

2qT  [  (  t  \ 

“  X  [  (x  +  a  +  yj  +  o)  - 2'Plx(x  +  a)+ 

+  (Jf-a+yj/ru(^-a)-2Yu(x-a)- 

~2(X  +  f)F»(x)+4Tu(x)]- 


If  the  needles  of  the  ,  robe  are  connected  to  the  middles  of  the  teeth  bases 


i . e . ,  for  x  »  — 


f“  ( 2)  "  «■  f„  (t  +  «)  -  -  r»  (j  -  «) :  v„  (L  +  „) 

-T-(r— )• 


Consequently 


Here  we  obtain  a  resultant  error 


2 qT 

h 


_  ,  ,*  ,>u  f  1  —  cos  OKI  .  foxi  sin  o>a  ,  I 

c,H2c,-e,-cyt\ ^|cb-E=I<<«  ■ 


Taking  into  account  that 


+  y  =  2v. 


we  calculate  the  integrals  entering  into  formula  (2?.39d) 


iv  .•  7** 

toa — ljctn-^ — coswa  /  — 


sin  o>a  +  a  cos  o>a 


a"*a  (n*£*  +  a*) 

<1—1  o 


o-l  '  £1  o—l 


■  sia 


,  fwosintoa  .  /  .  fax\  |«* 

*  \  da  =  ^  ( 1  - cth  y ) sin  ““  + 

+*>  «■  +  *.  = 

5—1  0  0—|  0 

\ 

( 1  _ cth  % \  sin , m P+  2  V  ^sincoa-nfecosaa) j- 

\  |o  4,J  e"*1  («***  + a1)  |0+- 

r- 


^(nV  +  o1)1 


2io 


_j_  2t|)^k^n^  (a*  —  n1^*)  sin  oa  —  2an,A*  cos  a>a] 

6* 

*  2w't* 

intkx+ a>*) 


,  «*\1  n* 

r‘  ^(”^7 


=  16v*  V - n* _ 

Zj  («*+4v*)* 


(2?.59d) 


(27.39e) 


The  magnitude  of  each  sum  we  estimate  by  the  integral 


§  28.  Calculation  of  the  Magnetic  Field  in  the  Gap 
of  a  Saturated  Magnetic  System 

Different  electrical  devices  contain,  as  one  of  the  main  sections,  a  magnetic 
system  intended  for  producing  a  magnetic  field  of  defined  form  and  intensity  in 
given  volume.  Below  are  considered  dc  magnetic  systems  for  which  a  magnetic 

circuit  of  ferromagnetic  material  has  the  form 
shown  in  Fig.  52.  Interest  in  such  magnetic  systems 
arises  in  connection  with  the  development  of  new 
types  of  energy  converters.  Characteristic  for  such 
arrangements  are  high  values  of  induction  (higher 
than  2  Wb/m^  in  large  air  gaps  between  poles  and, 
as  a  result,  deep  saturation  of  the  magnetic  circuit. 

In  §  21  and  22  was  considered  calculation  of  magnetic 
systems  of  electrical  machines  without  taking  into  account  the  saturation  of 
steel.  If  one  were  to  set  the  permeability  of  steel  equal  to  infinity  than  the 
boundary  values  of  magnetization  field  potential  on  the  surface  of  the  steel  car. 
easily  be  determined  and  the  problem  of  calculation  of  the  field  in  air  will 
reduce  to  solution  of  the  Diricluet  problem  for  the  Laplace  equation.  At 
saturation  the  permeability  drops  sharply  and  there  appears  a  drop  in  magnetic 
potential  Aqpm  in  the  steel  parts  of  the  magnetic  circuit.  In  principle  calculation 
of  saturation  might  be  made  if  there  were  some  method  to  determine  the  tangential 
component  of  intensity  of  the  resultant  field  on  the  surface  of  steel  parts  of 
the  magnetic  circuit  for  actual  values  of  permeability  steel 
Then,  integrating  equality 


Fig.  52. 


Hi,  (2t.l) 

ever  the  contour  of  the  core  of  the  magnetic  circuit,  we  obtain 

<M/)  =  A<M0 -un(t)  +  c.  (28.2) 

However,  in  order  to  find  tangential  component  of  intensity  Ht  on  the  contour  and, 
consequently,  the  distribution  of  potential  it  is  necessary,  as  will  be  shown 

below,  to  have  values  of  the  normal  component  of  resultant  induction  Bn  on  the 


contour,  in  ether  words,  to  know  in  advance  what  it  is  necessary  to  determine. 


( 


Therefore  calculation  of  the  field  of  magnetization  of  a  magnetic  system  with  deep 
saturation  is  possible  only  by  the  method  of  successive  approximations  where  as 
the  initial  approximation  it  is  advantageous  to  take  with  the  appropriate  form 
the  corrected  results  of  calculation  of  the  field  for  the  condition  ^«oo,  i.e., 
with  the  assumption  that  the  magnetic  system  is  unsaturated. 

Calculation  of  the  field  may  be  made  according  to  the  following  scheme. 

1.  Determine  the  potential  of  the  vortex  field  of  currents  flowing  in  the 
windings. 

2.  For  the  condition  p*=oo  to  find  the  distribution  over  the  contour  of 
the  steel  core  of  the  potential  of  the  field  of  magnetization  <pt  (/) . 

3.  Solve  the  Dirichlet  problem  for  region  of  air  interval  and  find  the  normal 
component  of  induction  of  magnetization  field  B*n  on  the  contour. 

4.  Integrating  values  of  induction  B,m  over  the  contour  of  the  magnetic 
circuit,  find  the  distribution  of  the  function  of  flux  along  the  contour.  If 
the  differential  equation  which  satisfies  the  function  of  flux  in  steel  is  known 
then  solving  the  Dirichlet  problem  for  this  equation,  we  find  the  distribution  of 
the  function  of  flux  In  the  magnetic  circuit.  Differentiating  it  with  respect  to 
the  normal  to  the  contour  and  dividing  by  the  magnitude  of  permeability  we  find 
Ht  on  the  contour  of  the  magnetic  circuit  and  consequently  new,  more  precise 
values  of  distribution  of  potential  of  field  of  magnetization  on  the  contour 


5.  From  values  of  solve  the  new  Dirichlet  problem  for  the  air  interval 

and  so  forth  as  until  A<p*  is  equal  with  a  given  degree  of  accuracy,  to  Aq't—,. 

How  was  demonstrated  by  Ye.  M.  Sinel'nikov,  if  we  approximate  the  permeability 
of  steel  with  the  formula 

**  ”  kpTh-  '  (28-5> 


where  a  and  b  are  constants  selected  for  the  type  of  steel  then  the  field  in 

the  steel  can  be  described  by  a  scalar  potential  satisfying  the  equation  of  minimum 

surface 


av  f,  ,  WV  ,  ay 

dx*  +  \dy  j  dxdy  dx  dy  dy* 


-0. 


IKS 


(28.4) 


where  <j/  =  -5- , 

0 


Function  'i ,  to  the  orthogonal  potential,  (function  of  flux)  satisfies  such 


an  equation: 


*r  r .  __  [dry |  ar  sr 

dx*  [  ^  dy  )  ]  dxdy  dx  dy* 


(28.5) 


The  Dirichlet  problem  for  equation  (28.5)  can  be  solved,  for  instance,  by  the 
method  of  grids  on  a  computer.  In  order  for  the  process  of  successive  approximations 
to  lead  to  a  solution  it  is  necessary,  after  determination  of  H+k,  to  check 
whether  the  law  of  total  current  is  satisfied 


F&  —Sfittdl. 


(28 .0) 


If  equation  (28.6)  is  not  satisfied  it  is  necessary  to  proportionally  alter  the 
distribution  of  on  the  contour  _>f  the  air  interval  and  to  repeat  everything 

in  Paragraph  '( . 

To  facilitate  calculation  it  Is  expedient  in  first  approximations  to 
calculate  the  field  in  steel  by  the  usual  methods  of  calculation  taking  into 
account  scattering  of  magnetic  flux  in  the  air  interval  of  the  magnetic  circuits. 

K ere  the  magnetic  circuit  is  divided  into  a  series  of  sections  1,  2,  5,  etc. 

(Fig.  53)-  From  a  solution  of  the  problem  in  Paragraph  3  we  fins  tr.e  magnitude 
of  magnetic  flux  of  the  field  of  magnetization, 0,^  passing  through  sections  of  the 
magnetic  circuit  limiting  the  selected  sections.  Fluxes  (Dlt,  in  sections  of  the 
fu*  rcmagnetio  part  of  the  magnetic  circuit  are  equal  to  fluxes  passing 
through  sections  of  the  internal  contour  of  the  air  interval  limited  cn  the  one 
side  by  the  point  located  on  the  axis  of  the  pole  and  on  the  ether  by  a  point 
belonging  to  the  given  section.  When  solving  the  problem  or.  an  integrator  for 
solution  of  the  Dirichlet  and  Neumann  problems  fluxes  <J)W  are  fount:  by  'iraple 
measurement  with  a  voltmeter. 

7t  is  convenient  co  take  the  flux  in  one  c-f  the  cross  sections  as  basic, 
for  instance  in  the  cross  section  of  a  magnetic  circuit  coinciding  witn  the  working 


( 


surface  of  pole  (©«.«).  and  all  remaining  fluxes  <J>iu  refer  to  the  basic  value,  i.e. 


v  $ta 


(28.7) 


Coefficient  Kg  takes  into  account  scattering  of  flux  by  lateral  surfaces  of  the 
magnetic  circuit  and  bulging  of  the  flux  from  the  air  gap  between  the  poles. 

In  selected  cross  sections  of  the  magnetic  circuit  fluxes  of  the  vortex 
field  <J>M  are  determined.  For  a  given  current  of  excitation  fluxes  are 
determined  by  the  formula 


<I>  =  — 


4 


(28.8) 


where  1^  —  current  in  cross  section  of  winding  by  replacement  by  the  axis; 

Zt  and  z  —  complex  coordinates  of  points  limiting  the  cross  section  on 
p  the  Internal  and,  correspondingly,  external  circuit  of  the 
magnetic  circuit; 

-  complex  coordinate  of  the  axis  with  current. 

For  a  rectangular  form  of  the  cross  section  of  the  windings  of  excitation 
it  is  possible  to  use  more  exact  formula  for  cJ>B c<  which  is  obtained  by  integration 
of  expression  (28.8)  over  the  area  of  the  cross  section  of  the  excitation  winding. 

For  determination  of  A<?(/)  calculation  is  made  of  the  magnetic  circuit. 

For  this,  setting  the  ratio  of  flux  of  the  magnetization  field  to  flux  of  the 
vortex  field  passing  through  working  surface  of  pole. 


(28.9) 


find  resultant  flux  in  sections  <J>4  by  the  formula 


(28.10) 


Assuming  in  cross  sections  of  the  magnetic  circuit  the  induction  tc  be 
evenly  distributed,  find  the  mean  value  of  induction 


4> 


(28.il) 
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Further  on  the  magnetization  curve  for  a  given  sort  of  steel  find  the  average 
intensity  in  the  selected  cross  sections  Hg  and  then  the  average  field  strength 
on  the  cross  section  of  the  magnetic  circuit 


u  1) 

flcp*- - 2 - • 


(26.12) 


The  magnetic  intensity  on  the  k-th  section  is  found  thus 

(t)  =  HtpkMk' 

’(here  A/*  —  average  length  of  section  of  magnetic  circuit.  After  determining 
all  A<f4(r)  it  is  necessary  to  varify  fulfillment  of  the  law  of  total  current 


(26.13) 


If  equality  (28.13)  is  not  satisfied  one  should  assign  a  new  value  for  X  and 


repeat  the  calculation. 


Appendix  1 


Example  of  calculation  of  magnetic  induction 
of  air  gap  between  poles1 

Given:  form  and  dimensions  of  magnetic  circuit  and  windings  of  excitation 
(Fig.  53)  ampere-turns  of  the  excitation  winding  comprise  /IP=500  000  A  the 

material  of  the  magnetic  circuit  is  grade 
[E2A]  (32A)  steel.  Cur'  ’nt  density  in 
the  cross  section  of  excitation  windings 
X  is  taken  unifcrmally  distributed  and 

equal  to  =  1 . A  A/mm  . 

Determine  the  magnetic  induction 
Ey  on  the  neutral  of  the  air  gap  between 
poles,  taking  the  field  to  be  plane- 

Fig.  53. 

parallel . 


Engineer  V.  F.  Kuzovkov  developed  the  method,  derived  the  formulas  and 
carried  out  the  calculation. 
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The  magnetic  system  has  two  axes  of  symmetry  x  and  y  therefore  we  will 
perform  calculation  for  the  region  located  in  the  second  quadrant  of  the  coordinate 
plane. 

Magnetic  induction  is  in  the  form  of  the  sum  of  components  of  t.ne  vortex 
field  fliy  and  magnetigation  field  Bay.  Buy  was  calculated  for  ten  points  located 
on  the  neutral  (ox). 

Results  of  calculation  are  given  in  Table  12. 


Table  12 


M  poln’ 

a. 

a. 

B 

1* 

point 

a. 

a. 

B 

0 

0.328 

2.820 

3,148 

o, 

0.138 

0.658 

0,796 

o, 

0.33S 

2,820 

3,155 

o, 

0.083 

0,470 

0,553 

Of 

0.356 

2,820 

3,176 

Or 

0.030 

0.344 

0.374 

0, 

0.377 

2,350 

2.727 

o. 

-0,149 

0.282 

0,133 

0 . 

0.320 

1.160 

1.480 

0, 

—0.220 

0.220 

0 

Calculation  of  Bay  was  accomplish  with  the  nelp 
magnetization  field  by  a  dc  field  in  a 


The  investigated  section  of  the  air  interval 
second  quadrant  of  the  coordinate  plane) 
of  sides  6.8  (Fig.  5^). 


of  simulation  of  the 
conducting  sheet  on  an  electrointegrator 
for  solution  of  the  Dirichlet  and 
Neumann  problems  by  the  method 
presented  in  §  26  and  27. 

Conformity  of  points  of  the 
internal  contour  of  the  region  of 
the  air  interval  to  points  on  the 
boundary  of  the  integrator  band 
during  conformal  mapping  took 
place  on  a  model  cut  from  0.55  nun 
dynamo  steels  in  a  1:5.55  scale, 
region  (region  included  in  the 
is  depicted  on  a  rectangle  with  a  ratio 


In  first  iteration  the  system  is  sumed  unsaturated,  i.e.,  A<p(x)  =  0,  and 
values  of  (t),  were  taken  equal  to  — (t). 


The  potential  of  the  vortex  field  <PM (r)  was  calculated  at  15  points  on  the 
internal  contour  (Fig.  55)  with  an  interval  between  points  of  10  cm,  by  the 
formula  for  two  conductors  of  rectangular  cross  section: 


F.(T)  =  -  [  (y  +  W  [  (•«  +  a)  arctg  ^~a  +  (x  -  a)  arctg^  ^  - 

—  (*  +  *)  arctg  -  (x  -  c)  arctg  1  - 

x  +  c  x  —  cj 

—  (y  — &)f(x  +  a)arctg  +  (x-a)arctg  — 

j  x  +  a  x  — a 

—  (x  +  c)arctg  j~  —  (x-c)arctg  j  + 

+  1  F (x  +  af  in + 

+  4  (x+or  +  iy  +  b)*  + 

,  ( . _ r« ir (* -°)'+ (y-w  lfT| ,n  (x  +  cp + o/  +  m* 

+  (x  a)  ,n(x-a)*  +  a,  +  6)*+(x+C)  (T+"c)*  +  {y  —  b?  + 

••  •  +  (»_,i»hl(«-<?,  +  (g  +  »n  , 

+  (  ^,n(T^  cF+(y_6)*J  + 

4  l(u  +  brfln£±l£±to-±*)t  |  ,n(*-«)»4-(y4-*)«]  . 

4  [  (■*  4-  c)*  4-  (y  4  bf  (x  —  c)t  +  (y  +  b)' 


<£±V±to-W  ,  ,n  {x-cy  +  (y-bY 
4  ®  ^l,n(x  +  a)*  +  (ir-6)1  +,n(737)*  +  (1/-^- 


=»  +  *£= 


(X  — o)*+li/ 


m 


(26. 1^) 


Results  of  calculations  of  (p,  ( r)  are  given  in  Table  15. 


Boundary  values  of  <p»  (t)  were  transfered  to  corresponding  points  of  the 
upper  boundary  of  the  integrator  band  and  were  modelled  with  a  current  p report icna 
to  the  increment  A(p«  (r)  on  86  sections  of  the  upper  boundary  ~f  the  band. 


( 


Values  of  BK  and  B  calculated  in  the  first  approximation  of  the  solution 
to  the  problem  are  given  in  Table  12. 

For  calculation  of  A<p(t)  the  magnetic  circuit  was  divided  into  12  sections 
(Fig.  53)  from  which  eleven  fell  on  the  ferromagnetic  part  of  the  magnetic 
circuit . 

The  component  of  magnetic  flux  from  the  vortex  field  in  cross  sections 
bounding  sections  of  the  magnetic  circuit  was  calculated  by  an  exact  formula  in 
terms  of  the  functions  of  flux 


<*>..=  Ho »Tp). 


where  %  and  are  functions  of  flux  at  points  with  coordinates  (x^,  y  )  and 
(x  ,  y  )  limiting  the  cross  section  on  the  internal  and  external  contours  of 
the  magnetic  circuit  respectively.  The  formula  for  IJT can  be  obtained  by 
integration  of  the  expression  for  the  function  of  flux  of  complex  potential 
created  by  the  axis  with  current  over  the  area  of  the  cross  section  of  th» 
excitation  winding.  For  the  considered  case  when  the  cross  section  of  the 
excitation  winding  comprises  two  rectangles  the  formula  has  the  form: 


V(x,  y)  =  -£-[(!/  +  *)!{*  +  c)ln((x  +  c)»  +  (y  -i-  ft)5)  +  (x  -c)x 
i.-x  ( 

x  In  ((x  —  c)*  +  (y  -'r  bf)  —  (x  -|-  a)  In  ((x  +  a)*  +  (y  +  b)*)  — 

—  (x  — a)ln((x— a)l+0/+6)*)|  — (£/— 6)[(x+c)ln((x4-c)*+(y—  *•)*)+ 
+  (x  — c)ln((x  — c)*  +  (y  —  W  —  (x  +  a)  In  ((x  -f  a)*  +  (y  —  b?)  — 
—  (x  —  a)ln((x  —  a)5  +  (y  —  W*)l  f 

+  <*'  +  *>’  f“rcle  frl+  arctB  FT*  ” arc,!  FP?  ~  2rc,s  5Ti]  “ 

-(»-«*  [ arc‘e  +  a,c,C — arctg —  aretg  t=?] + 

+  (*  +  c?  J  arclg  - arctg  *  j  +  (Jf  -  c)*|^  arclg  jj  _ 


■  *rc,e  1=7]  -  <x  +  0,:  [arc,g  ITTa  ~ arC,g  ITTa  ~ 


■{x—aY  ^arctg 


y  +  b 
x  —  a 


arctg 


y  —  b 


x  —  a 


+  c. 


(28.15) 
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Computed  data  using  formula  (28.15),  are  given  in  Table  14 . 


Table  14 


Nt 

section 

*o. 

lift 

i>c  cilofi 

0 

*1 

*•. 

i 

0,0615 

1,380 

1,430 

1,432 

8 

0,067 

1,290 

1,287 

1,290 

2 

0,059 

1,385 

1,437 

1,435 

9 

0,0546 

1,260 

1,245 

1.241 

3 

0.047 

1,390 

1,437 

1.436 

10 

0,07 

1,255 

1.223 

1.220 

4 

0,045 

1,400 

1,435 

1,437 

11 

0,0975 

1,219 

1.200 

1.1955 

5 

0,0615 

1,390 

1,425 

1,435 

12 

0,103 

1 

1 

1 

6 

0,07 

1,360 

1,405 

1,403 

13 

0.116 

0,855 

0,920 

0.920 

T 

0,073 

1,341 

1,350 

1,350 

The  component  of  flux  of  the  magnetization  field  in  the  same  sections  was 
measured  on  the  integrator  and  its  values  in  relative  units  (in  the  fcrm  of 
coefficient Ka)  are  given  in  Table  14.  According  to  data  from  this  table  the 
magnetic  circuit  calculated  in  accordance  with  the  method  presented  in  the  above 
mentioned  calculation  scheme  for  X  =  5.125,  determined  values  of  A<p(x)  and 
found  boundary  values  of  potential  of  magnetization  field  q>B(T)2,  necessary  for 
solution  of  the  Dirichlet  problem  in  second  approximation. 

Boundary  conditions  and  solution  of  the  Dirichlet  problem  in  the  form  of 
coefficients  K0,  in  second  duration  are  gi /en  in  Tables  14  and  15. 


Table  15 


N>  d  mt 

*,(*)» 

Aft  P°'-rM 

?«(*)» 

<WT>» 

.  i 

0 

0 

9 

114063 

111700 

2 

15150 

13300 

10 

135613 

133220 

3 

29085 

25450 

11 

122713 

121750 

4 

40770 

36050 

12 

131342 

129075 

5 

45780 

46585 

13 

128338 

126075 

6 

63338 

62460 

14 

126338 

124075 

7 

82248 

80305 

15 

125088 

122825 

8 

100338 

98133 

Then,  analogously,  according  to  the  given  /(a^  were  calculated  pctentiaJs 
tPu (T)a  for  the  third  interation  with  X  =  5.225  and  the  problem  of  ceterming 
the  magnetization  field  was  solved.  Values  of  ?BfT)3  and  Ko,  are  also  giver 
in  Tables  14  and  15.  Comparing  coefficients  f(a.  and  K.a„  we  notice  that  the 
maximum  divergence  between  them  in  the  same  cross  sections  amounts  to  less  than 
0.15%.  Being  limited  by  an  such  accuracy  we  at  this  point  terminate  solution 


1-,r- 
/  .> 


% 


Table  16 


of  the  problem  at  hand. 


ih 

pain? 


o 

g. 

°t 

g. 

S* 

Oy 

o> 


1.69 

1 .69 
l.A 
1.5 
0,78 
0.51 
0.396 


’..Oil 

2,025 

2,096 

1.877 

!U 

0.648 

0.479 


0.281  0.311 
0.209  0,06 
0,22  jO 


1  Tabie  lo  are  given  values  of  induction  of  magnetization 
field  and  the  resultant  induction  on  the  neutral  between 
poles  obtained  after  three  iterations. 

Comparing  data  in  Table  12  and  16  it  is  easy  to  see 
that  determination  of  magnetic  i.iauction  in  the  air  interva] 
of  the  considered  system  without  taking  *nt-.  account  saturation 
of  the  magnetic  circuit  leads  to  very  overstated  results 
exceeding  true  values  for  B  by  more  than  (Fig.  55)  • 


AWb/m2 


1 _ L„ 

Fig.  55. 
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On  Electromodeling  of  s  Magnetic  Field 
and  on  the  Possibility  of  Computer 
Calculation  of  Static  Fie  las' 
ir.  Nonlinear  Media 


The  designing  of  contemporary  electrical  machines,  especially  machines  of 
nign  power,  is  based  on  preliminary  calculator,  of  d?r  .  ibuti~r.  cf  the  magnetic 


field  in  the  machine.  Existing  methods  of  calculation  of  this  field  in  machine 
are  based  on  the  use  of  the  circuit  concept  and  therefore  can  give  only  approximate 
results  the  accuracy  of  which  often  does  not  satisfy  technical  requirements. 

This  circumstance  calls  for  a  more  strict  approach  to  the  problem  of  calculation 
of  the  magnetic  field  in  machines.  The  complexity  of  solution  of  this  problem 
is  determined  not  only  by  the  complexity  of  the  configuration  of  the  contour 
of  the  machine  components  but  also  by  the  fact  that  at  great  field  intensity 
saturation  of  the  steel  parts  of  the  machine  occurs  and  their  magnetic  properties 
are  changed.  In  this  paragraph  a  mathematical  formulation  is  given  for  the 
problem  of  calculating  the  magnetic  field  in  an  electrical  machine  and  the 
possibility  of  its  solution  by  electrosimulation  and  automatic  digital  computer 
is  considered. 

Simulation  of  magnetic  field  by  a  dc  field  in  a  conducting  sheet.  Statement 
of  problem  [21.  Lft  the  form  and  location  of  cross  sections  of  windings  with 
current  and  the  distribution  of  current  in  them  be  given;  a  form  and  location 
of  steel  machine  components  and  tneir  magnetic  characteristics,  represented  by 
magnetization  curves. 

It  is  required  to  determine  the  magnetic  induction  in  the  air  interval  of 
the  machine  with  the  following  assumptions:  the  medium  is  considered  isotropic 
with  respect  tc  its  magnetic  properties;  the  magnetic  field  in  machine  is  taken 
to  be  plane-parallel. 

In  order  to  use  the  method  of  superposition  when  determining  of  fields  in 
steel  parts  ve  Lake  into  account  the  nonlinearity  of  the  magnetic  characteristic 
of  steel  with  elemer.t~.ry  current'  of  density  c,  distributed  over  the  cr~ss 
section  and  framework  o:  current,  with  linear  density  t,  distributed  crer  the 
contour  of  the  cr  ss  section  of  *  he  steel  machine  components.  After  that  we 
will  assume  that  the  entire  medium  is  unifcim  with  permeability  p  equal  tc  the 
permeability  of  free  space,  [Zi]. 

The  magnetic  field  in  the  macnine  may  now  be  represented  as  formed  by  v.nree 
sources:  current  by  density  t  ir.  the  cress  section  of  the  machine  windings; 
elementary  currents  w:*r  density  in  the  cress  section  of  the  steel  machine 
components;  framework  of  current  with  density  i  on  the  contour  of  the  cross 
section  of  steel  parts. 


In  accordance  with  this  the  vector  potential  of  the  magnetic  field  has 


the  form 


to$X!nr,d/~  $kj0,nrtdS’ 


(29-1) 


where 


^  D  — 


fl  In  r^iS. 


(29-2) 


Function 


Aq  is  known  since  the  distribution  of  6  over  the  cross  section  of  the 


windings  of  the  machine  is  given  (Fig.  56)  •  In  equation  (29-1)  integration 

must  be  performed  over  cross  sections  of  all  steel 


bodies  and  their  contours. 

In  order  for  equation  (29.1)  to  yield  the  form 
of  an  integral  equation  we  express  o  and  t  in  terms 
of  the  sought  quantity  A.  First  we  determine  t. 

We  delineate  a  section  of  the  steel  component 
of  length  dt  and  enclose  it  in  a  rectangle  abcda. 
Applying  the  law  of  total  current  to  contour  abcda, 
we  obtain 


Fig.  56. 


(£  Bdl  —  <£  B,di  =  pgdi. 

abcia 


(29-3) 


where  di  —  current  through  surface  bounded  by  contour  abcda. 

Infinitely  approaching  sections  ab  and  cd  in  such  a  manner  so  that  element 
dt  remains  continually  between  them,  at  the  limit  we  obtain 


j>  Bfdl  =  (B~  =  f^ii. 


(29-M 


where  B~  and  B  —  are  induction  In  air  and  in  steel  respectively. 

Taking  into  account  the  equality  of  components  of  intensity  on  ti 
we  obtain 
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*  =  M  -  Br-  B,  -  -  (£-! )  *«.  -  -  (jt  -  l)Br 


(2-.S) 


(29-6) 


where  r  —  direction  of  external  normal  to  conioui  L,  than  designating  —  =  JJ, 
fcr  the  framework  of  current  t,  we  have 


(2J.7) 


Let  us  turn  to  detercination  of  o.  In  accor  lance  u-th  Maxwell's  first 
equation,  ir  the  cross  section  of  a  steel  part  we  have 


H/i  =  rots. 


(29.6) 


to!  //  =  0  sr-  ti  =  *i//. 


(2t.9) 


Substituting  (29.9'j 


;  29- c;  we  obtain 


ji^/7  «  rot  —  5:  ret  /?  -f  grad  px  K  =  grad  fi  x  A/. 


(2r.  :•-) 


:r  a  flat  find  this  re? atiensrip  takes  the  form 


.  <?HU  )  d\k  fdB  _  50  „  \ 

^  dr'  ¥  dy  x  n  dft  (jx  v  dy  xj 


;ir.oe  ji  =  ,  for  we  obtain 


=  *B\ 

dB  If  H'-dB~H  l-  ‘"  dH  l ' 

\  / 


t 2'-.  :a) 


But  i 3  the  dynamic  permeability  fif.  Designating  if1.  r=  ur 


in  (29.12),  we  obtain 


( 


1  da  K  -  I 
u  dB  B 


Considering  what 


b  -  V'bT+IZ, 

have 

dB  _dBx  Bx.dByB,  dS  ^  3B *&*>  *_&*&» 

57  dx  '  "5  dx  '  B  '  dy  dy  B  ^  dy  3  ' 


Substituting  (29.13)  and  (29.15)  in  (29.11)  and  considering  that. 


we  obtain 


div  B  —  -f  -?*  -  0, 
dx  '  dy 


l*o <»  = 


0*;- 

b* 


-[ 


B2^f  _02^. 
‘  dy  »  dx 


2B,B 


dB/ 

dx 


Substituting  here 


B, 


d.4 

Ty~A»'  B* 


dA  _  dB,  _  dM  _ 
dx  *’  dy  ~  ay*  ~ 


dB*=_dM _ ..  dBz  o' A  ,. 

dx  dx*  dx  dxdy  x*-'’ 


B*=AX*+Ay\ 


we  express  cj  in  terms  of  the  vector  magnetic  potential 

A'A~ +*?*„  +  * W* 


—  1) 


A,2  + 


Substituting  expressions  for  t  and  o  into  initial  equation  (29-1) 
an  integral  equation  for  the  vector  magnetic  potential  of  the  field  in 
machine 


A~Af 


sf-»- 


dA- 

dn 


la  rtdl  ■ 


- L  f(|i'  _  l)  +  +  'VAy  jn  ndS. 

2*^'  K2jr\2 


(29-13) 


(29- 14) 


(29-15) 


(29.16) 


(29-17) 


(29-18) 


(29-19) 

we  obtain 
the 


(29-20) 
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Equation  (2°. 20)  can  be  solved  by  the  usual  method 
integral  equations,  i.e.,  sequentially  substit  '■  .joder  t n -  r 
values  Aq,  A.,,  Ak,  A-R+1 ,  where 


-■  i"  iie  • 


■  a:  o  mi 


A 


'  TTL  4*1 

"»K  T"  ^ 


t-  4  '  4 

-•••*  *st_  in  MS, 


etc.,  as  long  as  A.  „  differs  from  A.  bv  <  /a’  •<  ii,~r  *rar  tne  : 

ItTi.  ft 

error. 

Obviously  this  solution  scheme  has  meanir.  nl  v  '•  *n*-  ;  'ess  uc 
approximations  is  convergent.  In  the  present  w cry  que.  1  1  r.r  as..  'O-ei  w ; 
convergence  of  the  process  are  nc-c  considered  inasmuch  as  they  r-quire  see 
investigation.  But  even  under  t:.e  'oncitior.  of  tnverre-r  -  r  ’ c  —  *-  s  s 
solution  of  equation  (29.20)  is  very  complicated  ar.c  us.  Ther'.’cre 

it  is  proposed  that  equation  129-20)  De  solved  by  simu  iti~n. 

Before  proceeding  to  an  account  cf  this  question  we  will  convert  equa 
(2C.29)  into  a  more  •'onvenient  form.  LeT  us  rewrite  equation  .2/. 11),  ....l 
equation  (2^.1?)  into  it 


JV— 


5  (dB  R 
?7B  Ux  ' 


dB 
a  ■  O* 


(h. 


u(dS8±-dB 
l'\dy  B  dx'3)' 


But  from  the  other  side 


B „  dy 

?r  - 5,06  -  *■ 


v  _ 


cos? 


dx 

dn' 


vector 


rri'-  f.< 


=  —  u*;  - 1)  x 

dn'  1  dx  en'  [  ^  udr" 

* 


where  n  is  the  direction,  normal 
Consequently 


Equation  (29.20)  will  be  converted  now  thus: 

-  *>Br  + 


(29-25) 


Let  us  show  what  vector  potential  A,  satisfying  equation 
(29-20)  or  (29.25)  can,  by  means  of  successive  approximations, 
be  simulated  by  the  electrical  potential  of  a  de  field  in 
a  conducting  sheet. 

We  take  the  model  of  an  unlimited  plane  —  an  electrointegrator  for  simulation 

of  particular  solution  of  the  Poisson  equation  (§  2*1).  Potential  of  the  current 

of  density  applied  to  the  model  on  section  S.  is  determined  by  formula 

(16.13). 


Comparing  i„  with  (29.1)  and  (29-2)  we  notice  that  if  cross  section  of 
conductor  S  and  density  of  current  in  it  6  in  a  magnetic  field  are  equal  to  surface 
S.  and  density  of  cui rent  supplied  to  it  &1  on  the  model,  then  the  vector  potential 
of  magnetic  field  A  will  be  numerically  equal  to  the  electrical  potential  on 
the  model  U  multiplied  by  uoy 


*  -  vwU. 


(29.26) 


Equipotential  lines  U  =  const  on  the  model  will  correspond  to  magnetic  lines 
A  =  const,  magnetic  induction  £  will  be  determined  from  relationship 


B  = 


dA- 


dn 


=  —  h»Y 


dU 
dn  ' 


(29.27) 


where  n  is  the  direction  of  the  external  normal  to  the  magnetic  line  (line 
U  =  const  on  the  model;.  Finally  the  magnetic  flux  through  any  cylindrical  surface 
between  two  points  M.  and  Mg  will  be  defined  as  a  magnitude  proportional  to  the 
voltage  U, 2  between  these  points  on  model 

=  (At  -  At) h  =  Mh(Vt  -  Ut)  =  my hUlt.  (29.28) 

where  h  is  the  dimension  of  the  surface  in  the  direction  of  the  axis  of  conductors 


with  current. 


To  model  a  continuous  distribution  of  current  on  section  of  surfa"e  model 
by  the  indicated  is  obviously  possible  since  we  cannot  at  every  point  connect 
a  conductor  with  current.  However  it  is  possible  to  divide  region  S  into 
separate,  sufficiently  small  sections  and,  assuming  within  the  limits  of  each 
section  a  constant  density  of  current,  with  the  help  of  thin  conductors  supply 
to  every  section  the  appropriate  current.  It  is  expedient  to  split  the  entire 
region  -*nto  equal  squares  and  to  apply  a  current  to  the  center  of  each  such 
square.  Then  the  actual  value  of  potential  at  any  point  will  differ  from  the 
value  calculated  from  formula  (l6.i»  by  a  magnitude  of  erro-  obtained  by 
replacement  the  Integra'  veth  u  finite  sum. 

Let  u-  .cr.uider  how  it  is  possible  to  •  odel  a  magnetic  field  in  a  ferromagnetic 
medium.  Obviously  this  profs.:..  reduces  to  detecting  that  distribution  of 
elementary  currents  a  and  t  for  which  integral  equation  (2J.20)  or  (2.*. 93)  is 
satt  crieA, 

We  split  the  region  occupied  by  steel  into  squares  o'  equal  size  AS  ar.c  f 
the  contour  region  into  sections  of  equal  length  tl .  At  the  center  cf  each 
square  and  also  to  each  section  of  the  contour  LI  bv  means  of  a  thin  plate  we 
c  -rvec t  the  conductors.  The  algorithm  of  simulation  of  vector  potential  A 
is  similar  to  the  algorithm  of  analytic  solution  of  equation  {2^.-0}  :r  ^-.frc) 
and  ..,r.  tains  the  following  operations. 

1.  n'  the  section  'of  the  model  corresponding  to  the  cross  section  of  the 
winding  with  ■~urrent  we  assign  a  distribution  f  current  in  the  conducting  « ires 

=  p0yfl,  corresponding  to  the  distribution  of  current  in  the  winding  cf  machine 
and  thereby  model  the  *'ield  of  vector  potential  A^. 

2.  With  a  probe  connected  to  a  zero  galvanometer  we  plot  the  farr.il. 
eauipotsntiai  lines  =  const  corresponding  tc  tines  A^  =  const. 

5.  With  a  double  probe  with  cistance  d,  between  needles  eonr.ectec  t:  an 
ordinary  galvanometer  we  measure  the  magnitude  of  inauction  E  at  ir.'e^na!  pelfs 
:f  the  region  occupied  with  steel.  Fur  thi  purpose  we  place  the  : rote 
perpendicular  to  line  U  =  const. 

k.  From  the  found  value  of  3  from  the  magnetization  curve  we  fine  p’. 

From  Fig.  5>o  it  is  clear  ^  is  determined  from  the  cagr.etizat  Ic-r.  curve 


V<i 


( 
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5.  Placing  the  double  probe  perpendicular  to  line  U  =  const  from  both  its 

sides  we  measure  B,  and  at  Doints  normal  to  lines  of  force  at  a  distance  d1 
1  2  l 

between  them  and  calculate 

dB  _  AB  Bi  —  Bt 
dn  ^  An'  ~d~~  * 

6.  We  calculate  the  magnitude  of  current  in  the  conductor  adjoint  to 
the  considered  square  of  region  AS,  determining  it  thus: 

<*i =  m*® - — y  o»;  -  . 

7.  Just  as  in  Paragraph  3  we  measure  the  magnitude  of  B  in  points  on  the 
contour  of  the  region  occupied  by  steel  anc  from  the  magnetization  curve  find 

8.  Analogously  we  measure  B~t,  placing  the  double  probe  perpendicular  to 
the  contour  from  its  outer  side. 

9.  We  calculate  the  magnitude  of  current  in  the  conductor  connected  tc 
the  section  of  the  contour  A l. 

Tl  =  myr=-Y(M,-i)5<-. 

After  having  calculated  all  c^  and  we  set  their  values  on  the  conductors 
connected  to  corresponding  sections  AS  and  A l  of  the  model.  Then,  just  as  ir. 
Paragraph  2  we  plot  the  family  of  lines  U  =  const  and  repeat  the  whole  process 
of  simulation  in  the  same  oraer  until  the  field  pattern  plotted  for  the  (k  +  i) 
the  approximation  is  sufficiently  close  to  the  field  pattern  plotted  for  the 
-th  approximation.  If  as  the  initial  approximation  we  take  a  field  pattern 
differing  little  from  the  real  one  and  calculated  by  the  usual  method  of  calculator, 
of  magnetic  fields  in  machines  in  the  process  of  successive  approximations  will 
rapidly  converge  to  a  solution. 


INI 


And  computer  calculation  of  static  fields  In  nonlinear  media.  As  is  known, 


the  static  magnetic  or  electrical  field  in  any  isotropic  medium  is  described  by 
the  foliowing  system  of  equations  (hereinafter  the  presentation  will  be  conducted 
for  a  magnetic  field  although  ail  results  are  directly  applicable  to  an  electrical 
field  also) : 


div  5  =  0, 
rot  77  =fi. 
5  =  pH. 


(29.29) 


We  assume  here  a  permeability  depending  on  the  modulus  of  field  strength 
H:  i.e.,  it  is  nonlinear. 

Usually  the  field  sources  ~  macroscopic  currents  —  are  situated  in  a  linear 
medium.  In  a  nonlinear  medium  the  field  satisfies  the  system  of  equations 

div  5  =  0, 

rot  5=0,  (29.  30) 

5  =  ji  Ji. 

The  second  equation  of  system  (29-30)  permits  introducing  a  scalar  function  — 
potential  9  —  from  the  relationship 


H  =  —  grad  9, 

H  =V<fl  +  9*  +  9? 

and  to  reduce  syst*  of  equations  (29-30)  to  one  differential  equation  f;r 
potential  9 


div  (ji  grad  9)  =  0 


(2.'-- 32) 


Jr***!  +  +  4*(w«)  =  °- 

On  boundary  of  separation  of  media  following  boundary  conditions  hold: 

9+(/)«9~(/), 

.  59+  dtp— 


(2--.”) 


isr» 


% 


( 


the  +  and  -  signs  designating  potential  and  permeability  on  opposite  sides  of 
the  boundary. 

Thus  in  the  entire  space  outside  the  sources  calculation  the  field  reduces 
to  a  solution  of  the  boundary  value  problem  for  equation  (29.52)  with  boundary 
conditions  (29.55). 

With  defined,  sufficiently  weak  limitations  imposed  on  the  form  of  the 
boundary  of  the  media  and  their  magnetic  characteristics,  there  is  a  basis  to 
assume  that  a  solution  of  this  problem  can  be  obtained  by  means  of  a  solution 
of  a  series  of  simpler  boundary  value  problems  of  first  and  second  kind  in  each 
of  the  inrdia  separately.  However  nonlinearity  of  permeability  leads  to  equation 
(29.52)  becoming  nonlinear  and  the  solution  of  even  these  simpler  problems  turns 
out  to  be  exceptionally  complicated  where  for  every  form  of  nonlinearity  it  is 
necessary  to  a  special  method  of  solution. 

At  the  same  time  another  approach  to  the  problem  of  calculation  of  the 
field  permits  constructing  very  general  method  of  solution  which  depends  not 
only  on  the  form  of  nonlinearity  of  the  medium  but  also  on  the  dimension  of 
region.  Let  us  show  that  the  boundary  value  problem  of  first  or  second  kind  for 
equation  (29-52)  can  be  replaced  by  the  variational  problem  of  finding  tne 
minimum  cf  a  certain  functional.  Let  us  consider  the  functional 


<{v  **•  *•  y- z)dx'  dy- dz-  (29.54) 

where  D  —  region  in  which  the  potential  satisfies  equation  (29.52);  F  —  some 
function. 

So  that  the  extremal  of  functional  (29-54)  be  potential  <p  satisfying  equation 
(29.52)  and  the  given  boundary  values  it  is  necessary  and  sufficiently  that 
equation  (29.52)  be  the  Euler  equation  for  functional  (29. 5^)  [22].  In  general 
form  the  Euler  equation  for  functional  (29.54)  is  written: 


F.-4-F.  -4~F„  — J-F.  =0. 


dx 


dy 


dz 


(29. 5S; 


If  we  consider  that  F  is  a  function  only  of  <pv>  9  ,  <P  ,  then  equation  (29.55) 

x  y  z 

takes  the  form: 


l«f> 


®  f  -f-  °  f  +  SrF  =0. 
ox  **  oy  fa  •< 


( 29. ?6) 


Here  the  total  differential  dF  has  the  form 


rff  =  F^df,  4-  Ftvdt p(/  Hh  Fflc>t- 


(2907) 


Comparing  equations  (29.32)  and  (29.36;  note  that  if  the  following  conditions 
are  satisfied 


that  it  is  possible  to  set 


3  t  x  .3 


H9,  =  F%t,  u<?u  =  Fv  fi%  =  FVt, 


(29.38) 


(29-39) 


i.e.,  to  present  49  ,  49  .  4<P,  in  the  form  of  partial  derivatives  >  1  integrand 
x  y  2 


We  have 


3  .  .  dpi  dfi  3H  y'  3  • 

~  '3T'f*  ~  1FT  ai"®*  "  ~H  W  ”  W,  ^ 


(29.  'K') 


Analogously  it  is  possible  to  show  that  the  ether  two  of  conditions  (2^.3 6) 
are  satisfied.  Consequently 

M 


dF  =  p<ptrf(pi  +  pqpvdcFy  -f  nqtd(ft  =  d  (<p|  4-  qp*  +  cp2)  = 


(29.^1) 


=  H \r<fl  4- q>*  4-  <rj-  do7'?,2  4-  <F2  4-  <Pp  =  y  (H)  HdH. 

Integrating  dF  from  0  to  H  =  K<P24-<Pj4-<P2.  we  obtain  the  sought  fur. -ti  ~n  F 


*  V  *Wv+*\  _ 

F(//)  =  Jy  (H)HdH  =  ^  yK<P?4-<P24-<P2x 


x  d  (K  ?2  4-  92  4-  92 ). 


1 S  7 


(29- h?) 


or  more  concisely 


it 


F(H)-^BdH. 


Let  us  check  if  partial  derivatives  F  satisfy  equation  (29.39). 
We  have 


(29.43) 


F*  dH  '  d?,  ***  » 


and  likewise 


F F9,  =  WV 


Consequently  functional  (29-34)  has  the  form 


[Y 

j  x  *  V  y  <p2  +  9*  +  v*d(Yv2+9}+v? 


dxdydz. 


(29-44) 


or  more  concisely 


J  (?) 


(29-45) 


Functional  (29-44)  possesses  the  property  that  it  attains  a  minimum  for  that  <p, 
which  satisfies  the  sought  field  equations  (29.30)  or  their  equivalent  equation 
(29.32)-  If  meaium  is  linear,  i.e.,  u  does  not  depend  on  intensity  H,  then  this 
functional  expresses  the  field  energy  in  volume  D.  Indeed,  in  this  case 


F- 


and  the  functional  takes  on  the  form 


Iff 


JW~\\\*T-dV=V- 


(29-46) 


(29-47) 


INS 


Its  minimum  determines  the  field  in  a  linear  medium. 

As  Chaplygin  demonstarted  his  book  "On  Gas  Streams"  if  one  were  to  set 


p*. 


4 

_ * _ 


(29.48) 


that  in  a  flat  field  equation  (29-30)  will  be  converted  into  the  equation  of 
minimum  surface.  If  one  were  to  take  =  z,  functional  (29.44)  for  this  value 
of  u  will  expreso  the  area  S  of  the  surface  bounded  by  the  space  contour  L 
whose  projection  onto  plane  XoY  limits  the  region  D.  In  this  case 


F 


1  f  JW 

2  ^  Vl  +H: 


ind  functional  (29. 44)  has  the  form  (we  neglect  the  one). 


J (f)  -  JJ  VTT +  <p \dxdy  =  jj  v  \+zl  +  zyixdy  =  S. 


(29.49) 


The  minimum  of  the  functiona?  will  determine  the  minimum  surface  drawn  over  space 
contour  L. 

If  expression  J(«p)  is  known  it  is  not  difficult  to  replace  the  boundary 
value  problem  of  calculation  of  a  field  in  a  linear  or  nonlinear  isotropic 
medium  with  the  problem  of  detecting  the  relative  minimum  of  the  corresponding 
functional.  For  instance,  solution  of  the  first  boundary  value  problem  for 
equation  (29-32)  is  equivalent  to  detecting  the  minimum  of  functional  j(q>) 
for  boundary  condition  9>(t)  =  f^t)  (where  t  -  point  on  boundary  of  region  and 
given  function; .  This  condition  may  be  written? 

Qi(<P)  =  |>(/i  (/)-<?  (0p  dS  =  0.  (29.  *C) 

Here  S  -  boundary  of  region  D. 

Really,  if  we  find  the  potential  tp  at  which  simultaneously  condition 
Q(<J>)  =  0  is  satisfied  and  functional  J(<p)  has  a  minimum  that  we  thereby  obtain 
a  solution  oO  the  first  boundary  value  problem. 


1W 


% 


r 


If  u(H)  is  a  single-valued  function  satisfying  to  inequalities  |*>0  £nd 

dB 

0,  then  function  F(H),  expressing  the  area  of  the  magnetization  curve  (Fig. 

an 

58)  the  function  of  derivatives  of  potential  9  will  be  convex,  i.e.,  there  will 

be  a  single  minimum  obtainable  under  the  condition  H  =  0.  Here  functional 

J(9)  will  also  have  a  single  minimum  for  H  -  0  or,  what  is  the  same,  when  9  =  const, 

at  all  points  of  region  D.  Actually  the  function  0(x,  y . •),  is  by  definition 

convex  if  it  satisfies  the  condition 

^  f  *i  +  x,  «1 4-  «*i  \  ^  . +  $(** . *»s) 

{  2  .  ~2  J*  2 

for  any  xlt  r..  ..  ,  <»,.  The  sum  of  any  lumber  of  convex  functions  is  also 

a  convex  function. 

Fo"  every  three  values  x,  y,  z  of  the  coordinates  of  the  element  of  volume 
dV  =  dxdydz  of  region  D,  F(H)  will  be  a  convex  function  of  derivatives  of  9. 
Integration  with  respect  to  x,  y,  z  constitutes  a  summation  of  convex  functions 
ever  the  entire  volume  of  D.  Consequently  integral  J(q>)  is  a  convex  function  of 
derivatives  of  <p,  i.e.,  has  a  single  minimum  obtainable  during  tne  condition 
9(x,  y,  z)  =  const. 

Fotentisl  q>(x,  y,  z)  is  an  extremal  of  'unctional  J(<p)  at  assigned  boundary 
conditions  differing  from  condition  9  =  const  and  can  be  found  approximately 
by  the  method  of  fast  descent.  We  will  look  for  an  expression  for  potential  9 
in  the  form  of  the  first  n  members  of  any  full  family  of  functions  V*  (*,  y.  *) 

f(x.  y.  2)=S  <»*$*(*,  y,  2)  =  P(x,  y,  :).  (29.51) 

as  is  done  in  the  Rltz  method.  In  the  expression  for  P  n  unknown  parameters 
(a%)  will  enter.  Here  solution  of  our  boundary  value  problem  will  lead  to 
detecting  n  parameters  of  [at],  at  which  functional  J(9)  attains  a  minimum  and 
boundary  condition  (29.50)  is  satisfied. 

We  replace  potential  9  by  its  approximate  value  P  from  (29.51)  and  substitute 
in  expression  for  functional  J(9)  the  boundary  condition.  Since  for  a  finite 
number  of  n  members  of  expression  (29.51)  it  is  impossible  bring  parbitrarily  P 
close  to  9  then  the  right  side  of  boundary  condition  (29.50)  should  be  set 


equal  to  e >  0.  The  magnitude  of  e  is  smaller  the  higher  the  number  n:  it 
characterizes  the  accuracy  of  satisfaction  of  boundary  conditions. 

After  replacement  of  9  through  F  functional  J(P)  and  boundary  condition 
Q(P)  =  e  can  be  considered  as  functions  only  n  unknown  parameters  In 

order  to  facilitate  construction  of  algorithm  of  fast  descent  for  the  finding 
of  potential  ztsP,  at  which  functional  J(P)  attains  a  relative  minimum,  we  use 
a  geometric  interpretation  as  is  done  in  functional  analysis.  We  will  consider 
parameters  {«*}  as  independent  coordinates  of  n-dimensicnal  Euclidean  space 
analogous  to  coordinates  x,  y,  z  of  ordinary  three-dimensional  space.  Then 
boundary  condition  Q(P)  =  a  may  be  considered  as  the  equation  of  a  hypersurface 
of  the  second  order  in  n-dimensional  space  of  parameter  jat},  and  functional 
J(P)  as  a  simple  con  ex  function  of  these  parameters.  From  the  geometric  point 
of  view  our  problem  consists  of  the  fact  that  in  order  to  find  the  point 
P0(a<°>,  .  fl*0’)  on  the  surface  Q(P)  =  e,  at  which  functional  J(P)  takes  a 

least  value. 

Surface  Q(P)  =  e  is  a  hypersurface  of  the  second  order  —  n-dimensional 
ellipsoid  —  this  smooth  analytic  surface  is  without  singular  points  and  ribs. 

On  the  other  hand  since  functional  J(P)  has  a  single  minimum  at  the  origin  of 
coordinates  (for  {«*}=<>).  surfaces  of  level  J(P)  =  const  will  be  closed  smooth 
analytic  surfaces  embracing  one  another.  The  relative  minimum  of  functional 

J(P)  will  be  attained  at  the  point  of  contact  P9w°>.  '< . <D>)  cf  one  of  the 

surfaces  level  J(P)  =  cor  -t  with  surface  Q(P)  =  (Fig.  59).  Since  both  surfaces 

are  smooth  and  surface  Q(P)  =  e  does  not  pass 
through  the  origin  of  coordinates  (the  trivial 
case  fl f(Q-crdS  =  0  we  do  net  consider)  the 
norma?  drawn  to  the  point  of  contact  to  one  of 
the  surfaces  coincides  with  the  normal  to  the 

w  vi*Cr  OUl'l  CUJC  « 

In  order  to  construct  a  normal  at  any  point 
P(a  1,  a*.  ....  ,  a„)  to  a  surface  of  levtl  J(P)  =  const 
or  to  surface  Q(P)  »  e  it  is  sufficient  to  find 
The  equation  of  the  tangent  plane  to  the  surface 


Jp  and  grad  ^  in  this  point. 
Q(P)  =  e  at  point  P^  will  be 


8radQPt  (P  —  P,)  =  0. 


Consequently  our  problem  consists  of  finding  such  a  point  PQ  on  surface  Q(P)  -  e 

at  which  the  projection  of  J  onto  the  tangential  plane  to  the  surface  Q(P)  =  e 

PO 

is  equal  to  zero. 

Let  us  consider  now  how  to  construct  the-  algorithm  of  fast  descent  for 
finding  point  PQ  on  surface  Q(P)  =  e.  The  direction  of  fastest  descent  to  the 
minimum  point  of  functional  J(P)  coincides  with  the  direction  of  its  antigradient. 
This  direction  can  rapidly  lead  away  from  surface  Q(P)  =  e,  we  have  to  find  the  point 
lying  on  the  surface.  The  tangent  plane  in  a  small  environment  of  the  point  of 
tangency  in  first  approximation  constitutes  an  element  of  surface.  We  move  to 
the  sought  point  P0  in  the  direction  of  projection  of  antigradient  J(P)  on  the 
tangent  plane.  With  such  motion  we  also  will  depar*  from  surface  Q(l')  =  e, 
however  considerably  less  than  if  we  moved  in  the  direction  of  the  antigradient. 

Let  us  anticipate  a  return  to  the  surface  Q(P)  =  e  after  every  step.  If  the 
step  is  small  then  its  final  point  P^  falls  on  surface  Q{P)  =  close  to  surface 
Q(P)  -  e.  Equation  of  surface  Q(P)  =  differs  from  equation  Q(P)  =  e  only 
with  the  right  side  Therefore  a  return  to  the  surface  Q(P)  =  £  is  advisably 

made  in  the  direction  of  the  normal  at  point  Pk  to  surface  Q(P)  =  ex  (Fig.  59). 

For  this  it  is  sufficient  to  plot  a  straight  line  coinciding  with  grad  Q  at 

point  P^,  and  to  find  the  point  of  intersection  of  this  line  with  the  surface 

of  boundary  conditions  Q(P)  =  e.  As  an  appraisal  of  the  sufficiency  of  approximation 

of  point  P2  to  the  sought  point  PQ  of  minimum  of  J(P)  can  serve  the  length  of 

projection  of  gradient  -J(P)  on  the  tangent  plane  to  surface  Q(P)  =  e.  At  the 

sought  point  of  minimum  PQ  length  of  projection  of  gradient  J(P)  is  equal  to 

zero. 


Point  P1  from  which  one  should  start  the  descent  to  minimum  can  be  obtained 
thus:  at  point  0  (at  the  origin  of  coordinates)  find  the  direction  of  grad  Qq, 
to  plot  a  straight  line  coinciding  with  this  direction  and  find  the  point  of 
intersection  of  this  line  with  surface  Q(P)  -  z.  This  point  if  it  exists,  may 
be  taken  as  initial  point  (ajh,  a£)f  ...  ,  a*11).  As  can  be  seen  from  Fig.  59/ 
it  lies  near  the  sought  point  of  minimum  PQ. 


§  30.  Electroslmulatlon  of  Distribution  of  Sinu~-  idal 
Curre’~  in  Current  Carriers 

The  growth  in  power  of  electrical  generators  and  different  electrical 
installations  led  to  the  appearance  of  high-power  transmission  lines  with 
polyphase  currents  of  great  iome.  In  connection  with  this  there  appeared  the 
problem  of  calculation  of  parameters  of  polyphase  lines  under  conditions  when 
simplifications  lying  at  the  base  of  conception  of  the  circuit,  are  impermissible. 
Polyphase  lines  for  energy  transfer  with  current  of  great  force  constitute  system 
current  carriers  of  large  cross  section  consisting  of  buses  or  pipes  of  different 
profile.  Sinusoidal  current  flowing  along  a  given  line  is  distributed  nonunifomiy 
over  the  cross  section  of  the  current  carrier.  A  skin  effect  and  effect  of 
proximity  arise.  Due  to  this  calculation  of  the  line  becomes  very  complicated. 

In  order  to  calculate  parameters  of  the  line,  i.e.,  to  find  its  resistance 
and  reactance  it  is  sufficient,  establishing  the  external  voltage  of  source  E0 
occuring  per  unit  length  of  each  current  carrier  of  the  line,  to  find  the  magnitude 
of  the  resistive  I&  and  reactive  I  components  of  current  in  each  current  carrier. 
It  is  possibli  to  find  the  only  by  calculating  the  distribution  of  current  b 
density  In  the  cross  section  of  the  current,  carrier.  The  problem  of  determination 
of  the  field  of  sinusoidal  current  in  the  current  carriers  is  formulated  in  the 
form  of  an  integral  equation.  However  the  formulation  known  in  literature  (1} 
is  inconvenient  for  calculation  and  modeling,  therefore  we  give  it  here  in 
modified  lorm.  We  will  proceed  from  Kirchhoff's  laws.  Let  us  consider  an 
m-phase  system  of  current  carriers.  The  cross  section  of  the  k-th  current 
carrier  we  designate  Dv.  All  together  we  have  m  current  carriers.  Let  us  take 
the  filament  of  current  passing  through  point  Qv  nonnal  to  the  plane  cf  the 
figure  in  the  cross  section  of  the  v-th  current  carrier  (Fig.  60) .  In  accordance 
with  Kirchhoff's  second  law  for  a  unit  length  of  filament  we  can  wrJte 


t(Qy)  ,  <M>(QV) 
—  +  -JT- 


£(QV)  + 


(JO.l) 


He’-e  5  —  complex  of  current  density; 

£  —  complex  of  internal  electric  field  strength  in  current  carrier; 

$  —  complex  of  magnetic  flux  linked  with  a  filament  of  current  at  print 

Q  ■ 


15*;* 


t 


Fig.  60. 


U  —  angular  frequency  of  current; 
y  —  conductivity  of  current  carrier  material 

At  the  same  time,  as  a  result  of  continuity 
of  current  or  Kirchhoff's  first  law  for  any 
cross  section  of  the  line  the  following  condition 
should  be  satisfied: 


&-M 


(30.2) 


Let  us  consider  the  magnetic  field  embracing  the  line  to  the  plane-parallel. 
Fron  condition  (30.2)  it  follows  that  magnetic  flux  linked  with  every  current 
carrier  of  the  line  is  limited.  Let  us  clarify  how  it  is  possible  to  express  flux 
in  terms  of  internal  field  strength  in  the  current  carrier.  Let  us  assume 
first  that  along  the  current  carriers  there  flows  a  single-phase  current. 

Flux  linked  with  filament  of  current  at  point  Qv  can  Is  defined  as 

the  difference  of  vector  magnetic  potentials  A  at  point  Qv  and  at  any  other 
point  ?lf  lying  on  a  magnetic  line  of  force  differentiating  the  flux  linked  with 
a  current  carrier  with  a  forward  current  from  the  flux  linked  with  a  current 
carrier  with  reverse  current.  If  the  current  carriers  do  not  envelope  one  smother 
then  this  delineating  line  of  force  passing  between  cross  sections  of  current 
carriers  Dj.,  departs  further  into  infinity.  Flux  on  one  side  of  the  differentiating 
line  during  its  change  cuts  only  current  carriers  with  forward  current,  on  the 
other  side  —  only  current  carriers  with  reverse  current. 

Any  polyphase  regime  of  current  flow  can  be  represented  as  the  result  of 
superposition  of  two  single-phase  regimes.  The  first  regime  consists  of  the  set 
of  real  components  I„  of  currents  in  phases  of  the  line,  the  second  —  the  set 
of  imaginary  components  Ip.  Each  regime,  considered  separately,  will  determine 
its  own  dividing  magnetic  line.  These  lines  will  intersect  in  at  least  one 
point  P.  Let  us  take  the  value  of  the  vector  potentials  on  various  lines  in 
both  regimes  equal  to  zero.  Vector  potential  A  at  point  has  the  form 


m  f  • 

MQ.)  -  --&■  V  n  |  *  W«  w*+ 

Trr  Dk 


(30.3) 


Constant  cA  will  be  determined  from  condition  A(P)  =  0,  i.e., 


JL 

2n 


Vv.j  £(M.)  In 


(30.H) 


Consequently,  flux  linked  with  filament  of  current  at  point  under 
polyphase  conditions  is  equal  to  the  vector  potential  at  that  same  point: 


<*,(Qv)  =  ^(Q,)->4(.d)  =  ^('3v) 


(30.5) 


Let  us  assume  that  the  electrical  conductivity  7  of  all  current  carriers 

of  the  line  are  identical  and  their  permeability  is  equal  to  the  permeability 

the  surrounding  medium  uc.  Placing  the  expressed  for  flux  in  equation  (30.1) 

and  designating  X  =  ll>v  we  obtain 

2  n 


UQJ  -  E(QJ 


E(Mk)\n~±-dMt. 


(30.6) 


'  PM  k 


Thus  the  problem  of  defining  the  field  of  a  polyphase  sinusoidal  current 
in  the  cross  section  of  current  carriers  of  a  transmission  line  reduced  to  the 
solution  of  a  Fredholm  integral  equation  of  second  kind.  However  formulation 
of  the  problem  in  such  a  form  is  indefinite.  Indeed  the  nucleus  of  equation 
( 30.6)  In  rqvuJrpMk depends  on  the  position  of  point  P  crossing  of  differentiating 
magnetic  lines  which  can  be  found  only  after  solution  of  the  problem.  In  spite 
of  this,  condition  (50.2)  permits  unambiguous  formulation  of  the  problem. 

Let  us  write  equation  (30.6)  thus: 


Et(QJ  “  f  B(Mk)\nr^dMk  +  C. 


(30.7) 


(50.8) 


•if 

tSfo* 


does  not  depend  on  point  and  consequently  is  a  constant.  At  the  same  time 
•  • 
the  magnitude  of  C  depends  on  the  total  distribution  of  E  in  the  cross  section 

of  the  current  carries  of  the  line  and  can  be  determined  from  condition  (30.2). 

Let  us  take  the  integral  overaall  of  from  both  parts  of  equation  (50.7).  For 

brevity  henceforth  J  we  will  designate  Jj  f  >  the  area  of  cross  section  of  all 

m  °  h 

current  carriers  2  Du  we  will  designate  D: 


Hence  we  obtain 


^EjQ)dQ  =  ££(Q)dQ  -  A  £  jj  E(M)  Inrow  dM  dQ  +  DC. 

£(/M)[lj*lnr0iW<f(?]^+  ±  f  t,(Q)dQ. 


(30.9) 


(30.10) 


We  place  this  value  of  C  in  equation  (30.7) 


-  B-  f 


(30.11) 


Equation  (30.11)  formulates  our  problem.  Let  us  show  that  for  any  distributior 
of  EQ  the  solution  of  equation  (30.11)  uniquely  satisfied  condition  (30.2). 

We  take  the  integral  over  cross  section  D  from  both  parts  of  equation  (30.11) 


j  £  <Q)  dQ  —  A  j  [  j*  t  (Af)  ( in  rQ„-  -L  J  In  rQMdQ j  dM  j  dQ  = 

-  j £(Q) dQ  -  (X  j  t m  [  f  \nr<JM <*$--§  [  In fQJMdQ]  dM= 
-j£(Q><fQ  =  0. 


We  designate 


j  E{M)(\nrQM—~  J In r^Qj  dM  =  Tt, 


(30.12) 


E.(Q)-^j,£o(Q)dQ  =  MQ) 


(30.13' 


and  write  equation  (30.11)  thus: 


£  (Q)  -  (ITE  =  {«  -  tXT  l£  =  Aa£  =  fQ(Q), 


(30. n) 


where  —  identity  operator. 


Obviously  operator  AQ  translates  any  element  E  of  subspace  H  ,  defined  by 

* 

condition  (30.2)  in  an  element  of  the  same  subspace,  i  ~ , ,  maps  subspace  tl 
onto  Itself.  Let  us  show  now  that  operator  T  is  self  ljugate,  i.e.,  the 


following  equality  holds: 


(Tx,  z)  -  (x.  Ti),  x,  ztfl* 


(parenthesis  here  designate  the  scalar  product).  Indeed: 


(Tx,  *)=  j  [j*  *(M)^lnr0W--l  f  In rQMdQ  j  dAfjz(Q)dQ  = 

=  j*  x(M)  |  f  HQ)  h«  r^dQj  dM  -  -1  f  x(M)  |  j  !n  1  dM  x 

b  b  2>  i>  J 

/ 

x  | z(Q)dQ  =  J x{M)  jj*  z(Q)  In  rQM  dQj  dM  -  -1  j\(Q)  x 
X  [  J  In  rQMdM J  dQ-  J  x(M)  dAf  =  J  x (M)  |  f  z(Q)  (in rQ„  - 

-  ~  j*  Inr^dM)  dQj  dM  =  (x.  Tz). 


This  signifies  that  eigenvalues  of  operator  T  are  real  and  homogeneous 
equation 

tx{Q)~iXTx=0 

has  only  a  trival  sere  solution.  Hence  solution  of  equation  (50.11)  ,s  unique. 
Will  apply  the  conjugate  operator  to  equation  (30.14) 


^  =  i«  +  /xrj, 

A'qAJZ  =  Id  +  tXT\  —  <X7*Ji?  =  £  +  \rpt£  -f0  + 


(50.15) 


Separating  the  real  and  Imaginary  part  In  equation  (50.15)  we  obtain  two 

independent  equations  relative  to  the  sought  real  ^  and  Imaginary  E  components 
Of  internal  intensity  ^ 


£.(«  +  W£„  =  /„«?>  + 

The  second  of  equations  (50.16)  Is  equivalent  to: 

c» = /* + ire.. 


(30.16) 


(30.17) 


P£  =  *CE  =  J  E(N)K(Q,N)dS, 


K  {Q,N}~  | rQM  - -1 J  In  rQMdQ^j  ^In  rus-~~  j*  In r^dM^dM. 

All  quantities  entering  into  equations  (30.16)  are  real,  operator 

^  ^  -  ,g  +  A,T,l  is  Positively  definite.  Let  us  consider  ho.  to  obtain  a 

solution  of  our  problem  by  modeling. 

As  is  known,  potential  U  of  a  dc  electrical  < 

electrical  field  in  an  unlimited  conducting 

oheet  with  constant  conductivity  of  unit  v  * 

Ya  is  determined  by  the  expression 

U(Q)  =  ~-~~J  6JM)  In rQVdM  -f  <r. 


U(Q)  =  ~ 


'r0u'iM  +  C. 


(30.18) 


Here  *Am-  density  of  current  supplied  to  point  M  of  the  sheet,  D  —  the  section 
of  the  sheet  to  whose  points  current  is  supplied.  If  the  total  current  supplied 
to  the  sheet  is  equal  to  zero,  i.e., 

$bM(M)dM  =  0, 
b 

then  the  equipotential  line  dividing  sections  of  the  sheet  with  supplied  and 
removed  current  and  extending  to  infinity  will  coincide  with  a  differentiating 
magnetic  line  also  extending  to  infinity.  Assuming  on  this  line  a  potential 
U  equal  to  zero,  we  obtain  an  expression  for  the  constant  in  formula  (50.18) 

The  potential  difference  between  points  Q  and  P  are  defined  thus 

V  —U (Q)  - [bA(M)ln^dM.  (30.15) 

J  'Ml 

From  a  comparison  of  expressions  (30.6)  and  (30.19)  one  may  see  that 
potential  U  can  be  used  as  an  analog  of  components  of  internal  intensity  E  in 

current  carriers.  Instead  of  unlimited  conducting  sheet  can  be  used  Its  model  - 

the  electrointegrator  for  simulation  of  a  particular  solution  to  the  Poisson 
equation  (see  §  24 ) . 

The  center  of  the  lower  circle  of  the  modelling  element  of  the  integrator 
corresponds  to  a  point  at  infinity.  Since  the  differentiating  magnetic  line 
passes  through  this  point  can  always  be  taken  as  the  unknown  point  ?  and  all 

measurements  of  potential  U  can  be  made  on  the  model  with  respect  to  the  center 

of  the  lower  circle. 

As  we  have  seen,  equation  (30.6)  together  with  condition  (30.2)  is  equivalent 

to  equation  (30.11)  and,  consequently,  equations  (30.16)  containing  only  real 

quantities  modelled  by  a  direct  current  in  the  electrointegrator  [33]. 

? 

Application  of  operator  T  =  K  to  element  E  is  equivalent  to  the  following 


operations  on  the  electrointegrator: 


t 


( 


1)  establish  current  in  sources  connected  to  points  of  region  D  of  the 
upper  circle  of  the  model  proportional  to  2  nyaE; 

2)  measure  potential  U  at  the  same  points  with  respect  to  a  point  at  infinity; 

3)  establish  new  values  of  current  in  the  sources  proportional  to  2ny„U. 

After  this  the  potential  U  of  the  field  of  cur-ant  in  the  model  will  be 
proportional  to  the  result  of  operation  P£ ■=/(£,  n-fold  application  of  operator 
K  to  element  E  obviously  is  equivalent  to  n-fold  repetition  of  this  sequence  of 
actions  on  the  model. 

Consequently,  for  simulation  on  an  electrointegrator  of  the  field  of  a 
sinusoidal  current  in  the  cross  section  of  conductors  solution  of  equations 
(30.16)  must  be  presented  in  the  form  of  a  convergent  sequence  of  operations 
KnE0<  The  method  of  successive  approximations  under  certain  conditions  leads  to 
a  sequence  known  the  Neumann  series  [l4j. 

The  nucleus  of  equations  (30.16)  K(Q,  AO  satisfies  the  conditions 


J  |/C(Q.  N)\*dN< co, 

Cj  K(Q.  N)  i*  dQdN  =  £*  <  oo. 
b 


(30.20) 


As  is  known  [14],  during  fulfillment  of  these  conditions  the  Neumann  series  for 
equations  (30.16)  absolutely  and  evenly  converges  to  a  solution  at  P  if  the 
following  inequality  is  satisfied: 


X*||#f [|  =  <  I. 


(30.21) 


Thus,  if  inequality 


**< 


J/  ^|/C(Q.  A')|*dQdAr 


(30.22) 


is  not  satisfied  then  the  Neumann  series  cannot  converge. 

The  left  part  of  inequality  (30.22)  is  determined  by  the  properties  of  the 
current  carrier  and  surrounding  medium  and  also  the  frequency  of  current,  the 
right  part  on  the  location  and  dimensions  of  cross  sections  of  the  current 
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carriers.  In  practice  the  necessity  of  calculation  of  current  carriers  appears 
when  the  dimensions  of  the  cross  section  exceed  the  depth  of  penetration  of  the 
electromagnetic  wave.  In  this  case  inequality  (50.22)  is  not  only  not  satisfied, 
it  is  replaced  by  the  reverse  inequality. 

We  will  demonstrate  this  on  an  example  of  calculation  of  two  current  carriers 
of  circular  cross  section  with  diameter  d,  distance  between  centers  of  which 
equals  3d.  Let  us  estimate  from  below  the  magnitude  of  B.  From  the  symmetry 
of  the  cross  sections  of  the  current  carriers  and  distribution  of  density  of 
current  in  them,  it  follows  that  the  dividing  magnetic  line  coincides  with  the 
axis  of  ordinates.  Let  us  combine  point  P  with  the  origin  of  coordinates,  point 
0.  Then,  considering  that  £'(M)  =»— £{iW'),  OM=OM'.  equation  (3 0.6)  we  will 
convert  thus: 


£,(<?)=  E(Q)  -ft  f  E(M)  in  ^  dM. 

J  <?*' 


(30.23) 


or,  performing  a  transformation  analogous  to  that  which  a  yielded  equation  ( 30.16) 


E0(Q)  -  E.(Q)  +  X*  C  Et(N)K(Q,  N)dN, 


(30.2^) 


where 


K(Q,  Af)=  f  In  In  dM. 

.1  rQW  rK-x 


For  appraisal  of  magnitude  B  it  is  sufficient  to  estimate  from  below  the  norm 
2 

of  operator  T  =  K 


IIXE.II  _  IIKCII  II  r  f rm  r„„ 

nKii=sup-jTjrj-  >  unr  ■  I  j  ] ln  w ,n 


dMdN\ 


(3C.25) 


The  following  inequalities  are  evident 


I  In -ML  >  m  *  =  In 2,  In-122-  >  |n  2. 

I  rQH-  U  r  M'S 


Placing  them  in  (30-25)  we  strengthen  inequality 


1*1  > 


(In  2)*  dMdN 


(In  2)*. 


Consequently 


sd* 

XB  >  X  —Jj—  In  2. 

4 


Will  find  the  magnitude  diameter  dQ  for  which  the  right  side  of  this  inequality 
is  equal  to  one: 


<*.= 


2 

KXnln2 


1.35 


For  aluminum  at  40°C 


Y  -30-I0*—1—  .  H  =  ti  =4n.10-7  — 0 .  g>=100:t— 1 - 
1  n  M  r  ra  *  s 


For  copper  at 

Y=52,5-I0»-J-;r,  =  X  =  3.310»-~,  dou  =  2.35  c*. 

Consequently,  if  the  dimensions  of  the  cross  sections  of  the  current  ca: Tiers 
exceed  the  magnitude  of  dQ  then  we  cannot  use  the  method  of  successive  apnroximations 
in  usual  form  for  construction  of  an  algorithm  of  simulation  of  eque cions  (30.l6). 
However  the  methods  of  functional  analysis  permit  presenting  a  solution  to  these 
equations  in  the  form  of  a  convergent  sequence  of  combinations  of  operations  KnE 
in  the  case  when  inequality  (30.22)  is  not  satisfied.  Let  us  show  how  to  obtain 
such  a  sequence. 

Let  us  record  equation  (30.16)  in  the  form: 

AE~f.  (30.26) 

We  will  designate  —  eigenvalues  of  self  adjoint  operator  T.  Eigenvalues  of 
2  2 

operator  K  =  T  ,  equal  to  are  real,  positive  and  form  a  denumerable  set  with 


point  of  concentration  at  zero 


Eigenvalues  of  operator  A  equal 


Will  designate  m  and  M  the  lower  and  upper  bounds  of  the  spectrum  of  operator  A, 
respectively. 


m  *=  1  <  v,  <  1  -f  =  M  <  1 


-r*1 


\K(Q,  N)\'dQdN. 


We  replace  equation  (30.26)  with 


E  =  P,(A)E  +  Qn(A)f. 


(30.27) 


where  Pr(A)  and  (^(A)  are  n  order  polynomials  of  the  operator  A.  For  equivalence 
of  equ'.tions  (30.26)  and  (30.27)  it  is  necessary  to  satisfy  certain  conditions 
[8].  Let  us  find  them.  We  have  identity 

AE-f=Pn(A)(AE-f). 

or 


AE=>P*(A)AE  +  \H-Pn(A)V.  ( 30. 28) 

Under  the  condition  || Pn  (/4) ||  <  I  solution  of  equation  (30.28)  coincides  wjth  solution 
of  equations  (30.26). 

Applying  the  inverse  operator  to  both  parts  of  equation  (30.28)  we  obtain 

E  -  P,  {A)  E  +  A~'  (,4)1  /.  ( 50 . 2~) 

From  comparison  of  equations  (30.27)  and  (30.29)  we  find 

<UM  =  A-'[<i-PAA)\. 


Thus  x'or  equivalence  of  equations  (30.27)  and  (30.26)  it  is  necessary  and 
sufficiently  that  the  following  conditions  be  satisfied: 


r 


( 


*Q„  (*)  *=  1  —  («>. 

P.(0)=  1  H  I|PaM)l|<I. 


(50.50) 


where  e  is  a  parameter. 

If  conditions  (50.30)  are  satisfied  then  equation  (30.27)  can  be  solved  by 
the  method  of  successive  approximations  and  its  solution  coincides  with  the 
solution  of  initial  equations  (30.16).  So  that  the  process  of  successive 
approximations  yie' ds  a  solution  as  fast  as  possible  it  is  necessary  to  select 
polynomial  Pn(e)  in  such  a  manner  so  that  the  norm  of  operator  Pn(A)  is  as 
small  as  possible.  This  can  be  reached  from  the  following  considerations:  if 
the  interval  of  change  of  parameter  e  includes  the  entire  spectrum  of  operator 
A  then  the  norm  Pn(A)  will  not  exceed  the  biggest  value  of  Pn(e)  on  this 
Interval.  Therefore  for  the  construction  of  polynomial  Pn(e)  we  use  Chebyshev 
polynomials  as  was  done  in  [9]. 

The  Chebyshev  polynomial  deviating  least  from  zero  on  segment  [ —  1,  1],  has 
the  form  [10] 


TnW 


(n  arccosx)  = 


(x  4-  ’  »)"  +  (x  -  V'x-  -  »)" 

2" 


=  X*  +  an-iX1*-1  +  .  .  .  +  fl0. 


Converting  segment  f — 1,1]  to  segment  [m,  M],  we  find 


x  =  ae  +  b 


2  M  -f  m 

M  —  m  M—m 


Passing  in  polynomial  Tn(x)  to  \'e  new  variable  e,  we  obtain 


(30.31) 


r„(ae  +  b)  =■•  a"e"  +  . . .  +  a0  +  +  a^p-'  +  •  •  •  +  afi  = 

In  order  to  satisfy  condition  Pn(0)  =  1,  it  is  necessary  to  set 


?«(*)  = 


Tn(oe  +  d) 
TAb) 


20-1 


(30.32) 


Assuming  =  f  we  find 


Dimensions  of  the  current  carrier  cross  sections  D1  exceed  d^8  and  inequality 
(30.22)  is  not  satisfied 

V-3.55IO‘»TS5LFr-9.l7.!0‘. 

Therefore  the  usual  process  of  successive  approximations  for  solution  of 
the  equation  will  not  apply. 

Let  us  use  the  above  mentioned  method  for  obtaining  a  cor'-ergent  process. 
Considering  n  =  1  in  formulas  (30.30)  and  (30.35)  we  have 


P  (m\‘—  I  _  *  •  O  M  ~  «  2 

Pl(e)-  Af+T*  Ql(e,_  e  M+l 


(30.35) 


Substituting  these  values  in  equation  (30.27)  we  obtain 


E  =  Pl(A)E  +  Q^f  =  £-  (AE  -  f) 


where 


:  akKE  +  aJE  +  bj. 


(30.40) 


2X* 

M  +  1  ’ 


M- l 

a*~  M+l  '  ’ 


2 

M+  1 


(30.41) 


We  write  the  norm  of  operator  P^(A) 


1  M  — ! 


|i|  M+l  %0-95- 


Obviously,  convergence  will  be  slow  and  for  production  of  a  result  with 
small  error  it  is  necessary  to  perform  a  large  number  of  iterations. 

Let  us  consider  the  iterative  process  when  n  =  2. 


P,(e)  -  1  +  8e 


•  —  M  —  m 
M*  +  6Alm  ■+•  ms  ; 


n  o  M  +  m—t _ 

Q*(e)-»  Aft  +  mm  +  m* 


(30.42) 
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Substituting  in  equation  (30. ?7)  we  find 


Bm)  =  £<«-!)  +  Y  [A  —  —  —  f)  i. 

where 

Y„ _ i . . 

y  M*  +  6AI  +  t  * 

Substituting  here  AE  =  E  +•  i,*KE.  we  obtain 

P*  -  -  yX*(/W-  1)/C£t'"_,,+(I  -■vAf)^w“,)  - 

-  vX*/C/  +  >M/  =  +  a1/C£(-,»  +  +  6,/C/  +  6o/. 


We  write  the  norm  of  operator  Pg(A) 


li  P*  (v4)  || 


l 

-|T,(d}| 


1 


1  + 


8M 

(M —  1)* 


0,825, 


Consequently  to  obtain  a  result  with  the  same  accuracy 

as  for  n  =  1  we  now  require  almost  **  times  fewer  iterations.  However  the  duration 

of  each  iteration  will  be  twice  as  great  as  for  n  =  1  since  it  will  be  necessary 

o 

each  time  to  model  the  term  K  E. 

It  is  conveniently  to  perform  simulation  on  two  identical  models  of  an 
unlimited  conducting  sheet  —  electrointegrators  with  identical  modelling  element. 
Joining  sources  of  current  to  points  of  the  first  model  within  the  limits  of 

i  « 

sections  and  D2,  corresponding  to  the  sections  of  the  current  carriers  and 
D0,  the  current  in  the  sources  is  set  proportional  to  .  The  potential  of 

c  a 

the  field  of  current  in  the  model  will  here  be  proportional  to 

f  £<"-•>( AT)  In  —  dN. 

J  ruN- 


Having  measured  the  values  of  potential,  a  current  proportional  to  them  is 

If  II 

established  in  the  sources  connected  to  the  same  points  of  sections  and  D2 
on  the  second  model.  The  potential  on  the  second  model  will  be  proportional  to 
To  obtain  the  term  IOE^7~l)  =  K\KE^~1^)  it  is  necessary  to  repeat 


M  H 


mmmmm 


«|mu 


the  operations  on  models.  Measurement  of  potential  on  the  model  should  be  made 
with  respect  to  a  point  at  infinity,  i.e.,  with  respect  to  the  center  of  the 
lower  sheet.  Only  in  this  case  will  the  total  flux  O(Q),  linked  with  the  filament 
of  current  at  point  Q  be  taken  into  account.  The  sum  of  currents  in  the  current 
carriers  of  tin.  line  is  always  equal  to  zero.  Therefore  the  voltage  between 
any  point  cf  the  model  and  a  point  at  infinity  is  limited. 

Simulation  is  carried  out  until  we  obtain 

e(«)  c<«—  l) 

~  Cl 

After  termination  of  the  process  of  simulation  on  models  it  is  easy  to  measure 
not  only  values  of  2&  and  tut  also  all  the  remaining  quantities  of  interest 
when  designing  a  current  carr  er.  Supplying  each  cross  section  of  a  system  of 
current  carriers  on  ele^trointegrator  from  its  own  cross  section  of  buses,  it 
is  possible  to  measure  the  integral  magnitudes  characterizing  the  resistance  and 
conductivity  of  the  system  of  current  carriers.  Simulation  can  be  performed 
on  a  single  electrointegrator.  Here  it  if  necessary  to  record  at  every  point 
of  sections  and  Dg  all  intermediate  values  of  results  of  measurements  of 
potential. 

§  31.  Computer  Calculation  of  Parameters 
of  a  Three-Phase  System 
of  Current  Carrier 

The  thickness  of  the  wall  of  industrial  current  carriers  usually  does  not 
exceed  the  depth  of  penetration  of  tnt  electromagnetic  wave  and  varies  from 
1  to  2  cm.  This  circumstance  facilitates  application  of  a  numerical  method  of 
calculation  of  the  field  of  current  in  the  cross  section  of  current  carriers 
allowing  application  of  the  algorithm  presented  in  §  50  for  calculation  on  an 
electronic  computer.  Integration  over  the  cross-sectional  current  carriers 
may  here  be  replaced  by  summation  over  the  contour  of  the  center  line  of  the 
cross  section.  For  practical  calculations  with  replacement  of  the  integral  by 
a  sum  it  is  convenient  as  the  element  of  area  AS  to  take  a  square  with  side 
equal  to  the  thickness  of  the  wall  of  the  current  carrier.  Distribution  of 
density  of  current  along  the  direction  of  the  normal  to  the  external  contour  cf 
the  cross  section  of  the  current  carrier  can  be  approximately  taken  the  same  as 


( 


during  penetration  of  a  plane  wave  in  a  flat  conducting  wall.  With  computer 
solution  of  the  problem  time  is  saved  and  the  necessity  for  a  specialized  modeling 
dev'ce  is  eliminated. 

Current  carriers  of  a  three-phase  transmission  line  usually  are  disposed 
symmetrically  about  the  vertical  axis  either  in  one  plane  or  so  that  their  cross 
sections  fall  on  the  corners  of  an  equilateral  triangle.  So  as  to  reduce  the 
volume  of  calculations  and  to  economize  the  fast  store  of  the  machine  during 
composition  of  the  algorithm  we  will  use  symmetry.  For  this  we  shall  divide 
the  three-phase  symmetric  operating  conditions  of  the  line  into  two  single-phase 
consisting  of  a  set  real  components  Eq&  of  emf  in  phases  of  the  line  (I 
regime)  and  from  a  totality  of  imaginary  components  E0p  (II  regime) .  Let  us 
take  emf  EQ  in  the  second  phase  equal  to  one  [3): 


I  regime:  £0tl  =  — J-,  £o,2  =  1,  £ou  =  —  y , 


(31.1) 


,  e  .  V*3  -  nr  .  K  3 

12  regime :  Copi  =  l  -y  ,  Cop?  =  U.  CopJ  =  — » — g— 


(31.2) 


Equations  (30.16)  are  altered  thus: 


I  regi-e-  |£*' <Q> 

'  l  E9l(Q)  =  kTE» 


(31.3) 


II  regime:  +  ^  =  £»«& 

l£u(Q)  =  -XT£p:. 


(31. M 


All  quantities  entering  into  these  equations  are  symmetric  relative  to  the 
vertical  axis.  Will  designate  quantities  on  the  left  side  of  the  axis  of  symmetry 
by  the  sign  on  the  right  we  leave  the  designations  unchanged:  D  and 

Dn  —  areas  of  cross  sections  current  carrjers  to  the  left  and  right  of  the 
axis  of  symmetry  respectively  (Fig.  6l) 

We  ha ye 

J  In rQ.M.dQ*  =  rQMdQ;,  j  In  rQ. MdQ*  =  |  In  rQM.dQ.  (31.5) 


For  1  regime  E(M*)  =  £(Af); 


(31.6) 
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Fig.  61. 


for  II  regime  E(M*}= — E(M). 


Let  us  convert  the  expressions  for  operators  T  and  T  taking  into  account 
fhese  conditions  of  symmetry: 


for  I  regime 


T,£  »  ^ £ (Af)  ^ In rQM  —  ~  Inr^dQ^j  dM  = 
b  b 

^*E(Af*)  ^InrQA(*  ^  ^lnr^.dQ*  - 

+  J  £  (Af)  ^In  rQM— ~  J  In  r^dQ*  —  In  rQMHQj  dM  = 

^ (Af)  ^ In rQnSQM  -Q-  j  l nrQH‘rQN<tQ'j  dM, 


T[E  «  KtE  =  J  £  (tf)  K{  ( Q ,  N)  dN, 

On 

%AQ>  W  —  J*  (^nrMN'rM'N  ~Q~  ^  ^nrMN‘rATN^^  j 

^  (  ^rou'rou»  r\  (*  dM\ 


for  If  regime 


ra£«  f  £  (Af)  In  — — -  dM , 

jJ.  r**‘ 


(31.10) 


Tf£  .  K2E  -  C  £  (AO  /C2  (Q,  /V)  dtf, 


8, 


*.«?.  If)-  fin  JO- In  ^2. 

•J  r3M»  rM'H 


(31.11) 


dAf. 


In  these  expressions  it  is  assumed  that  during  integration  with  respect  to  M 

*  * 


in  D  symmetric  element  of  area  M  passes  the  entire  cross  section  D  .  Let  us 

O 

replace  equations  (31.3)  and  (31. *0  by  their  equivalents  as  was  done  in  (30.27). 
During  computer  calculations  the  number  of  iterations  may  be  alloweu  to  be  very 
large,  therefore  as  polynomiaiPn(/t)we  select  a  polynomial  of  first  degree. 
Equivalent  equations  have  the  form: 


^  *  £  10)  - 

Af+1  fc(£}W) 


M  +  1 


i  rr  J  F 

a)  (;i) 


+  M  4-  i  £(Sj){Q>' 

£(si)(Q)=(±)xr(i)£(^)- 


(31.12) 


Subscripts  in.  parentheses  above  pertain  to  the  first  regime,  below  —  to  the 
second. 

The  algorithm  of  solution  of  equations  (31.12)  will  be  such: 


*is)(® 


Ta(®_£(»W1' 
2  r 


+ 


"JT+T  ($) 


(Q). 


(31.13) 


For  determination  of  the  upper  boundary  «<i)  of  the  spectrum  of  operator  A  we 
use  inequality 


(51.14) 


M§<  1  +  **  ]/  £  J  i «?•  N)  i 1  d(*dN- 

Summing  components  E„  and  E  of  both  regimes  we  obtain  the  cross-sectional 

a  p 

distribution  over  cross  sections  of  the  current  compressing  the  intensity  ££ 
of  the  symmetric  three-phase  regime,  £ ^  -  coinciding  in  phase  with  external 
voltage  £_,.  applied  to  the  second  phase  and  —  leading  £,,  by  — . 

vi*  p6  aS  O 

Integrating  £  and  £  over  the  cross  section  of  second  phase,  we  find 

pi 

the  active  and  reactive  components  of  current  in  second  phase 


(51-15) 


If  cross  sections 
of  an  equilateral 
length  of  current 
thus : 


of  the  current  carriers  are  located  symmetrically  in  the  corners 
triangle  then  the  active  and  reactive  conductance  of  a  unit 
carrier  of  one  phase,  for  instance  the  second,  are  defined 


(51.16) 


The  total  conductivity  of  a  unit  length  of  current  carrier  of  second  phase  is 


ya  =  v~8^  +K  =  v  + 1%  =  4 


(51.17) 


The  resistance  of  unit  length  of  current  carrier  of  recond  phase 


n  1  12  »  X02—  12  i/2 

*«*n  IfH  ‘{,2 


V  ,  _  1 
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Algorithm  of  solution  (31.13)  was  computer  programmed.  The  program,  intended 

for  use  of  only  the  fast  store  of  the  machine,  consists  of  five  main  parts  each 

of  which  executes  an  independent  function:  leading  part,  calculation  of  norm, 

calculation  of  K  (Q,  N)  and  E(Q)  for  I  regime,  calculation  of  Kp(Q,  N)  and  E(Q) 

1  c- 

for  II  regime  and  calculation  of  parameters.  Leading  part  of  program  introduces 
initial  data  and  controls  count.  Initial  data  are: 

a)  coordinates  of  points  x  and  y  of  center  line  of  cross  section  of  wall 
of  current  carrier  selected  at  identical  intervals; 

b)  parameter  X  =  j iy/,  depending  on  frequency  of  current  and  properties  of 
material  of  current  carrier; 

c)  external  voltage  EQ,  per  unit  length  of  current  carrier  of  each  phase; 

d)  v  —  thickness  of  wall  current  carrier; 

e)  accuracy  of  calculations  e,  achievement  of  which  terminates  iteiative 
process. 

For  calculation  of  norm  and  K(Q,  N)  it  is  necessary  to  calculate  a  series 
of  integrals  of  the  form 


where  r  —  distance  between  points  of  different  cross  sections.  Let  us  present 
the  first  of  integrals  (31.19)  in  the  form  of  a  sum  of  two  integrals 


where  AD  =  +  2A£)j  —element  of  area  in  which  points  M  and  Q  coincide  (Fig. 

62). 
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We  will  replace 


f 

J  .  „  rQir 


dM  with  a  finite  sum  and 


&D  r<1M * 


D.-tD 


dM  we 


calculate  in  the  following  way: 


ad  ad  ad. 


%  2n 


Un^M  y&h 


f' i^?r 


+  A(v 


Fig.  62. 


*  ~  { [2 ln  V(xM.  -  XQ)'  +  lyM.  -yQ)*  )*  +  ^ln 
“  2  (,n¥“  !)  “  -xQ?+  (yM.  -  yj  •  (in  -  l)[  + 


(>1.20) 


+  (v  —  A)  h  In* 


4V(*m»— v* + &m>—  yg)* 


v  +h 


Here  square  ADj  is  replaced  by  a  circle  of  the  same  area.  Consequently  the 


integral  can  be  written: 


—  2^1n^-—  1  j  —  4!n  V  (xM,  —  xQ)*  +  (yM,—  yQY  —  1  j  -f 

-  +  4  (In  V (xM,  —  xQ)'+  (yM,  —  yQ>*)*|  + 

. +  &<*•-*<? 

+  (v  —  A)A!n»- - - 

The  remaining  integrals  (>1.19)  are  calculated  analogously. 

The  operational  scheme  of  the  program  has  the  form 


(>1.21) 
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Here  the  operators  have  following  meaning: 

Sq  —  introduce  program  and  initial  data; 

P1  —  determine  if  all  variants  are  counted; 

3,  —  dispatche  initial  data  of  the  i-th  variant  to  the  working  field; 

0.  —  form  a  series  of  instructions  for  realization  of  dispatching  of 
initial  data  of  the  i  +  1-th  variant; 

Ljj  —  calculate 

Af-I  2X»  . _ ? _ . 

a°~  Ai'-fT*  l~  Af+1  *  0  M  +  l  ' 

—  determine  for  all  points  Q  if  Kg(Q,  N)  of  II  regime  calculated; 

3#  —  select  Xq^  i/q)  xn  ,  yN  from  array  of  points  Q  and  array  of  points  N; 

Py  —  determine  for  all  points  N  if  Kg(Q,  N)  is  calculated;  of  II  regime; 

3$  —  select  Xff ,  yNi  from  array  of  points  N; 

Lg  -  calculate  Kg(Q,  N); 

L10  -  calculate  Kr£l$\ 

L11  ~  calculate  £p2(Q)  of  II  regime; 

]?12  —  determine  if  inequality 

\E$'(Q)-E$-X)  (Q)\<r, 

is  satisfied,  simultaneously  for  all  values  of  Q; 

L12  ”  calculates  Eag(Q)  °f  regimes; 

P11(  —  determine  for  all  points  Q  if  K^(Q,  N)  of  I  regime  is  calculated; 

—  select  jcQ/,  y^',  xNt,  ys  from  array  of  points  Q  and  array  of  points  N, 
P^g  —  determine  for  all  points  N;  if  K, (Q,  N)  of  I  regime  is  calculated; 
3(7  -  select  xNi,  yN(  from  array  of  points  N; 

Ll8  —  caIcuIates  K^Q,  N); 

L19  -  calculate  K\E^\ 


:ir» 


L^o  —  calculate  EWQ  I  regime; 

P2i  —  determine  if  inequality 

|£iT,(Q)_£<r',(Q)|<e 

is  satisfied  simultaneously  for  all  values  of  Q; 

L22  -  calculate  Epl(Q)  of  I  regime; 

L23  ~  calculate  E^Q),  E^(Q),  /,.  /p.  |  £(Q)j .  arg  £{Q).  r0,  x0,  z0. 
flu  —  stop  operator 

If  the  cross  sections  of  the  current  carriers  are  not  symmetric,  parameters 
of  an  ro-phase  system  of  current  carriers  are  arbitrarily  understood  to  be  the 
proportional  factors  between  currents  1^  in  the  current  carriers  and  tl. ..  voltage 
drops  referred  to  a  unit  length  of  current  carrier  ukQ  in  circuits  consisting 
of  two  wires  of  which  is  taken  as  a  reference  for  the  entire  system 


— Edv  — *  Eqq  (k  —  1 ,  2,  ...  ,  tn  I). 


(31.22) 


Considering  that  the  total  current  zero,  we  can  write 


“10  =  I 1*11  +  4?  11  +  •  -  .  + 


Um—t.O  —  / l*m— 1.1  +  1,2  +  •  .  •  +  An— I  Zm-l.m— 1- 


(31.23) 


These  relationships  interconnect  the  currents  in  the  current  carriers  of  a  system 
with  voltage  drops  in  the  circuits.  Considering  them  as  equations  for  the 
determination  of  (m  —  l)5  unknown  parameters  z^  we  conclude  that  for  determination 
of  all  parameters  in  general  it  is  necessary  to  calculate  alj  currents  and  voltage 
drops  of  the  (m — 1)  different  operating  conditions  of  the  current  carrier. 

For  a  three-phase  system  of  current  carriers  it  is  sufficient  to  compute  two 
different  conditions 


“,o  —  4*i,  4*ir  uio  —  4*u  ^"4*i r 

UX  "f"  4*22'  UJ0  =  4*2I  4*22' 


Solving  this  system  with  respect  to  unknowns  z^,  we  find  them. 


(21.2*) 
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CHAPTER  V 

MODEL  FOR  INVESTIGATION  OF  VOLUMETRIC  FIELDS 
§  32.  Difficulties  of  Modeling 

The  most  effective  means  ox'  determination  of  a  volumetric  static  field  is 
its  modeling  in  an  electrolytic  bath  or  in  a  volumetric  grid  with  a  dc  field. 
However  during  modeling  the  appear  defined  difficulties  connected  with  nonuniform 
field  intensity.  For  solution  of  one  or  other  technical  problem  usually  it  is 
sufficient  to  know  the  field  in  a  small  volume,  in  that  part  of  it  whicn 
determines  characteristics  and  properties  of  the  electromagnetic  arrangemen’  ing 
designed.  But  then  in  this  volume  qualities  characterizing  the  intensity  of 
the  field  have  to  be  determined  with  sufficient  accuracy.  This  means  tnat  the 
scale  of  modeling  must  be  relatively  large. 

The  field  of  the  object  spreads  out  without  limit,  occupying  ail  of  the 
surrounding  space.  In  order  to  model  only  a  part  of  it,  it  is  necessary  on  the 
boundary  of  the  model  to  carry  out  the  same  threshold  conditions  whicn  take  place 
in  the  actual  field  of  the  object  on  the  imagined  boundary  of  the  volume  cf  the 
modelled  part.  To  find  values  of  quantities  characterizing  field  intensity  cn 
some  surface  is  just  as  difficult  at  any  other  place.  Therefore  it  is  necessary 
to  model  large  volumes  of  the  field  trying  to  approach  the  natural  boundary 
conditions,  i.e.,  to  ensure  in  the  model  disappearance  of  the  field  at  its 
boundaries.  Dimensions  of  the  model  are  always  limited  and  the  meu^iiiv  scale 
must  be  selected  very  small.  In  this  case  the  model  the  section  of  tne  field 
which  is  of  interest  also  becomes  small,  the  accuracy  of  modeling  ana  the 
accuracy  of  measurements  on  the  model  drop  sharply. 

In  separate  cases  it  is  necessary  to  model  the  field  In  a  rel'-t.v«  ly  large 


« 


c> 


scale  in  a  region  of  such  large  dimensions  that  it  becomes  immediately  impracoicie 
to  construct  a  model  the  entire  field.  It  is  necessary  to  model  the  field  in 
sections.  Here  the  problem  of  preliminary  detecting  of  boundary  conditions  on 
the  boundaries  of  the  sections  again  arises. 

Let  us  define  an  element  of  unlimited  space  as  a  mentally  a  region  of  finite 
dimensions  deliniated  within  it.  The  element  can  constitute  a  volume,  a 
section  of  surface  or,  finally,  a  segment  of  a  line.  Difficulties  with  guarantee 
of  conditions  on  the  boundary  of  the  model  would  disappear  of  themselves  if 
the  volume  of  the  model  (or  at  least  its  part)  possessed  properties  of  an 
element  of  unlimited  space  similar  to  it.  In  distinction  from  the  mental 
boundary  of  an  element,  the  boundary  of  the  model  is  always  the  physical  interface 
of  two  different  media.  The  field  of  sources  in  the  model  is  reflected  from  its 
boundary,  the  reflected  field  falls  on  basic  field  and  the  resultant  turns  out 
to  be  different  from  che  field  of  the  same  sources  in  a  similar  element  of 
unlimited  space.  Thus  the  boundary  of  the  model  (wall  of  electrolytic  bath  of 
boundary  of  a  grid)  introduces  a  distortion  in  the  modelled  field.  It  is  of 
great  interest  tc  construct  a  model  for  modeling  a  field  whose  volume  would 
possess  the  properties  of  the  corresponding  element  of  unlimited  space.  No 
attempts  has  been  made  to  construct  a  model  in  which  the  field  of  sources  would 
not  be  distorted  by  mapping.  The  orignal  work  of  Bogolyubov  and  Shamayev  [5,  6] 
containing  a  description  of  the  models  —  an  electrolytic  bath  with  semiconducting 
walls  —  and  L.  V.  Nitsetskiy  [17]  on  grid  attenuators  for  baths  are  well  Known. 
However  all  earlier  constructions  are  technically  difficult  to  realize  or  costly 
to  manufacture  and,  most  important,  are  not  universal  since  their  properties 
depend  on  the  location  of  sources  in  the  modelled  field. 

Below  are  expounded  the  principles  of  construction  of  electrolytic  baths  — 
models  of  elements  of  unlimited  space.  The  mapped  field  in  such  models  in  a 
defined  region  of  their  volume  is  small  for  any  distributions  of  sources  of  tr.e 
modelled  field  and  properties  of  the  medium  filling  the  model.  The  following 
problem  is  posed  and  solved:  find  the  form  of  the  surface  of  walls  of  the  model 
ana  tneir  structure  ensuring  an  expedient  minimum  of  distortions  of  the  modelled 
field  in  given  region  D,  independent  of  the  location  of  the  field  sources  and 
properties  of  the  medium  in  which  it  must  be  modelled.  As  will  be  evident  from 
what  follows,  such  a  formulation  of  the  problem  is  correct  anc  problem  has  a 


unique  solution  if  a  metric  <s  selected  in  which  distortion  is  minimized. 

Eefore  going  on  to  a  solution  of  this  problem  let  us  present  a  derivation 
of  the  necessary  relationships. 


§  32.  C-reen1  s  Theorem 

The  theorem  of  Gauss  can  be  formulated  in  such  form: 


t 


EndS= 


Jdiv£d7. 


(22.1) 


Here  V  —  volume  bounded  by  closed  surface  Sj  En  —  normal  component  of  vector  E 
on  surface  S. 

We  set  E  =  grad  <p»  where  ^  and  <p  are  arbitrary  scalar  functions.  We  have 


div tpgrad <p  =  grad  y grad  <p  +  i{>A<p, 
W  grad  q>I*  = 

placing  these  values  in  the  formula  of  Gauss  we  obtain 


**  J  grad  ^  grad  yeti'  +  J  ^AcpdV. 


Substituting  now  E  =  <P  grad  4>.  We  have 

div  qigrad  $  =  grad  grad  \p  -f  <pAi|>, 


[«pgrad^J„  =  yQ, 


f 


rfS  ~  f  grad  9  grad  $dV  +  J  «pAt{:dV. 


(22.2) 


(22.2) 


Subtracting  equation  (32.3)  - £  ->m  (23.2)  we  obtain 

I*®”  [lH>A<p-«pAH>]dK.  (33.4) 

Instead  of  v  we  take  a  centrally  symmetric  solution  of  the  Laplace  equation  — 
function  1/r,  where 

r  »  V  (x  —  xtf  +  {y  —  y0)*  (z  —  «,)*. 

At  r  =  0  it  undergoes  a  break,  therefore  in  order  to  apply  formula  (23.10>  we 
separate  point  (x,  y,  z'-  where  r  =  0,  surrounding  it  with  a  sphere  of  small 
radius  r^. 


( 


lj^(7)b=f|7S-*Jr(7)j*+ 


On  small  SDhere  AS  or  radius  r. 


cHp _ dq>  d  /  1 

dn  ~  dr  '  dn  S  r 


Kr)-7r 


Therefore  with  contraction  of  surface  AS  to  point  (x,  y,  z)  in  the  limit  we  obtain 

AS  AS 

£$*£(7) ds  -  = 

AS  AS 

Here  3©/ir  and  9  are  mean  values  on  surface  AS  of  5©/dr  and  ®. 

1  onsioering  that  A^l/r)  =  0  and  substituting  values  of  limits  in  formula 
(55.^  >  we  obtain  the  well  known  Green  formula  [21-1 


*<*•»• *>  -  -  -k  J t-  dV+ £<$[  7^-  -fk  (7) 


(55- 5' 


If  point  (x,  y,  z)  lies  outside  of  volume  V  then  the  left  siae  of  this  formula 
becomes  zero.  Green’s  theorem  (55.5)  shows  that  potential  ©  (function  having 
continuous  second  derivatives  inside  closed  surface  S)  is  fully  defined  at  every 
point  of  the  space  limited  by  this  surface  if  we  know: 

1)  density  of  field  sc-.>  •= .-  +  (£©  -  -£■)  at  every  point  of  volume  V:  here 

p  —  volumetric  charge  density; 

2)  value  of  function  ©  at  every  point  on  surface  S; 

5)  value  of  derivative  with  respect  to  normal  5©/5n  at  every  point  of  surface 


In  order  to  clarify  tne  meaning  of  integrals  in  formula  (55.5)  we  will 
consider  the  field  of  a  system  of  two  equal  charges  q  of  opposite  sign  located 
at  distance  i  from  each  o^her.  Vector  p  =  u”  is  called  the  electrical  moment  of 
such  a  system,  vector  l  is  considered  directed  from  charge  -q  to  +q.  If  without 
limit  we  bring  the  charges  together,  preserving  a  constant  moment  p,  then  at  the 


limit  we  obtain  a  dipole.  The  potential  of  a 
dipole  at  arbitrary  point  M  equals: 
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M  4ne  \  rk  rtj 

*♦« 4ne  r^2 

^  But  as  can  be  seen  from  Fig.  63b 

Fig.  63.  lim^-r^/cos*.  Umrtr,  =  r>. 

consequently 

w(M)=  q  lc0iB  =  Pcos9  =  P  cos  M) 

4ne  r*  4  nw1  4ner* 

We  return  to  the  Green  formula  (33.5).  We  have 


JL(±\  =  A  (l\dJL  _  _  LdJL 

drt  [  r  J  dr  r  J  dn  .  r*  dn  * 


From  Fig.  63a  it  is  evident  that 

dr  .  Ar  . 

s-iSs— “*• — c°s<'-’>- 

Consequently 

*  /  1  \  COS  (f,n) 

dn  l  r  )  r*  * 


*(r) 


Potential  <P  in  general  satisfies  the  Poisson  equation 

A<p  =  —  — . 

s 

Considering  this,  formula  (33.5)  can  be  altered  thus: 

- = J  sr1+ 5T^7  ■ •  S«  • <« 

Let  us  assure  that  S  is  the  surface  of  the  conductor  (sg  =  00),  then  or.  it 
a*  =  c  -  const 

t  S+&S  AS  J 


(33.6) 


(33.7) 


Here  AS  is  a  sphere  of  small  radius  r^  with  center  at  DOint  (x,  y,  z)  where  r  =  0. 
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Consequently  in  this  case 


.  ,  I  CodV  ,  1  CodS  , 

"iij  — +4H74>— +  c’ 


(55. S) 


potential  <p  consists  of  potential  <p-.  field  cf  charges  by  density  p  distributed 
in  volume  V 


QdV 
r  * 


(53.9) 


and  potential  9g  of  field  of  charges  of  surface  density  c  induced  on  conducting 
surface  S 


.  ^odS  , 

+-m<$>-r+c- 


(33.10) 


Potentia’  9g  Is  called  the  potential  of  a  simple  layer  of  charges. 

Let  us  assume  now  that  S  will  be  the  surface  of  an  ideal  dielectric  with 
s  =  0,  then  on  it  d<p/3n  =  0  and 


(33.11) 


Magnitude  e<PdSmay  be  regarded  as  the  electrical  moment  of  a  dipole  at  a  point 
on  the  surface  S.  Then  the  integral  over  S  will  constitute  the  potential  of  a 
double  layer  of  induced  dipoles  on  the  boundary  of  a  dielectric.  Moments  of  the 
dipoles  are  directed  normal  to  surface  S. 

If  S  is  the  interface  of  two  dielectrics  with  different  permeabilities 
^  Eg,  0  <  e  <  oo,  then  it  will  exist  both  a  single  and  a  double  layer  of  charges. 


§  34.  Formulation  of  the  Problem  of  Construction  of  a  Model 
Element  of  Unlimited  Space 

We  return  now  to  the  problem  stated  in  §  32.  Let  us  apply  the  analogy  of  a 
dc  field  in  a  conducting  medium  to  un  electrostatic  field  in  a  dielectric  and 
following  presentation  we  will  conduct  in  electrostatic  terms  [34]. 

Let  us  consider  a  bath  with  in  .ulating  walls  filled  with  a  medium  of 
specific  conductivity  >.  To  different  points  in  the  medium  are  supplied  currents 
or,  as  we  have  stipulated,  in  the  medium  are  distributed  sources  with  density  p. 
The  conductivity  of  the  bath  walls  is  zero,  therefore  using  formula  (33.11)  we 
can  write  an  expression  for  potential  9  at  any  point  (x,  y,  z)  of  volume  V  of 


bath  of  limited  surface  area  S  of  its  walls: 

+rnffFrndS-  (>h-1 

Here  n  —  vector  of  external  normal  to  surface  S 

r-V  ^-Xo)*  +  (y-y.),  +  (^-^o),- 

If  in  the  bath  there  is  ?  free  surface  of  electrolyte  S^,  then  during  integration 
should  understand  S  to  be  the  surface  of  the  walls  of  the  bath  plus  its  mirror 
image  in  free  surface  S 1  and  V  to  be  the  volume  limited  by  the  surface  of  the 
w>  11s  and  its  mirror  image  (Fig.  63a). 

From  formula  (34.1)  it  is  evident  that  no  simple  layer  of  charges  appears  on 
the  insulating  walls  of  the  bath  and  the  field  in  the  bath  is  distorted  only  by 
the  double  layer  of  induced  dipole.  Our  objective  is  to  decrease  the  potential 
of  distortion  introduced  by  the  walls  and  to  achieve  a  potential  which  differs 
as  little  as  possible  from  the  potential  of  the  field  of  sources  p.  Noting  that 
the  second  integrand  in  formula  (34.1)  is  proportional  to  the  value  of  potential 
<p(Xq,  yQ,  z0)  on  the  walls  of  the  bath,  we  will  try  to  compensate  the  second 
integral  with  potential  of  an  artificially  created  simple  layer  of  charges  on  the 
walls.  This  can  be  done  as  follows:  «.  ver  the  insulating  walls  a  metallic  housing 
is  placed  on  the  bath  and  in  the  walls  are  drilled  small  holes.  Each  hole, 
after  being  filled  with  the  conducting  medium  poured  into  the  bath  will  connect 
the  internal  volume  of  the  bath  with  the  metallic  housing  and  play  the  role  of  a 
surface  charge  Aq  since  to  it  lines  of  f]ux  will  converge.  Let  us  take  the 
potential  of  the  housing  equal  to  zero.  Then  the  magnitude  of  such  a  charge  will 
also  be  proportional  to  potential  <p(x0>  y^,  zQ)  and  equal  to 

A<?  «=  —  <P  (*0.  9*  *o)  So* 

where  gQ  —  conductivity  of  column  of  medium  filling  the  hole. 

If  holes  in  the  walls  are  made  sufficiently  frequent  then  their  action  is 
as  close  as  to  the  desired  action  of  a  simple  layer  of  charges  with  surface 
density 

—  <P£Y  = 

where  g^  -  conductivity  of  holes  present  on  a  unit  surface  of  the  wall.  Potential 
<Pq(x,  y,  z)  caused  by  the  influence  of  holes  has  the  form 

*<«■»•*>- =  **•  Ok.2 
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The  resultant  potential  now  will  be: 


*<*•»•' »  - srv J f dV +  7 (7 u  - <)■ dS  -  *■- +  *• 


(3*. 3) 


.  *  r?*L 

fl  4«yJ  '  ’ 


(^.4) 


<P^  —  potential  of  undistorted  field  of  sources 


(54.5) 


<P2  —  potential  of  distortion  introduced  by  walls  taking  into  account  the  influence 
of  holes  in  then.  Conductivity  of  holes  g  can  always  be  selected  such  that  at  a 
given  point  (x,  y,  z)  the  potential  q>2  becomes  zero.  Our  objective  is  to  make  q>2 
as  small  as  possible  in  all  points  of  the  given  region  D. 

The  integrand  in  formula  (34.5)  constitutes  the  product  of  potential 

<P(x0,  y0.  z0)  and  a  purely  geometric  quantity 

Potential  <p(xQ,  yQ,  zQ)  is  determined  by  the  sources  and  we  can  have  no 


effect  on  it.  However  we  can  change  the  magnitude 


1  /  1  dr  \ 
r  \r  dn  8) 


and  thereby 


effect  the  potential  of  distortion  q>2.  Tt  is  possible  to  decrease  q>2  by  increasing 
r,  however  this  is  inexpedient  since  it  will  lead  to  an  increase  of  dimensions 
of  the  bath.  There  remains  on  possibility  to  reduce  q>2  at  the  expense  of 


expression 


[ran  V 


depending  at  a  fixed  r  on  conductivity  g  and  direction 


of  normal  n. 


The  direction  of  the  vector  in  space  is  fully  defined  by  the  two  angles 
which  it  forms  with  the  coordinate  axes.  Consequently  it  is  possible  to 
decrease  potential  <P2>  influencing  on  three  magnitudes:  conductivity  g  and  the 
two  angles  of  determining  the  direction  of  normal  n. 

Depending  upon  the  character  of  the  solved  problems  during  modeling  of  a 
field  in  the  bath  we  will  select  a  suitable  form  of  region  D  -  element  of 
unlimited  space  -  and  metrics  in  which  it  is  expedient  to  look  for  minimum 
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distribution  of  <Pg  in  this  region.  Then  minimizing  the  functional  (norm  of 


quantity 


in  the  selected  metrics  with  respect  to  all  three  parameters 


at  every  point  (xQ,  yQ,  xQ)  we  find  the  distribution  of  conductivity 
g  -  g(xQ,  yQ,  zQ)  and  field  of  unit  normals  n°  which  in  turn  determine  the 
monoparametric  family  of  surfaces  S.  Given  by  the  dimensions  of  the  bath,  we 
select  from  this  family  a  suitable  surface  of  its  walls  and  find  on  it  the 
distribution  of  conductivity  g. 

Thus  solution  of  our  problem  reduces  to  finding  the  minimum  of  a  function 


depending  on  the  magnitude  of 


('  *  4 


We  designate 


§  35.  Basic  Geometric  Presentations 


1  dr 

T  dh=t^x'y'  *'  x°' tJo' ^ 


(55.1) 


and  consider  the  geometry  of  the  field  of  this  magnitude.  In  the  rectangular 
system  of  coordinates  (Fig.  64)  we  have 


r  (x  -  xtf  +  {y  -  yQ)'  +  (*-  z0)\ 

fr  _dr^dx0  |  dr  dy0  dr  dz0 
dn  dxe  dn  dy0  dn  +  dz0  dn  ’ 


dx* _ _  dy0  .  dz, 


dn  ~ cosa*  "5n’'“C0S^’  -a^-=C0SY  -  directional  cosines  of  unit  vector 


1°,  and  *!>_£=*•;  _ _ ;  «L 

0XQ  r  dy0  r  di r0  r 

expression  (35.1)  we  obtain 

(X— x0)cosa+(y—  y0)x 

X  cos  P-f(z--e0)  cosy 

r  dn  (x  —  xt)t+(y-y0)'+‘ 
+  (*  —  *o)' 


Placing  these  values  in 


Will  combine  the  origin  of  coordinates  with  point  (x0,  yQ,  zQ)  and  direct 
the  axis  oz  along  the  axis  of  the  dipole  (along  vector  n°)  then 

*=  y»  *=  Xo  =  o,  cos  a  =  cos  P  =  0,  cos  y  =  —  I . 

Using  the  axial  symmetry  of  field  e  we  will  consider  it  only  in  the  cross  section 
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Ilk 


Fig.  64. 


with  plane  y  =  0.  Ir.  this  plane 


Fig.  65. 


«  (JC.  2)  : 


—  2 


X*  +  2*  • 

Hence  the  equation  of  the  line  of  constant  values  of  e  will  be 


■'+('-i),=  (2r)’- 


This  is  the  equation  of  a  circle  with  center  at  point 


1 

2 C 


and  radius 


R  =-L 
—  2 C  * 


(35.3) 


Consequently,  in  space  of  the  surfaces  of  equal  values  of  e  will  be  spheres 
encompassing  one  other  and  touching  at  point  (xQ,  yQ,  zQ)  (Fig.  65).  Let  us 
assume  that  now  the  dipole  is  located  at  point  (xQ,  y0,  z (-))  and  its  axis 
(normal  n°)  will  form  with  the  axes  coordinates  the  angles  a,  0  and  Equation 
of  surfaces  of  equal  values  of  e  will  be  recorded  thus: 


_  (X  —  x„) cos a  +  tit  —  ffo) cos p-f  (?  — g0) cosy 
(X  —  xj*  +  [y  —  t/j*  +  (z  -  r0)* 


(35.4) 


or  after  elementary  transformations 


H+ ^) + (»-*+ #)'+ H+y)-  (i)*- 


(35.5) 


1 


t 

■  f 
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Hence  it  is  clear  that  this  is  the  equation  of 
a  sphere  with  ra  as 

K  =  (35.6) 

and  coordinates  of  center 

cos  a  cos  p 


2C 


yu~y o' 


2  C 


Let  us  assume  that  normal  n°  (axis  of  dipole) 
will  form  with  the  coordinate  axes  the  angles 
a,  0  and  •> .  We  extend  through  vector  n®  a  vertical  plane  and  project  segment 
AE  coinciding  with  vector  n°  onto  the  axes  ox,  oy  and  plane  xoy  (Fig.  66).  We 
have  AB  ■-  AE  cos  a,  AC  =  AE  cos  0, 


COSY 

**  “  *o  2  C 


(35.7) 


AD  =  AE  cos  —  —  j  =  4 £  sin  y, 


on  the  other  hand 

AB  =  AD  cos  0  =  AE  sin  y  cos  0;  AC  =  AD  sin  0  =  AE  sin  y  sin  8. 

From  comparison  of  these  segments  we  obtain 

cos  a  =  sin  y  cos  0,  cosp  =  sin  ysinO.  (35.8) 

Here  0  —  angle  between  plane  xoz  and  vertical  plane  in  which  lies  vector  n  . 

Placing  (35-8)  in  expression  (35.2)  we  obtain 


_  (x  —  x0)  sin  y  cos  9  -f  (y  —  yQ)  sin  y  sin  8  -f  (z  —  za)  cos  y 
(x  —  x#)*  +  (y  —  y0)*  +  (*  —  zj* 


(35.9) 


If  in  space  we  extend  a  plane  it  will  intersect  sphere  e  =  const  and  the  line  of 
intersection  will  obviously  be  a  circle.  Thus  for  instance  on  the  rlane  z  =  0 
the  equation  of  lines  of  equal  values  of  e  will  be  written: 

__  _  (x  —  x0)  sin  y  cos  9  -f-  (y  —  y0)  sin  y  sin  8  —  z0  cos  y  _  _ 

"  ~  (x  —  x0)*  +  (y  —  y0)*  +  a»  “ 

Hence  after  elementary  conversion 


^x  —  x,-f 


sinycosO  \*  ,  /  ,  sin  y  sin  0  \* 

— 2C - )  +(»-*'•+  — fe— )  = 


(55.10) 


This  is  the  equation  of  a  circle  of  radius 


r  \  / 


(35.111 


and  coordinates  of  its  center 


*«- V 


sin  y  cos 8  _  _  sin  y  sin  ( 

2  C  *  2C 


(35.12) 


§  56.  Model  with  Minimum  of  Average  Value  of  Absolute  Magnitude 
of  Potential  of  Distortion 

Let  us  consider  now  how  to  set  up  an  electrolytic  bath  ensuring  in  an 
assigned  region  D  an  expedient  minimum  mean  absolute  value  of  potential  of  the 
field  reflected  from  its  walls.  In  other  words  we  will  seek  the  form  of  the 
surface  of  the  walls  of  the  bath  S  and  the  distributions  of  conductivity  of  holes 
g  on  it  ensuring  the  possible  the  minimum  of  integral 


dS\dVu 


We  have  inequality 


Consequently 


(36.1) 


(36.2) 


(36.3) 


If  we  will  make  small,  then  we  thereby  guarantee  the  smallness  of  J.  Changing 
the  order  of  integration  in  expression  (36.3)  we  obtain 


(36.4) 


It  is  possible  to  decrease  integral  if  we  decrease  as  far  possible  each  of 


the  components 


Potential  |<p|  depends  on  the  location  and  magnitude  of  sources  in  the  bath  and  we 
are  not  able  to  affect  it.  Therefore  we  will  attempt  tc-  decrease  aJ^  only  at 


the  expense  of  a  decrease  of  integral 


7  f  a,  8  dV' 
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(36.5) 


which  may  be  viewed  as  the  value  of  potential  at  point  (xQ,  yQ,  zQ)  from 
fictitious  charge  Q  distributed  in  region  D  with  density 

I  dr 

Ql~  Tdh~  8 

It  is  possible  either  by  decreasing  to  decrease  potential  J2  the  charge  Q 
creating  it  or  by  increasing  the  distance  r  from  charge  Q  to  point  (xQ,  yQ,  zQ) 
on  the  surface  of  the  bath  walls.  As  already  was  indicated  an  increase  in  r 
is  technically  impracticable,  it  leads  to  an  increase  in  the  dimensions  of 
the  bath.  Therefore  we  will  decrease  charge  Q,  decreasing  thereby  potential  Jg. 
Actually,  applying  the  mean  value  theorem  to  integral 


o 


—  p  —  gldV^  —  Q, 
r  dn  *  |  r  * 

I  CJ> 


(36.6) 


we  see  that  J2  is  proportional  to  the  magnitude  of  integral  Q,  Here  rCp  - 
distance  from  point  (xQ,  yQ,  zQ)  to  one  of  the  points  of  region  D. 

Thus  the  problem  of  detecting  a  practicable  minimum  of  integral  J  has  been 
reduced  to  the  problem  of  detecting  of  minimum  at  every  point  (x0,  yQ,  z of  the 
simpler  integral 


Magnitude  of  integral  Q  for  a  fixed  value  of  r  depends  on  tne  magnitude  of 
conductivity  g  at  point  (xQ,  yQ,  zQ)  and  the  direction  of  the  normal  n°  in  it, 
i.e.,  on  the  magnitude  of  angles  y  and  0.  Let  us  try  so  to  order  these 
magnitudes  so  as  to  make  Q  minimum. 

Let  region  D,  in  which  is  necessary  to  obtain  the  least  distortion  of  field, 
in  other  words  an  element  of  unlimited  space  presented  as  a  limited  volume. 

Spheres  e  =  const  will  intersect  region  D.  Let  us  snow  that  the  integral  of  Q 

attains  minimum  at  such  value  of  g  at  which  sphere  e  =  g  divides  the  volume  cf 

region  D  into  two  equal  parts  ana  D  -  D^. 

We  will  call  that  part  of  volume  D  in  which  difference  (e  -  g)  is 
positive  in  the  remain  volume  (D  -  D^)  the  difference  (e  -  g)  is  negative.  Taking 

this  into  account,  the  magnitude  of  integral  Q  can  be  defined: 

<?“  =  j  (t—g)dV—  J  (t  —  g)dV.  (36.8) 

D  D,  O-D, 


K  . 
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rJc  j^iv'c  g  an  .*.1  *  — '  —a  s  c  *rxjg  ,  1  *  -ci  i  v  u  x  ume  xii  waxen  tne  uxi  mi  cncc  ^  £  —  g  i  xs 

positive  will  decrease  by  AV.  volume  (D  -  D.)  in  which  the  difference  is  negative 
will  increase  by  the  same  magnitude.  Integral  Q  takes  the  new  value 

<?i  «  Q  +  AQ,  =»  j  (e  —  g  —  Ag)dV  —  f  (e  — g— Ag)dV  = 

0,-AV  O-O.+ftV 

-  f  (e  — g)dV  —  J  (e-g)dV-2  f(e-g)dV-Ag(D,-AV)  + 

AV 

+Ag(D~D,+ AV)  *=  Q  +  Ag  (D  —  2D,)  —  2  £edV+2gAV+2AgAV. 


The  increase  is  expressed  by  the  formula 

A Q,  =  A g(D  -  2D,)  +  2gAV  —  2  £edV  +  2AgAV. 

Volume  AV  constitutes  a  layer  limited  by  two  spherical  surfaces  e  =  g  and 


(36.9) 


e  =  g  +  Ag.  The  mean  value  cf  £  in  volume  AV  with  an  accuracy  of  a  higher  than 
first  order  ini initesimal  obviously  equals: 

,  A  g 

«cp  =  *  + 

Conseauv  itl>,  for  small  Ag  we  may  set 


2j  edV  =  2ec?,AV  e  2gA  V  +  AgAV. 


Substituting  this  value  in  expression  (36.9)  we  obtain 

A Qy  s  Ag  (D  —  2D,)  +  AgAV. 


'36.10) 


Will  give  g  an  increase  -Ag,  then  volume  will  increased  by  AV,  volume 
(D  -  D^)  will  decrease  by  AV.  Integral  Q  will  take  a  new  value 

Qt  =  Q+  AQi  =  f  (e  —  g  4-  Ag)  dV  —  ^  (e  — g  +  Ag)dV  = 
o,+av  d-d,-av 

-=f(«  —  g)dV—  J  (e—  g)dV  +  2  f(e  —  g)dV+  Ag(D,4-AV)  — 

D.  D-D,  AV 

-  Ag(D  -  D,  -  AV)  =  Q  +  Ag  (2D,  -  D)  -  2gAV  + 

+  2  JedV  +  2AgAV, 

The  increase  AQg  is  written: 

AQt  =  Ag  (2D,  —  D}-~  2gAV  -f  2  £edV+2AgAV.  (36. li) 

Mean  value  of  e  in  volume  AV  in  this  case  has  the  form 
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and  consequently  for  small  Ag 


2  s  2gAV  -  AgAV. 

Substituting  this  value  in  expression  (36. 11)  we  obtain 

AQ.  s  Ag (2D,  -  D)  +  AgAV.  (36.12) 

Under  the  condition  that  D  =  2D^,  in  both  cases,  i.e.,  with  a  change  in 
conductivity  g  by  ±Ag  we  obtain  the  same  positive  increase  of  integral  Q 

AQ  =  AgAV. 

Consequently  integral  Q  attains  a  minimum  with  that  value  of  g  which  e  taxes 

on  a  sphere  dividing  the  volume  of  region  D  into  two  equal  parts. 

Knowing  the  equation  of  the  surface  limiting  the  volume  of  element  D,  always 

it  is  Dossible  to  express  the  magnitude  of  volume  D^  =  D/2  in  terms  of  radius 

R  and  coordinates  x  ,  y  ,  2  of  the  center  of  sphere  e.  =  g  tangent  to  the 
6  60S 

surface  of  bath  walls  S  at  the  point  (xQ,  yQ,  Zq) .  Considering  in  formulas 
(35.6)  and  (35-7)  C  =  g,  we  obtain  an  expression  for  the  radius  and  coordinates 
of  the  center  of  the  sphere 


2g  ' 


**  =  V 


sin  y  cos  8 

2 g 


yt  =  y0- 


sin  ysinS 


zt  =  z0~ 


cosy 

2g 


(56. 1?) 


As  can  be  seen  from  these  expressions  the  radius  of  the  sphere  and  the 
coordinates  of  its  center  are  functions  of  conductivity  g.  Expressing  the  volume 
of  region  D,  =  D/2  in  these  terms,  we  obtain  an  equation  relative  to  g.  Let  us 
assume  that  it  has  the  form: 


J  “  <**(£)• 


(36,141 


Solving  this  with  respect  to  g  we  find  the  magnitude  of  conductivity  at  which 
Q  reaches  a  minimum. 

Precisely  the  same  conclusions  can  be  drawn  in  the  case  when  element  D 
constitutes  a  section  of  a  plane  of  limited  area.  Spheres  s  =  const  interesect 
region  D  along  circles.  Integral  Q  attains  a  minimum  at  such  a  value  of  g  at 


% 
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Fig.  67. 


which  circle-  £  =  g  divides  the  area  of  region  D  into  two  eaual  parts  D^  and 
D  -  Dj.  The  proof  of  this  is  precisely  tne  same  as  in  the  prtceaing  case.  On 
Fig.  67  is  shown  a  geometric  interpretation  of  tne  essence  of  the  proof  for  the 
case  when  region  D  constitutes  a  segment  of  a  straight  line.  The  natenurei  cart 
is  the  volume  g,  the  shaded  part  the  Increase  of  g  wit,:  a  change  of  -Ag. 

Knowing  the  equation  of  the  contour  bounding  the  area  of  e leaser.*  D  it  is 
always  possible  to  express  the  area  D.,  =  D/2  in  terms  througn  o'r  tne  radius  ar.o 
coordinates  of  the  center  of  circle  e  =  g.  Substituting  C  =  g,  in  formulas 
(35.il)  and  (35.12)  we  obtain  an  expression  for  the  radius  and  coordinates  of 
the  center  of  this  circle: 


(56.15) 


Expressing  the  area  of  region  =  D/2  in  these  terms  we  obtain  an  equation  with 
respect  to  g 

Di  =^  =  ®{g)- 

If  the  form  of  the  surface  of  the  bath  walls  is  given  then  the  fixed  direction 
of  normal  rP  at  each  point  (xQ,  yQ,  zfi)  and  integral  Q  will  thereby  be  a  function 
of  conductivity  g  only.  In  this  case  determination  of  g  from  equation  (36.14) 


will  be  a  solution  to  the  problem  posed.  If,  moreover,  the  proble>m  of  detecting 


of  the  form  of  the  bath  wall  for  which  distortion  of  the  field  in  element  D  will 
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be  minimum  is  imposed,  then  it  is  necessary  to  seek  the  direction  of  normal  n 

(dipole  asix)  at  every  point  (xQ,  y0,  zc)  at  which  integral  Q  attains  a  minimum , 
This  can  be  done  as  follows. 


On  sphere  e  =  g  the  difference  (e  -  g)  changes  sign,  therefore  for  Q  we  may 


write 


^\t- g\dV  =  - g)dV -  J  (e-g)dV=,2^tdV- 

-^tdV-g(2Dl-D)  =  2^tdV-^tdV.  (56. 

Integral  K  is  a  function  of  parameters,  angles  >  and  6,  integral  i,dV 

moreover  is  a  function  of  the  boundary  of  region  a  section  of  sphere  t  =  g 
(or  arc  c  =  g  when  element  D  is  a  part  of  the  plane)  which  in  turn  is  a  function 
of  conductivity  g.  Considering  g  as  a  function  of  the  parameters  and  c,  found 
earlier  (56.14),  we  can  establish  the  equation  for  determination  of  values  of  , 
and  6  at  which  Q  reaches  a  minimum 

*  &  b,  g 


(56.16) 


(56.17) 


dv\tdV~  Iim  -D*-t-Ay _ £1 

_  I  AKaA  A  V 


=  Iim  ^7-  =  g. 
AK-* 0  AK  6 


(56.18) 


From  equation  (56.14) 

dg  dg  ' 

Substituting  these  values  *n  system  (56. 17)  and  replacing  e  by  expression 
(55.9) »  we  obtain 

2g'dg  '^  +  cosYcos8j~?^d^  -f  cos  y sin 8  J  ~  ^  dK— 

_sfnYJ-—^^=0, 

*8  ~s,n  Y s,n ^  +  sin  Y co$8 J*  0. 


(36.19) 


( 56.20) 
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Such  a  system  will  take  place  when  element  D  is  a  part  of  plane  z  -  0. 

Solving  system  (36.™)  relatively  to  ,  and  t>  we  find  the  direction  of  normal 
n°  at  every  point  (x^,  yQ,  zQ)  at  which  Q  is  minimum.  Thus  determining  the 
field  of  vectors  n°  in  space  it  is  easy  to  compose  differential  equations  of  a 
family  of  surfaces  orthogonal  to  them.  As  is  known  from  differential  geometry 


this  system  is: 


dz0  _  cos  a 

—  cosy 


=  —  tgycos8, 


jk. 


cosp 

cosy 


tg  y  sin  t. 


(36.21) 


Integrating  this  system  we  obtain  the  equation  of  a  one-parameter  family  of 
surfaces 

~  / (*t.  ifo.  C).  (36.22) 

Parameter  C  will  be  defined  if  at  least  one  point  (xQ,  yQ,  zQ)  is  given  through 
whic  '  it  is  desirable  to  conduct  surface  S  of  the  bath  walls. 

Thus  the  problem  and  in  this  case  can  be  completely  solved. 

§  37 -  Model  with  Zero  Meaning  Value  of  Potential 
of  bis tort ion 

For  modeling  of  a  field  of  stray  currents  in  earth  during  calculation  of 
electroprotection  of  underground  installations  from  corrosion  it  is  desirable 
to  have  a  model  of  an  .  leraent  of  unlimited  space  D  in  the  form  of  a  section  of 
free  surface  of  the  conducting  composition  of  the  bath.  Here  it  is  imoortant  in 
region  D  to  ensure  first  a  zero  mean  value  of  potential  of  distortion  Tg  in 
every  point  of  region  D.  As  will  be  evident  below,  these  two  requirements  almost 
never  contradict  each  other  and  can  be  satisfied. 

The  first  requirement  determines  the  magnitude  of  conductivity  g  in  every 
point  (Xq,  yc,  Zq) .  It  is  formulated  thus: 

Change  the  order  of  integration  we  obtain 

=  (37. 

This  equality  will  be  satisfied  if  at  every  point  ‘x0>  yQ,  zQ)  the  surface  of  the 
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bath  walls  S  is  ensured 


Hence  we  directly  obtain 


(37.5) 


The  second  requirement  determines  the  form  of  the  surface  of  the  bath  walls  S. 
From  expression  (3^-5)  one  may  see  that  to  decrease  magnitude  | tr-g j  without 
increasing  the  dimensions  of  the  bath  is  possible  at  the  expense  of  a  decrease 
of  magnitude  |e  -  g|.  Applying  mean  value  theorem  to  the  integral  standing 
in  the  numerator  of  the  expression  for  conductivity  i 37 . 3 ),  we  obtain 


,.=  e(xx,yv2x)  P  dS L 


where  point  (x^,  y^,  z^)  belongs  to  the  region  and  consequently 

*ru»  <  8  <  enMC  •  (37.^) 

where  e  and  e  are  minimum  and  maximum  values  of  e  ir.  region  D  respectively. 
UKH  MaKC  J 

In  order  to  minimize  distribution  of  magnitude  je  -  gj  in  region  D  in  the 
CI.ebyshev  sense  it  is  sufficient:  1)  to  find  such  distribution  e  in  D  for  which 


difference  s^axc  ~  6«zk  oe  nr  mum;  2)  to  take  the  magnitude  of  conductivity 

g  equal  to  (£„av_  +  ’2.  In  our  case  the  magnitude  of  g  is  already  determined 

by  '37.3)  and  we  cannot  obtain  a  minimum  of  the  modulus  of  difference  |e  -  g, 
although,  as  can  be  seen  from  inequality  (37.  *0 ,  conductivity  g  is  close  tc 

emnc  *^~ 

2 

Finding  the  distribution  of  a  in  D  for  which  difference  a  -  i  is 

MdKC  UKH 

minimum,  we  will  aDprcach  a  minimum  magnittde  e  -  g!  and,  consequently ,  : , . 

1  _  _  '  'c 

The  problem  consists  of  finding  that  direction  of  nermai  nv'  at  each  coint  of  the 


surface  of  the  bath  walls  (xn,  y~,  zn'  for  which  difference  e 

v  0  0  uaxc 

region  D  will  be  minimum. 
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In  the  considered  case  region  D  is  a  part  to  the  plane  and  constitutes  a 
section  of  the  free  surface  of  the  bath.  Considering  in  formula  (35. 11)  Rc  =  0 
we  find 


^MIKC 


1  —  cosy 

('y 


(37-5) 


Substituting  this  value  in  formulas  (35. 12)  we  find  the  coordinates  of  the  point 

of  region  D  at  which  e  =  e  : 

MEKC 


sin  y  cos  9 

xm~xo  +  T-cosy  ’ 


ym  =  y0+ zo 


sin  y  sin  9 
1  —  cos  y 


(37.6) 


The  surface  of  the  bath  walls  S  rests  on  the  free  surface  of  conducting  compositicn 
from  below.  Therefore  zQ  s  0,  •>  >  ^  and  from  formulas  (37.6)  it  may  be 
concluded  that  if  jzQj  is  less  than  half  the  diameter  of  free  surface  then 
point  (xm>  y  )  will  be  internal  for  S^. 


Fig.  68. 

Let  us  assume  that  element  D  constitutes  a  circle  of  radius  R  (Fig.  68). 

Let  us  combine  the  coordinate  origin  with  the  center  of  the  circle  and  direct 
axis  oz  normal  to  its  plane.  From  the  geometry  of  field  e  one  may  see  that  it  is 


always  possible  to  select  such  a  direction  of  the  normal  n  at  point  (xQ,  yQ,  zQ) 
at  which  the  trace  of  one  of  the  spheres  e  =  C  on  plane  z  =  0  will  coincide  with 
the  circumference  of  circle  R.  Here  the  point  at  which  e  takes  a  maximum  value 
will  be  inside  circle  R  and  e  =  C  on  circle  R  obviously  will  be  minimum.  As 


follows  from  formula  (35.6),  it  equals 


Normal  n  obviously  will  lie  in  a  vertical  plane  passing  through  the  axis  oz 


(37.7) 


^i.e.,  angle  8  =  arctg^j,  and  coincide  with  the  airection  of  the  radius  of  sphere 


e  =  C.  The  center  of  the  sphere  is  an  axis  oz  at  point  zy.  Let  us  designate  the 
distance  from  axis  oz  to  irbitrary  point  (x.  y)  by  Q  ((>*  =  Xs -)- //*)  and  write  the 
equation  of  the  circle  formed  by  the  sphere  e  =  C  in  the  vertical  plane  passing 


through  axis  oz  and  normal  n 


(37.8) 


Substituting  in  this  equation  the  coordinates  of  points  (iR,  0)  and  (pQ,  zQ)  through 
which  should  pass  the  circle  we  find 


eg-Mj—  R* 


(37.9) 


We  write  the  equation  of  the  straight  line  coinciding  with  direction  of  normal 


n  at  point  (p^,  zQ)  and  radius  of  sphere  e  =  C 


t  -  — — -  q  + 


(37.10) 


Consequently  the  tangent  of  the  angle  between  normal  n  and  axis  oz  has  the  form 


*y-7"T=T 


_ _ 

R'  +  zf-Ql  • 


(37.11) 


We  now  show  that  in  this  case  the  direction  of  normal  n  ,  i.e.,  when 


l  =  arctgg,  y  =  Yi  -  arctg 


the  difference  (e 


wane  "  in  a  circle  radius  n  will  be  minimum.  We 


Droceed  from  the  fact  that  the  point  at  wnich  e 


lies  inside  circle  R,  the 


point  at  which  e 


e  -  on  the  circumference  of  the  circle.  Converting  to 


cylindrical  coordinates  in  formula  05-9)  and  substituting 


x  =  /?cos$,  y  =  R  sin  >J>.  x0  =  q0  cos  tp*  y0  =  e9sint0. 
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for  tne  value  cf  e  on  circle  R  we  obtain 


_  z0  cos  v  —  (/?  cos  (<j>  —  0)  —  Q0cos  (^q  —  8))  sin  y 
-h  C§  —  2/?ca  cos  (v{»  — 


(37.12) 


Since  e  is  independent  of  fe,  then  setting  the  derivative  of  e  with  respect  to 
M&KC 

t,  ecual  to  zero  we  find  the  values  of  o  for  which  the  difference 

ManO  MKn 

has  the  extremum 

dt  _  IR  sin  QE  -  »,)  -  g,  sin  ($0  —  8Q)  sin  y 
59  Rt  +  Ql  —  2RQtcosW  —  %)  +  zl 

For  any  pQ  this  equality  holds  only  if 

sin  (S>0  —  80  =  sin  —  0J  =  0, 

therefore  either 


to  —  —  «i  =  0, 


(37.U) 


to  —  ®i  =  t~  9,  +  n==0,  8i  =  to  =  t  +  n- 

From  these  relationships  it  follows  that  the  vertical  plane  passing  through 
normal  n  should  pass  also  through  the  axis  oz,  i.e., 

9,  =  te  =  arctg^. 

*• 

Substituting  values  of  e.  and  V'  in  expression  (37.12),  we  obtain 

?0cos  y  —  (/?  —  g„)  sin  y 
‘  tf,  +  e2-2/?<?o  +  3  * 

„  „  *ocosy  +  (R  +  Co)sin y 

*  R*  +  qI+2Rq0-lZ1  * 

Here  e^  and  Eg  are,  respectively,  the  minimum  and  maximum  values  of  e  on  the 
circle  R. 


(37.14) 


Let  us  demonstrate  that  the  difference  e  -  e  will  occur  at  a  value 

MdKC  MvlH 


y  =  ■>., . 


The  maximum  value  of  e  was  found  by  us  to  be 


e _ 1  —  cosy 


as  e  we  take  the  smaller  of  expressions  (37.14)  which  are  equal  for  y  =  •>1 


«»(Yi)  =  MYi)^ 


Giving  y^  an  increase  iAy,  we  obtain  an  increment  of  difference  ^(£M£KC  -  s},;,K)- 

If  it  is  positive  for  Ay  of  either  sign  then  the  difference  (e  -  e  , is 

M3.KC  MHn 
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minimum.  With  an  increase  of  y^  by  +A-, and  e2  take  on  increases  of  different 
sign 


Aet 


~d\ 


a  ~dt* 
4  1  dy 


Av=  —  ^oSiny,  —  (/?  —  Q,,)cosy,  . 

Y  (R-Qof  +  tl  ' 

R.KR-C/  +  4  Y>  ' 

Av-  — -gp  sin  Yi  ±(g  +  0o>COSYi  Av  _ 

/  D  !  ^  \X  l  ,2  5=3 


Y— Yt  '  *0/  1  0 

— (/?  +  Co)(^  —  *o)--\e<> 


Ru  l(^?  +  Oo)*  +  *21 


(R+Qo)*  +  *l 

Ay  <0. 


Consequently,  for  +Ay  it  is  necessary  to  consider  the  increment  of  difference 
(^.anc  “  ewvlH)*  for  an  increment  of  difference  (^U&KC  -  ex) .  For  a  positive 

increase  of  y  we  obtain 


e««c  <Y,  +  Ay)  -  e2(Y, .+  Ay)  ==  tM3i<c  (y,)  -  e2(Yl) 
+  (^■_^7)v.y,Ay  =  e»«c(Y,)-e2(Yl)4-  1  SmYl 


2  2, 


+ 


+  W  +  *JK-*o )  +  *&> 


RJ(R  +  e0)*  -f-  *6) 

s 

A(e  )=  _*AY 


/?Ay 

A\  (emKc  4*  07 ^ 


Difference  (e  -  e  )  undergoes  a  positive  increase 

MdKC  MMH 


>ukc  ''huh'  _ 2z  R 


With  a  negative  increase  in  y  we  obtain 

(Y,  -  Ay)  -  e,  (y,  -  Ay)  =  ^  (Yf)  _  e,  (Y|)  _ 

MIKt  ^*A  A  ,  .  f  sin®i 

1  <*v  ^y/y-t,  Y  —  ^e««*c  e»>  (y.)  _  2^ 

-  JAY  =  (e-c-£!)(Y,)  +  z^- 


Difference  (e 


e„MH)  in  this  case  also  takes  on  a  positive  Increase 


yaKC  mmh 

A(W-0  =  z^^-. 

This  proves  that  for  y  =  'l±  difference  (eMaKC  -  eVKH)  has  a  minimum. 

Let  us  go  now  to  the  construction  of  the  surface  of  the  bath  walls  S. 
Considering  thar 


1  . 
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tgy 


d£o_ 

dQo  * 


(37.15) 


we  write  the  differential  equation  of  the  trace  of  the  sought  surface  in  the 
vertical  plane  (poz) 


<*Qt 


2?oCo 


The  general  integral  of  the  differential  equation  will  be 


(37.16) 


(37.17) 


wnence 


(37.16) 

This  is  the  equation  of  a  circle  with  center  on  the  oz  axis  at  the  point  z  =  C/2 


and  radius 


«.=  ]/•  **+? 


Constant  C  will  be  determined  by  the  maximum 


depth  of  the  bath  H.  Assuming  K  =  i-R  and  substituting  coordinates  of  the  deepest 
point  (0,  -rR)  into  equation  (37.18)  we  find 


!  —  v* 


R, 


(37.19) 


and  consequently  the  equation  of  the  trace  of  the  surface  of  the  bath  wails  will 
be : 


(37.20) 


Considering  the  axial  symmetry  of  surface  S  we  conclude  that  it  will  be  spherical 
(Fig.  68)  with  its  center  on  axis  oz  at  the  point 

1  — v* 


and  with  radius 


Ra  =  R 


2v 

1  +  v1 

2v 


(37.21) 


(37.22) 


If  region  D  differs  from  a  circle  then  the  form  of  the  surface  of  the  bath 
walls  S  also  is  expedient  to  select  spherical,  resting  on  a  circumference  the 
diameter  of  which  is  equal  to  the  diameter  of  region  D.  In  this  case  the  values 
of  the  difference  (sy0KC  -  eMHH)  f'or  different  points  of  spherical  surface  S  will 
be  only  less  or  equal  to  values  at  points  of  the  surface  of  the  bath  walls  resting 
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on  the  contour  of  region  D.  The  magnitude  of  conductivity  g  however  must  ' 
determined  from  equation  (37.3)  by  integrating  over  region  D. 

It  is  important  to  note  that  property  of  baths  of  designed  and  built  by  this 
method  do  not  depend  on  the  properties  of  the  medium  filling  the  bath.  In 
particular  they  will  be  maintained  even  during  modeling  of  the  field  in  nonuniform 
and  nonlinear  media.  In  fact,  if  within  the  volume  of  the  bath  there  were  some 
nonuniform  or  nonlinear  inclusions  then  when  producing  a  field  in  the  bath  these 
inclusions  will  be  equivalent  to  additional  sources  distributed  over  their 
boundaries  and  volume.  Properties  of  the  bath  do  not  depend  on  distribution  of 
field  sources  in  it  and  consequently  are  maintained  during  modeling  of  the  field 
in  nonuniform  and  nonlinear  media. 


here 

_ ft  — C cos9  _  NP  _  cos(r,  n) 

Rl+Ql  —  2/?ecos  6  /•>  rup  ' 


(58.3) 


e(P)  —  function  playing  role  of  proportionality  factor  between  f(P)  and  df /Sr. 
at  every  point  of  the  sphere.  In  the  model  of  an  element  of  unlimited  soace  1 


in  form  of  a  sphere  of  radius  R  function  e  we  replace  with  a  sonstant  — 
conductivity  of  holes  g  connecting  the  internal  volume  of  he  model  witn  the 
external  metallic  housing.  Such  a  sul  stitution  will  decrease  the  influence  of  the 


% 
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As  can  be  seen,  e  differs  little  from  e  ,  consequently  function  e 
cp  UHH 

differs  little  from  a  constant.  Ensuring  in  the  model  a  conductivity  of  the 

boundary  g  =  e._,  we  thereby  reduce  the  distortion  introduced  by  the  boundary  in 
cp 

a  definite  sense  to  a  minimum. 

The  exact  calculation  of  error  introduced  by  the  boundary  of  model  in  the 
investigated  field  in  general  constitutes  a  very  complicated  problem.  However 
for  the  most  important  case  when  element  D  constitutes  a  sphere  and  the  boundary 


244 


Fig.  70. 


of  the  model  its  surface,  we  can  be  obtained  an  expression  for  the  ootenuial 
of  distorting  field  for  any  distribution  of  sources  in  such  a  model  in  the  form 
of  a  rapidly  conveying  series. 

Let  us  consider  a  solution  of  the  following  problem:  in  a  model  whose 
boundary  is  a  sphere  of  radius  P.  with  constant  conductivity  g  of  unit  surface  is 
given  the  distribution  of  volumetric  density  of  charges  c(xQ,  yQ,  z  ).  is 
required  to  find  potential  <p  at  any  point  M(x,  y,  z)  of  the  model  (Fig.  70). 

By  the  formula  of  Green,  potential  at  point  of  the  M  model  has  the  form 

Converting  point  M  to  point  Q  lying  on  sphere  SR,  within  the  limit  we  obtain 


(58.8) 


or 


(38.9) 


On  sphere  SR  of  radius  R,  the  magnitude  of  cos(r,  n)/rpQ  is  constant  and  equal  to 


8  = 


cos(r,  n)  1 


PQ 


2  /?• 


*J4S 


4  - 


f 


Due  to  symmetry,  conductivity  g  Is  constant.  Let  us  take  it  equal  to 

0<v<2>- 


(38.10) 


Consequent ly 


co»(r,  n) 


!  —  v  a 


PO 


•-T-S-  <M<n 


(33.6) 


is  also  constant  and  the  expression  for  potential  q>  takes  the  following  form: 

f «»  -  3f<Q)  4-  4^-^T ~ ^  f 


(38.11) 


Here 


(38.12) 


We  will  consider  expression  (38. 11)  as  a  Fredholm  integral  equation  of  second 
kind  with  respect  to  potential  <p.  Let  us  present  a  solution  of  equation  (38. 11) 
in  the  form  of  a  Neumann  series 

f «?)  =  2f(Q)  +  2[aXKf  +  oV**/  +  •  •  .J.  (38.13) 

Potential  of  distortion  ?2  will  be  recorded  also  in  the  form  of  series 

¥*(©  -  ¥<0)  -ft© •*  f  (©  +  2|o3UCf  +  Q*X*/C*/  +...].  (38.14) 

Let  us  show  that  this  series  converges  rapidly.  For  this  we  will  estimate 
the  norm  of  operator  K.  We  have 

¥(**)!  ]  dSp  <C  max i  <p | ^  *= 


m 

max|f[ji/?  4it/?max(9i. 

*«  i  »n-|  ** 


(38.15) 


Consequently 


whence 


|fff  il=  max/ 9/ max 

5k 


*«  '/ r^' 


4«/?  max  1 9 ! . 


(joXIfll  *!«!• 


(38.16) 


(38.17) 


~46 


Thus 


(38.18) 


If  one  were  to  take  g  ®  3/4R,  then  a 


and  consequently  series  (38.14) 


converges  rapidly. 

The  expression  for  potential  4>2(M)  in  any  internal  point  k  gives  Poisson 
integral 


i  r 

(/?-2/?ro«cos9J  +  roJw)T 


SP«  r<x)- 


(38.19) 


Substituting  here  instead  of  q>2(Q)  expression  (38.14)  and  limiting 
ourselves  to  two  or  three  members  of  the  series  we  obta?r  an  expression  for 
distortion  potential  at  any  intern'-]  point  of  the  model 


?,(**)  = 


f(Q)  +  2aXKf  4-  2a W/  + . . . 

i 

(R*  —  2 Rrou  cos  6,  +  ^)T 


i 


(36.20) 


Definition  of  q>2  in  the  model  is  equivalent  to  a  solution  of  the  following 
boundary  value  problem  for  a  harmonic  function. 

Presenting  the  resultant  potential  <P  in  the  form  of  sum  f  and  we  obtain 
the  boundary  condition  for<P2 

Here  F  is  the  well  Known  function: 


F- 


(38.22) 


The  boundary  value  problem  can  be  formulated  thus:  find  the  harmonic  function 
<P2  inside  sphere  if  the  following  relationship  between  values  of  function  <p2 
and  its  normal  derivative  on  the  sphere  are  given: 


(38.23) 


For  appraisal  of  influence  of  the  boundary  of  the  model  on  the  accuracy  of 
modeling  the  field  in  the  following  experiment  >as  performed.  An  electrclyi ic 
bath  was  prepared  in  the  form  of  rectangular.  Conductivity  g  in  the  walls  of  the 
bath  was  replaced  by  conductivity  of  noles  drilled  normal  tc  the  walls  at 


distances  or  2  cm  rrom  one  anotner  ovei  the  entire  surface  of  the  wails. 

Internal  dl  (pensions  cf  the  bath  are  1400  x  700  x  250  mm. 

Oh  the  surface  of  the  electrolyte  of  the  bath  was  mounted  a  spherical 
electrode  of  small  r3dius  having  a  point  charge.  The  second  electrode  was  connected 
to  the  external  housing  of  the  bath.  A  voltmeter  was  used  to  obtain  a  field  pattern 
of  current  in  the  bath  on  the  surface  on  the  electrolyte  and  this  was  compared 
with  calculations.  Here  it  proved  that  noticeable  distortions  of  the  field 
patterr  were  observe-'  only  near  Che  bath  walls  at  distances  of  less  than  5  cm. 

These  distortions  are  apparently  explained  by  the  fact  that  continuous 
distribution  of  conductivity  of  boundaries  is  replaced  by  a  discrete  distribution 
of  holes. 


§  3S-  Model  of  an  Element  of  Unbounded  Space  Having 
the  Form  of  a  Rectangle 

Let  us  consider  how  to  find  the  conductivity  g  of  the  walls  of  the  model  of 
sn  element  of  unbounded  space  having  the  form  of  a  rectangle  D  with  sides  m  and  2m 
if  tile  surface  of  the  walls  constitutes  the  surface  of  a  rectangular  parallelipiped 
whose  upp^r  ma.gin  is  a  rectangle.  The  depth  of  the  conducting  composition  of  the 
model  is  H  =«  Lin  (k  4  0.2).  Conductivity  g  will  be  sought  from  the  conditions 
of  minimum  of  Integral  Q.  As  we  clarified  in  §  36  integral  Q  attains  a  minimum 
at  such  value  of  g  for  which  the  circumference  e  =  g  divides  the  area  of  region  D 
into  two  equal  parts  and  D  -  D^.  Using  formulas  (36.15)  we  derive  equation 
(36.14). 

Let  us  take  as  the  origin  of  coordinates  the  center  of  rectangle  D  and  direct 
the  axis  oz  normally  to  its  plane.  Axes  ox  and  oy  we  direct  parallel  to  sides  cf 
length  2m  and  m.  Equation  (36.14)  has  different  forms  for  different  edges  of 
the  surface  and  even  within  limits  of  one  edge  its  form  changes  depending  upon 
the  position  of  point  (xQ,  yQ,  zQ)  on  it.  Due  to  symmetry  of  region  D  relative  to 
axes  ox  and  oy  it  is  sufficient  to  derive  equation  (36.14)  for  the  two  halves  of 
the  lateral  faces  and  a  quarter  of  the  lower. 

Derivation  of  equation  (36.14)  for  lateral  face  of  length  2m  (Fig.  71). 

On  this  face 


Placing  these  values  in  formulas  (36.15}  we  obtain 


Z4S 


Fig.  71. 


(39.2> 


As  can  be  seen  frcn  Fig.  71  circumference  e  =  g  can  occupy  vhfee  different  positions 


with  respect  to  rectangle  D.  Each  of  these  positions  corresponds  to  a  definite 


relationship  between  its  radius  and  coordinates  of  the  center  and  a  definite 
form  of  equation  (56.14).  Using  the  designations  of  anglsa  in  Fig.  71  wc-  express 
area  for  each  position  of  circumference  e.  -  g: 


I)  /*  <  m  —  x, , 

2)  + 


09.3) 
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rxOm  Fig, .  7i  One:  maj  occ  'that 


■*  arccos  - 


,  * 

*«+  7 


m-r4 

=  arccos  jjr — . 


Substituting  values  for  ^  and  ((<„  and  replacing  R  ,  y  with  their  explosions 
(J9.2)  we  obtain  three  equations  for  the  determination  of  conductivity  g: 


1) 


n  —  arccos 


1 


m* 


•(—A1/1 


*  —4 


m- 


2) 


n — arccos 


% 


■arccos- 


m  —  Xt 


gm  ni.«.  iiiii  m  «IVWW  p.  «■>!■■■  .  ii.i. 

K?F-S  K»-< 

* 

3 


1 

4? 

m~ 


3) 


*  — arccos 


% 


■arccos 


m  — 


|/  4f*  *•  4g* 

2*»*  +  <«-*)[“  -  j/-L  _ a* - (m _ */  j_ 


IP 


-4 


(39.6) 


(39.7) 


(39.8) 


Let  j8  find  the  boundaries  of  sections  for  which  one  should  use  one  or  the  other 
formula:  Setting  Rg  »  n  -  xQ  and  placing  this  value  in  formula  (39-6)  we  find 
Xq  *  xQ1,  starting  from  which  one  shour  use  formula  (39.7).  From  the  condition 
zn  $  H  »  0.2  a,  disregarding  member  z.,  we  obtain 


arccos 


_ %  --  2mx„i 


*8|)* 


l39.°) 
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The  root  of  equation  (39. S)  will  be  xni  ■  0..'.  >u.  f-etxlng 


^‘“4“  (f«+T)  “|/  <m  — -«*>f -*-(m  - 


we  obtain 


1  (m  Mjf  +  *• 

5" — s* — * 

o 

Substituting  this  value  In  formula  (39.7)  and  Jls regarding  the  term  z„  we  find 
x0  *  xQ3L  starting  from  which  one  should  use  f^rru  I  a 

* — arecos  — s-.-—* — ■  —  arcco*  - —  ■  * 

a*1  -f  {*»  ~  X"?  mF  +  I'm  —  /„/* 

j^t 

«*  —  ST  (2«  ~  Jr«a/Cm 

*/l— *4—  ■ 


The  root  of  this  equation  will  be  xQ2  *  0.49  m,  consequently  for  detetmir.afcicr.  of 
conductivity  g  for  0  4  *0  s  0.4  m  one  should  use  equi  it  on  (39.6),  for 
0.4  m  i  xQ  s>  C.^9  m  -  equation  (39.7)  and  for  C.49  a.  s  xQ  4  m  equation  (39.8). 
Derivation  of  equation  (3b. 14)  for  a  l,o..eral  face  of  length  m  (Fig.  72). 


On  this  face 


2'  ®s*®»  x<*xo“~20’ 


^"•Fs*  4-1  *?• 


(39.10) 


As  can  be  seen  from  Pig,  ?2  oircumfe  renc'.  e  =  g  can  occupy  two  different  positions 
vith  respect  to  rectangle  D.  Each  of  these  positions  corresponds  to  a  definite 
form  of  equation  (3c. 14).  We  express  area  for  each  position  of  circumference 


e  =  g: 


i)  *«<r,+  v. 


A  “  ** "  *2<*  ~  ♦»>  +  (y  ~  *,)  j/" ^  ~  (”  -  y*)*  : 


(39.11) 


Fig.  72. 


2)  Rt>y0^~ 


D,  -  *■  =  S»  <«-♦,-«  +  (f ~ !/,)  {/  *2  -  -  ».)'  + 


From  Fig.  72  it  is  evident  that 


.  m 

yi  +  ~2 


h  «=  arccos  — ^ - ,  ife  «  arccos  — ^ - . 

Substituting  values  for  ^  and  replacing  Rg  and  y  with  their  expressions 
(39.10),  we  obtain  two  equations  for  the  determination  of  conductivity  g 


n  x— irccos- 


T-y. 


Let  us  find  boundaries  of  sections  for  which  one  should  use  one  or  another 
for.aula.  Setting  R  51  §  +  yQ  and  substituting  value  in  formula  (39- 13)  we  find 

g  c  u 

the  magnitude  of  yQ  =  y02>  starting  with  which  one  should  use  formula  (39.14). 

2 

Disregarding  form  zQ  we  obtain 


The  root  of  this  equation  will  be  yQi  *  0.095  m,  consequently  for  determination  of 
conductivity  g  for  0  s  yQ  s  0.095  m  one  should  use  equation  (39.14) ,  for 
o.~95  m  -  0.5  m  —  equation  (39-13). 


c)  Derivation  of  equation 


for  the  lower  face  of  the  model  surface. 


On  this  face 


T-n,  —  H,  xg  =  xQ,  yt=y9t  Rg*= 


g 


(39.25) 


As  can  be  seen  from  Fig.  73  circumfei’ence  e  =  g  can  occupy  seven  different 


positions  relative  rectangle  D.  Each  of  these  positions  corresponds  to  a  defined 
form  of  equation  (36.14).  The  area  of  application  of  each  of  the  equations  may 
be  determined  from  a  system  of  inequalities  characterizing  the  position  of 
circumference  e  =  g  in  rectangle  D.  An  approximate  form  of  these  regions  is  shewn 
in  Fig.  74.  The  digit  on  each  region  indicates  the  number  of  the  equation. 


Below  are  presented  inequalities  characterizing  the  position  of  circumference 
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2)  <Rf<m-xQ 

/rMH' 


n— arctg- 


m 

~2~U* 


—arctg 


« 

-o  +*• 


3)  *-i0<^<!f0  +  ™  ,  #g<  —  *)*  +  ^  “ 

/F^-fR 


'-(?-') 


2  ~  Vo 


arctg 


a  —  arctg 

yf 


m  —  x. 


+* 


+  (m-xt)  yr !L  -  H'-(m  -  xe)* ; 

4)  (m  x^-f  (*•  +  ?)* 

j/ 


3a 

-j  —  arct8 


m  —  x o 


m 

2 


mm 


+  4(T-*‘)/i-S*-(!5-»*)‘  + 


(39.17) 
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6)  (m-*)‘<#*<(in_J!t)'  +  ^_»,y,  <W,. 


C56 


Calculation  is  carried  out  as  follows:  coordinates  of  point  xQ,  yQ  are  and 
according  to  Fig.  7 4  determine  the  number  of  the  equation  which  one  should  use; 
substitute  in  this  equation  the  coordinates  xQ,  yQ  and  find  the  value  of  g  which 
satisfies  it. 


5  tv. 


nvu ivas 


Let  us  consider  two  models  of  element  of  unlimited  space  of  simple  form.  Let 
us  assume  that  the  first  element  D  constitutes  a  sphere  of  radius  r.  Let  us 

construct  a  model  of  element  D  ensuring  in  1) 
an  expedient  minimum  of  mean  value  of  modulus 
of  potential  of  distortion  <P2,  l*1  other  words 
let  us  find  the  fom  of  the  border  of  model  s 
and  distribution  of  conductivity  g  on  it  from 
the  condition  of  minimum  of  integral  Q.  Prom 
symmetry  of  region  D  it  follows  that  conductivity 
g  depends  only  on  distance  from  point  (x*  y*  2^) 
to  the  center  of  the  sphere.  Let  us  place  the 
origin  of  coordinates  at  the  center  of  spnere  D 
and  direct  axis  oz  in  the  direction  of  the 
segment  connecting  point  (x^,  y*  with  the 
center  of  sphere  D.  Here  x^  =  y,  =  0.  Let  us 


Fig.  75. 


direct  axis  ox  in  sucn  a  manner  that  it  passes  through  the  projection  of  normal  n 
onto  plane  xoy,  i.e.,  we  set  angle  6  equal  to  zero  (Fig.  75).  As  follows  from 
§  Jb,  the  minimum  of  integral  ?  with  respect  to  parameter  g  will  occur  under  the 
condition  that  sphere  e  -  g  divides  the  volume  of  sphere  D  into  two  equal  parts 
and  D — Dv  Let  us  compose  equation  (Jb  .14),  using  this  condition.  In  general 
|^|  >  r  and  region  constitutes  two  spherical  segments  having  a  common  base 
(Fig.  75).  Let  us  designate  h^  and  hr  the  heights  of  the  segments,  q  the  distance 
between  centers  of  sphere  D  and  sphere  e  «  g  of  radius  Rg  ■  .  Let  us  express 
the  volume  of  region  in  terms  of  radii  r  and  and  distance  d.  W*  have 

Q~Virt-(r-hr-dr  =y*-(r-hf. 

hence 


2i - 


The  volumes  of  the  segments  are 
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*£%*»*»*  #-->■.■*-  t»  -<■*•  *'*•'**  w ■*>>♦*»  1  t«  ,■  »■>  **—  ****** 


*#££ 


+  VV-3rV -»#}** -9**d«  +  !«•<<*  +  6^rV); 


(HO.l) 


V,  -  -^Jrt?  (3r  -  k)  -  ^  (f-  -  **  +  <  «  -  9r*S*  +  *NQ  + 

+  SR;*-aft^-arW-9W  +  l&V  +  6r*|gO.  (*°*2) 


The  volume  of  region 

v-Y»+v.-*[^-^w~~i  «!+d+  |(S!+'*»1.  Co.,) 

Expressing  distance  d  in  ttrms  of  coordinates  of  the  center  of  the  sphere  e  *  g  and  its 
radius 

15* "—*,*»*. 

9,-0  • 

+  K^lr^cos  y+  ** 

and  equating  the  volume  of  region  to  half  the  volume  of  sphere  D,  we  obtain 


2 

V 


,[b-<5b^-4('?+o+4(«3+^]. 


(^O.U) 


Substituting  for  d  and  Rg  we  obtain 


•<**  t.  — 

-6(^-6<mT  +  ^)(iir+r*)  + 

3(sslr— r*)  -° 


Let  us  show  what  the  minimum  of  Integral  Q  with  respect  to  7  will  be  for  Y  —  *• 
For  this  it  is  sufficient  to  show  that  following  are  fulfilled  conditions: 


9L-'  $L>0- 
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Assuming  y  •=  x  in  Equation  (40.5)  and  considering  that  here  rf ■»—(*.  +  Rj,  we 
obtain 

(«.+5)‘-«('.  +  4)'( s?+'*)- 

— _0'  (uo-7> 

or  after  transformations 

«• — 2va* — 2v(3— v*)a-f-3  +  6v*— v4  «  0.  (40.8) 

Here  is  designated  a  —  -i  and  =  — vr(v>l).  The  sought  value  of  a  at  which 

sphere  e  *  g  divides  sphere  D  into  two  equal  parts  falls  in  the  interval 

*  + jj^<°<*  + j^  +  ijjr*  (40.9) 

Indeed,  composing  for  equation  (40.8)  the  series  of  Sturm  functions 

/(«)»  «•— 2w*  —  2v(3  —  v*)a  +  3  +  6v*  —  v«. 

-j-r  (o)  ”  2o»-  3va*  -  3v  +  v*. 

/i(a)  *=  **<** — 2(v*  —  3)va —  4  —  7v*  -f  v4,  (40. 10) 

M°> »  —  5)o  —  v«  -f  5v»  +  3 , 

and  substituting  in  it  instead  of  a  the  values  +  ^  and  %  V+  2v  +  TTvr' 

we  are  persuaded  that  in  the  interval  [*  +  K’  ’  +  ^+w|  the  number  of  sign 
changes  in  the  aeries  of  Sturm  functions  is  changed  in  units 

f  <«J  -  (v  + 1 J  -  2w  -  2v  (3  -  *»)  +3+6v*- 

~y'“W  +  4^>0' 

~4?'  +  £~‘3t<0’ 
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/,(  «J  "»*(*  + s)’ -  s  l**  -  3) »(’  + s)  - 

—  4 — 7v*  -{-  v4  —  — ^-  — •  **  <  0 , 

/,(^--.(v,-5)(v  +  ^-v*+5v*  +  3-4  +  4>0* 

«*■  +  3 <0,  if  t<2.34.^.(«*)>0. 

if  *  >  2.34 


(there  are  three  changes  of  sign  if  *<2,34,  or  two  if  *>2,3%); 

/(«<)- (»+^  +  Tr?*)  “2¥(ir  +  ^+w)  ~ 

-2*(3-*^/*+^+-j^r)+3+fi**-*«- 

13  .  70  17  37  2  1  0 

44V5"1"  352**  +  242v*  '  2662**  *  11V*  +  11V*  * 

(''+s+w-)‘-3,(’+s+ w)'- 

3  23  39  1  l 

_  3*  +  v»  -  -  3v  +  ^  +  -j-f  +  +  242?  +  TlV  <  °  * 

-  4  -  7*1  +  V  —  *■ -7  +  1R»  +  W  <  0  • 

=  V  (V*  —  5)  ^  V  +  ~  j  —  v*  +  5v*  +  3  =* 

_ 5L>0 

2  +  22  llv*  >  ' 

/,(«,)=.  v«  —  6v»  + 3  <0,  if  v < 2,34  ■.«= f„ (oj) > 0, 
if  v  >  2,34 

(there  are  two  changes  of  sign  if  v  <  2,34,  or  one  if  v>2,34). 

Consequently,  in  interval  [v  +  J^-  y+ J-4-  -  ,~r1  there  is  one  root  of 

i  2v  2v  Ur  I 

equation  (40.8), 

Sitting  in  Equations  (36.20)  6  =  0,  y  =  0,  yQ  =  0,  xQ  =  0,  we  find 

%' -  %  t' ~ sin  y 
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Crnsidering  that  due  to  symmetry 


■  dv  **  0 


(40.12) 


for  t  *»  J*  we  obtain 


g|  .41  . 

®Y  Ital  fki  V— *  |y_j| 


(40.13) 


since 


and 

« 


(40.14) 


^=-K'J-^v  +  4r)|S."v-6(4.-+^)^i"v+ 

,  % _ !!_! _ 1  _n 


Consequently  at  y  =  «  ~=0,  i.e.,  integral  Q  attains  an  extremum. 
Let  us  write  the  second  derivative  of  Q  with  respect  to  y 


??.  =2  — f— \*4-2jef— 

<¥  ldg  V«yy  v  + 

+^^‘"5inYj^d0“CDSYJ^5><f0- 


Setting  y =  «,  we  obtain 


5*91  + 

«?L  **  «  j  »* 


(40.15) 


(40.16) 


9g  I 


«  =  <r  (40.17) 

It-*  y«* 


and 


SL-wt-SrL* 


The  value  of  derivative  equal: 


«0-  =  Up**  +  2(2*-^c0,Y  +  4^)|cosY- 

_6(^+r*)-t.Cos1f  + A-  "  T  — - 

""<?(*•“  «rcdsv+4r) rs,R,Y]  • 

Jt-» 


,_o*  + 

t  *•(%*• +u 

?..r*  ?v(3 —  v*)  -4-  3(v* —  l)g  —  g» 
g  a  —  2v  * 


Putting  here  the  value  for  a,  we  find 


Considering  that 


!  dv >  0,  we  obtain 


*9  no 


(40.18) 


(40.19) 


(«C.20) 


(40.21) 


Consequently,  at  y  *=■  it  integral  Q  attains  a  minimum.  Thus  the  normal  n  to  border 
of  model  S  at  point  (0.0.  2b)  is  directed  along  the  radius  of  sphere  D.  Inasmuch  as 
point  (j^,  y ?,)  was  taken  arbitrarily,  surface  S  should  have  the  form  of  a  sphere 
concentrically  enclosing  sphere  D.  Conductivity  g  of  sphere  S  is  constant  and  equal 
to  a  smaller  positive  root  of  equation  (40.8).  Its  value  can  be  estimated  from 
inequality  (40.9) 


*  +  oC<  -<▼  +  —  -! _ L 

2*  gr^  +2v+Hv»' 


(40.22) 
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The  radius  of  the  sphere  S  —  R  =  {Zj|  =  vr.  Placing  this  value  in  (40. 22),  we  find 


Let  us  consider  model  of  element  D  constituting  a  cube  with  side  2  m.  In  this 
case  the  problem  of  determination  of  the  form  of  the  border  of  model  s  from 
conditions  of  minimum  of  integral  Q  with  respect  to  parameters  y  and  0  is 
extraordinarily  complicated.  Therefore,  we  will  assign  the  form  of  border  S 
selecting  it  in  the  form  of  the  surface  of  a  cube  with  faces  removed  from  faces 
of  cube  D  by  a  distance  h.  We  will  seek  the  distribution  of  conductivity  g  on 
surface  S  from  the  conditions  of  minimum  of  integral  Q  only  with  respect  to 
parameter  g.  Each  face  of  surface  S  is  symmetric  with  respect  to  cube  D  and  in 
turn  has  four  axes  of  symmetry.  It  is  therefore  sufficient  to  calculate  conductivity 
for  any  face  on  one  eighths  of  its  part  inconcluded  between  two  neighboring  axes  cf 
symmetry  (Fig.  7 6). 

Let  us  combine  the  origin  of  coordinates  with  the  center  of  the  cube  and 
direct  the  axes  of  coordinates  parallel  to  its  edges.  Inasmuch  as  the  form  of 
border  of  model  S  was  selected  by  us,  then  thereby  are  determined  the  angles 
between  the  normal  to  S  at  each  point  (x®,  t/o*  Zq)  and  the  coordinates  axes.  Therefore, 
conductivity  g  will  be  function  only  of  coordinates  (x®,  y0,  Zo).  As  follows  from 
§  56,  the  minimum  of  integral  Q  with  respect  to  parameter  g  will  occur  under  the 
condition  that  the  sphere  on  which  t  =■-  g  divides  volume  of  cube  D  into  two  equal 
parts.  Using  this  condition  it  is  possible  to  compose  equation  (56. 14)  for 
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determination  of  g  at  each  point  of  the  face  of  surface  S.  However  in  this  case 
form  of  equation  (?6.14)  becomes  different  for  different  sections  of  the  surfaces 
of  the  face.  For  def initi\reness  we  will  examine  the  lower  bound  of  surface  S. 
Spheres  e  =  g  touch  on  it  in  points  ( Xq,  y o,  Zo).  radii  of  the  spheres 


*« 


Thus,  calculation  cf  conductivity  g  at  point  (x0,  yo,  Zb)  leads  to  determination  of 
the  radius  of  a  sphere  tangent  to  the  face  of  surface  S  in  this  point  and  evenly 
dividing  the  volume  of  the  cube  P. 

Center  of  sphere  e  =  g  of  minimum  radius  obviously  will  lie  on  axis  oz. 

Let  u.‘  find  the  radius  of  this  sphere.  Let  us  assume  that  the  sphere  intersects 
only  o.ie  lower  bound  of  cute  B.  Volume  P^,  cut  by  it  in  cube  D  will  constitute  the 
volume  of  a  sphere  without  segment  by  height  h.  Equating  it  to  half  the  volume 
of  the  cube  we  obtain 

VD,  “  Vm  ~  K  -  4  \  ***(8 Rt  —  k)~  4m* ,  (*0.24) 


Let  us  take  clearance  h  between  cube  faces  D  and  bound  of  model  S  such: 


Equation  (40.24)  will  take  the  form 


16  ^  m*  _  0 . 


("0.25) 


Solving  this  equation  we  find  that  i?,»»I,038  m>m,  i.e.,  sphere  r  =■  g  necessarily 
intersects  the  lateral  faces  of  cube  D  also.  Consequently,  minimum  radius 
#«>  1,038m  and  sphere  e  =  g  will  Intersect,  besides  lower,  also  at  least  two 
adjacent  lateral  faces  of  cube  D.  In  general  border  of  region  will  consist  of 
sections  of  faces  of  cube  D  and  part  of  sphere  s  =  g  therefore,  volume  D^,  equal 
to  half  the  volume  of  the  cube  D,  can  be  presented  in  the  form  of  algebraic  sum 
of  spherical  volumes  bounded  by  sphere  e  =  g,  spherical  segments  and  parts  of 
spherical  segments  cut  from  the  sphere  by  two  or  three  mutually  perpendicular 
planes.  In  Fig.  77  are  represented  diverse  variants  of  intersection  of  sphere 


Fig.  77  (V). 
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e  =  g  xvith  cube  D.  Foi-  every  varianc  is  determined  the  volume  of  region  . 

Equating  this  volume  to  half  the  volume  of  cube  D,  we  can  find  the  radius  of  sphere 
e  =  g.  Let  us  consider  this  using  variant  II  —  T  (Fig.  77)  as  an  example. 

Planes  of  cube  faces  D  cut  from  sphere  of  radius  three  segments.  The  plane 
of  the  lower  face  is  a  segment  of  height  the  plane  of  the  two  adjacent  lateral 
faces  are  segments  of  height  /?*— m+jc0  and  Rt—m+y0.  Volumes  of  the  segments  we 
designate  V*c,  V ^  and  respectively.  All  three  segments  intersect.  Volumes  of 
common  parts  of  two  adjacent  segments  JJX%  JJ2  and  we  designate  Vj,,  VM  and  K-jj 
(in  Fig.  77  they  are  noted  by  figures  1,  2  and  5).  One  such  part  of  the  segment 
is  shown  in  Fig.  78.  In  turn  all  three  parts  of  segments  JIU  JI2  and  JJ3  intersect 
form  a  common  part  designated  K^.  In  Fig.  79  it  is  shown  separately.  The  volume 
of  part  we  designate  V».  Thus  the  volume  of  region  in  this  case  can  be 
represented  in  the  form  of  algebraic  sum 

V = V. - K- V. -  V* +' r.  + V*  +  ■ V„. -  v„.  vo.as) 

Equatig  to  its  half  the  volume  of  cube  v? ,  we  obtain  an  equation  for  determining 


Fig.  78. 


Fig.  79. 


the  radius  of  the  sphere  R  .  Analogously  are  composed  equations  for  all  the 

o 

remaining  variants.  Each  of  volumes  Vc.  V A  and  VK  can  be  expressed  in  terms  of 
the  radius  R  of  the  sphere,  the  length  of  a  cube  edge  2  m  and  coordinates  of  the 

o 

point  of  contact  of  the  sphere  with  a  face  of  surface  S  (x^,  tfo,  z,) 

=  a).  (*10.27) 

For  calculation  of  volumes  of  different  segments  in  formula  (40.27)  one  should 
substitute  different  values  of  height  a  in  accordance  with  Table  17. 


Table  17. 


Let  us  derive  a  formula  for  the  volume  of  part  of  spherical  segment  Jl 
(Fig.  78).  Volume  we  present  in  the  form  of  the  sum  of  elementary  volumes 
S(y)dtf.  included  between  two  planes  parallel  to  the  base  of  the  segment  and  passing 
through  points  with  coordinates  y  and  y  +  dy. 

jf  S(y)^.  (40.28) 

Here  k  and  n  are  distances  from  the  center  of  the  sphere  to  cube  faces 

$(!/)  —  ^2  a  —  n  /  Qa  —  n*  =  (R*  —  j^arctg  j/" ~--t—  — 

—  1  —n/Rt  —  n'  —  y* .  (40.29) 


dy 


this  value  of  3(y)  in  formula  (40.28)  we  obtain 

_ 

J  (/?|  — y*)arctg  p/* _  1 

Y^=T? 

—  n  J  V  'RZ'—y'—n*  dy=* 

* 


ns— y* 


n8 


•O' 


Kg 


2  D,  .  ^K^-n8-*8 

_  .  _  <■  gs**  1  ■■  1  ■ 


n*  —  k* 


2nk\'R‘-n'-k' 

+ - *3 - 


(40.J0) 
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Analogously  It  Is  possible  to  derive  a  formula  for  the  volume  of  K  (Fig.  79). 
t -f  Koo  form 


„  R*(  R.VRl-n'-k*  RtVR\-k'-r 

K  -  -f  [afctg  -* - *-j- - +  arcig— - ^ - + 

R.Vkl-t'-n'  \ 

+  arctg_!— -V - *]- 


t  L,  VRl-r--k*  ywzrjm?\ 

-5  ( V-t)  (arc!8  -  J-T - +  — - j  - 

■fl*!— j)[aK>* - — - +  arctg  -  j - J- 

2(^-3)  (arcl« - *-7 - +  arcl8  t— * - )  + 


+^/«2 


(40.31) 


For  calculation  of  volumes  of  different  parts  JI  and  K  in  formulas  (40.30)  and 
(40.31)  one  should  substitute  different  values  of  parameters  t,  k  and  n  in  accordance 
with  Table  18. 

It  should  be  remembered  that  formulas  (40.30)  and  (40.31)  determine  the  smallest 
volumes  JI  or  K  cut  from  the  sphere  by  two  or  three  orthogonal  intersecting  planes 
respectively.  Below  are  given  equations  for  different  cases  of  intersection  of 
cube  D  by  sphere  e  =  g  with  indication  of  conditions  during  fulfillment  of  which 
these  equations  have  eaning.  Numbers  of  the  equations  correspond  to  the  numbers 
in  Fig.  77.  It  is  assumed  that  x0>0  and  yo>0: 

I 


a  y,c -K~  k,  -  4  m* . 

m  +  x0<Jtgf  V  (m  —  *„)*  +  (Rt  —  0.5 mj*  >  Rg ,  (40.32) 

ra  +  y0<*«»  V (m  —  y<?  +  (Rt  ~ 0,5m)* >  Rf , 

2m+h>2Rt; 
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T 


... 


K.  1/  1/  _l/  _  T/  V  _ 

’  *  ’he  oc  ’  If  —  ’  bt  ~  • 

*  +  *o  <RV  V(m  —  x0y  +  (R,  -  0,5  m)»  >  Rt, 

m  +  y0>  Rt.  V(m  -  y0)*  +  (R,  -  0.5  m)«  >  R„ 

m  —  y0  <Rt, 

2m  +  h  >  2/?,'. 

B-  n,- 1'.-  VH-V„+  V„  =  <„■. 

m +  *„  <  i?g,  |  (m  —  xoy  +  (Rt  —0.5  m)J  >  /?c, 

m  +  y0>/?g.  K(m— V0)*  4-  (/?4  -  0,5m)*  <  Rt, 

2m  +  A  >  2/?g; 

li 

A  •  Vm~vkc-Vac-Vbc  +  V'*  =  4m*. 

m  +  x0>Rt,  V  (m  -  x0)»  ?  (tfg  -  0,5m)!  <  /?g. 

«+y0>/?<t  l7  (m  -  </c)’  +  (/?g  -  0.5m)*  >  /?£. 

>n  —  y0<Rt,  2m  +  A>2/?l; 

fi  *  *V “  V ~  V ~  Vu  +  Va  +  K*  =  4m*. 

m+.xe>/?1!.  K(m  -  x0)'  +  (R  —  0,5 m)*  <  /?g, 
m  +  V  (m  -  yo)1  +  (R-  0.5  m)*  <  Rt. 

2m  +  h>2Rg,  V(m-x0)*  +  (m-y0)*>  Rg, 

B ■  +  V*  +  -f  V*  =  4m*. 

m  +  x0>/?g.  V (m - *o)*  +  (tfg -  0,5m)1  <  Rt.  2m+h>2Rt, 
m  +  y9>  Rt,  V(m  -  y0?  +  (Rt  —  0,5m)*  <  Rt, 

V(m  —  x,)*  +  (m  —  y0)*  <  tfg>  K(m— x0)*+(m— ^  *+(/?,— 0.5m)*> 

>/?*: 

r-  -  Kt(  =  4m*. 

m  +  xt>Rt,  V (m  -x,f  +  (m-  y0)'  +(/?g-0,5m)*  <  /?,. 

m  +  ir0>/?*.  2m  +  A>2/?g; 

nt 

*•  v.-K-'',-VK-Va+VM,+Va+V^Vn-Vu ,  4ms. 
m  +  jf0  >  /?g.  K <m  — jg’4-  (2,5m -Rt)*  <  /?f , 
m  +  y0  >  #f.  ^(m—  y0)*+(2.5m  —  Rt)2  >  /?f. 

2m  +  h<2Rt,  V(m  -  Jc0)*+(m- y0)*  +  (/?,  _  0.5m)*  </?f: 


(^0.33) 


(^0.3^ ) 


(^0.35) 


(^0.36) 


^0.37) 


(*C.36) 


(^0.39) 
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(40.40} 


K. — ^ ... — V_~ V. . — V  4-V  mV  -lU  mV  _l!/  _t/ 

—  —  —  •*  tc  *  «i  »  «*'«■  '  jj«  «  ’  jiS  '  A] - *"•  • 

+  y (m— xtf +(m—y0)*+(Rt— 0,5m)*  < 


2m  +  h<  2Rt,  V{m  -  xtf  +  (m  -  y0)*+(2,5/n  -  Rtf  >  /?,, 

»  («  —  x,)1  +  (2.5 m  —  Rtf  <  I r(m  —  ytf  +  (2,5m  -  Rtf  <  /?<; 

B*  ^ ~  V*  -  VM  -  ^  +  i\,  +  Vn  +  Vn  +  VM  +  V*  - 


—  Vu  —  =  4 m*. 


m  +  x^tf,.  V(m  —  xtf  -f  (m  -  ytf  +  (Rg  —  0.5 m)1  <  Rt, 

«  +  &>*„  \  'i/n-xtf+(m~y0)'+(2,Sm-Rtf  <Rt, 

2m  +  h  <  2Rt; 


T  ■  ~  ‘V ~  ~  v« -  K + K  +  va + v„ + v„  _l  v„  _ 

-V*+VA-**. 


V(m  — xtf  +  (2.5m  —  Rtf  <  Rft  K(m  -  */„)*  +  (2,5m  —  /?,)*  >  Rg, 
m  +  x*>Rf  Vim —xtf  -f  (m  —  ytf~+  (Rg  _  o,5m)1  <  Rg; 

2m  +  h<  2Rt,  y\m  +  ytf  4-  (Rt  —  0,5m)*  <  #f; 

*  ■  -  •'w  -  K.  -  r«  -  V.  -  V* +  +  »-„ + V* + K*.  + 

+  KM-V*l-^*Ia= 

m  +  x^/?,.  W-x,,)1  +  (2,5m^Rtf  < 

2flt  +  A  <  2Rg,  V(m  —  y„)*  +  (2,5m.—  /?,)*  >  /?ft 
K(m  -  xj*  +  (m  +  &,)*  +  (tff  _  0.5m)*  <  /?,; 


IV 

^  ‘  ^'c  ~  ^*6a  K«7  ^*Ta  T"  ^*3  *f  l^j,  —  4m*. 

I'Tv^'m)*  +  (2,5m  —  /?„?  <  /(m  —  «/0)*  4-  (2,5m  —  Rtf  >.  /?,, 

2m  +  A  <  2/?„  Vr(x;-m)*+(m+y0)*4-(^<_o3^jr< 

S  *  ~  K*  **0  ~  K»7  —  K^o  +  ^*3  =  4m* 

Vim  +  ytf  +  (i?«  —  0,5m)*  <  Rv  /(‘^  ~m)s  +  (2,5m  —  Rtf  <  /?fi 

K (m — y0)* 4- (2,5m  —  Rtf  >Rt,  jq^r+7^-<i?J, 

Vl**-mr-U;a+y0r+{Rt-0,5m)*  > /?f.  2m  +  A<2/?4. 

V  (* -m?  +  (m- y0)’+(/?  -  0,5mj*~  < 


(40.41) 


(40.42) 


(40.4J) 


(40.44  ) 


(40.45) 


274 


(40.46) 


A  .  —  V jg  Kj;  V <7a  +  ^  -f  —  4m*. 

m  +  y0  >  Rv  Vfo  —  m)1  +  (m  —  y0)*+(Rt  —  0,5m)1  <  /?«, 

2m  -f  A  <  2Rt,  /(x*  —  m)*  +  (m  —  y0)*  +  (2,5m  —  /?t)*  <  Rg: 

5  •  ^  ^  ^  ^  ~  ^  +  K*  =  *#. 

V(xg  —  m)'  +  (y0  +  /»)■<  /?,.  K(m  4-  &)*  +  (ff,  -  O.Cm)-  >  Rt. 

2m  +  h  <  2/?*,  |/(x,  — m)»  +  (m  —  &)*+(/?,  -  0,5m)*  <  /?,. 

V^-mr+fm-yo)*  +  (2.-5 m  -  Rt)-  <  Rg,  (40.47) 

B.  =  Vr(m  +  Ws  + (2.5m -/?,)* > 

2m  -j-  A  <  2/?,  V{**— m)1  +  {ya-~  m)*  +  (/?  —  0,5m)*  <  /?f, 

V(jq»  —  «)*  +  (ft “ «)*  +  (2,5 m  —  /?c)*  <  (40.48) 

Calculation  of  conductivity  g  was  done  by  the  above  mentioned  formulas  for 
15  points  on  one  eighth  part  of  the  area  of  the  lower  face  of  su^ace  of  model 
S.  Results  of  calculation  are  given  in  Table  19  in  which  in  scale  are  placed 
points  on  a  fourth  part  of  the  lower  face  and  the  value  of  conductivity  in  them 
is  shown.  Near  every  point  is  shown  the  number  of  the  equation  which  satisfies 
conductivity  in  it.  Calculation  was  carried  out  on  digital  computer  "Promir. 
as  follows. 


Table  19- 

VI 


15m 


12m 


09  m\ 


(Km 


95m 


fV 

3S 

qVm 

7  m 

P~B 

RyJJim 

II 

S-B 

&¥ 
Rt*  1,76m 

S-B 

qtmM 
-  •  m 
Rfs?,C3m 

iV 

jn-B 

Rt*1.&fm 

2-a 

1-r 

oiamn 

1  m 

1-r 

9»r 

fl-a 

Rm~15m 

2-R 

r9^ 

R.=tVV 

P-R 

AP 

Rt*  1,62m 

U-B 

fie®* 

U-B 

.ft? 

Rt  :1.12  m 

1-r 

fim  —  1,2** 

(P-6 

9 *¥ 

l P-5 

Rf  - 1,51m 

Pg  a  1,0 Rm 


0,6m  0,9m 


.%2m 


IS* 
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An  equation  for  conductivity  g  at  the  given  point  was  selected  randomly.  Part 
of  the  members  of  the  equation  was  transferred  to  the  right  part  so  that  they  took 
the  form 

fi(g)=fi(g)- 

Then,  substituting  different  values  of  g,  the  ieft  fi(8)  and  the  right  h(g)  parts 
of  the  equation  were  calculated,  curves  were  p?.otted  according  to  calculations  and 
their  point  of  intersection  found.  Coordinate  g  of  the  point  of  intersection  of 
the  curves  were  checked  according  to  conditions  for  the  given  equation.  If  the 
found  value  of  g  did  not  satisfy  these  conditions  another  equation  was  selected 
and  calculations  carried  out  in  this  way  until  an  equation  for  which  the  found 
value  of  g  satisfies  all  conditions  is  found. 

Table  20. 


Here  the  obtained  results  are  directly  applicable  to  the  construction  of 
attenuators  of  space  grid  models.  In  this  case  instead  of  conductivity  of  holes  to 
nodes  of  the  grid  on  its  border  it  is  necessary  to  v1oin  electrical  conductivities 
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proportional  to  those  shown  in  the  table.  Short-circuited  ends  of  all  conductivities 
will  serve  as  an  analog  of  a  point  at  infinity.  In  Table  20  are  given  results  of 
calculation  of  distribution  of  conductivity  g  over  surface  S  of  a  model.  Region 
D  Is  a  cube  with  side  2  m,  surface  S  coincides  with  the  surface  of  cube  D. 

Knowing  g  at  point  (xo,  tfo,  Zo)  of  the  model  border  it  is  easy  to  find  the  diameter 
of  hole  d  in  this  point  If  is  selected  the  distance  a  between  holes  and  thickness 
l  of  boundary  S 


nd1 


(40.49) 


or  the  distance  a  between  holes  if  their  diameter  is  selected 


a  = 


(40.50) 


§  41.  Simulation  of  Field  of  Stray 
Currents  in  the  Networks  of 
Elec'triffed  Railroads  and 
Underground  PTpelines 

Insulating  coverings  of  Dines  of  underground  constructions  do  not  ensure 
full  protection  of  them  from  corrosion  and  destruction.  Stray  currents  of  electrified 
railroads  redouble  the  processes  of  destruction  and  rapidly  lead  to  unfitness  of 
large  sections  of  pipelines.  For  protection  of  metallic  underground  constructions 
from  corrosion  and  dissolution  by  stray  currents  are  developed  effective  protective 
means  namely  cathode  and  drainage  protection.  However  to  this  time  no  method  has 
been  found  for  the  calculation  of  safety  devices  with  the  help  of  which  it  would 
have  been  possible  tc  determine  their  number,  form  and  place  of  location  in  a 
network  of  pipes. 

Designing  of  devices  of  cathode  and  drainage  shielding  reduces  to  calculation 
of  a  field  of  protective  and  stray  currents  in  the  ground  surrounding  the  entire 
network  of  underground  construction.  Mathematical  formulation  of  this  problem 
was  done  by  V.  N.  Ostapenko  [191  but  no  analytic  solution  to  it  in  general  has 
yet  been  found.  Let  us  give  mathematical  expression  to  the  problem. 

Let  us  introduce  the  following  designations: 

U  —  electrical  potential  of  field  of  current;  Yn  Yz*  Y3,  Y«-  Ys  —  conductivity 


2?7 


of  pipeline,  roadbed,  insulating  covering  of  pipes,  insulation  of  rail,  and  ground 
respectively. 

The  entire  network  of  pipelines  is  placed  in  half-space  Jt<0  in  parallel  to 
surface  x*=0  (surface  of  earth)  at  a  depth  m  from  it.  On  surface  x®0  lies  the 
network  of  electrified  railroads.  The  potential  in  the  lower  half-space  satisfies 
the  equation 


JL(vj*L\±J_fvdU\  d  (  du\  n 
dx  (Y  dx  /  +  dy  (Y  dy  J  +  dz  (Y  dz  )  ~  °* 


V  — 


Yi — in  v;all  of  pipes, 

Yt — in  rails  of  railroad. 

Y,  — in  insulation  of  pipes, 
Y«  —  in  insulation  of  rail, 
Y»  —  in  ground 


everywhere,  besides  the  fixed  points  of  connection  of  poles  of  sources  of  current 
to  the  pipeline  (with  cathodic  protection)  and  moving  points  of  contact  of  a  trolley 
with  rails  (during  travel  of  electric  locomotives),  in  which  potential  has 
peculiarities.  On  surface  x  -  0 

everywhere  with  thj  exception  of  ground  points  of  poles  of  sources  of  current  (with 
cathodely  shielding)  and  line  of  railroad.  The  intensity  of  processes  of  corrosion 
and  dissolution  of  metal  of  pipes  is  determined  by  difference  potentials  of  the 
pipeline  and  earth,  in  other  words,  by  the  voltage  on  the  insulating  covering  of 
the  pipe.  From  the  essence  of  cathodic  protection  it  follows  that  this  voltage 
should  be  not  less  than  a  certain  definite  value  and  at  the  same  time,  from  technical 
considerations,  should  not  be  too  large.  The  problem  consists  in  detecting  such  a 
distribution  of  cathode  shielding  devices  and  drainage  cables  for  which  the  change 
of  voltage  on  the  insulation  of  the  pipes  over  the  entire  extent  of  the  network 
will  be  limited  by  the  assigned  limits.  The  number  of  safety  devices  besides 
should  be  as  small  as  possible. 

The  complexity  and  variety  of  forms  of  pipeline  networks  and  railroad  lines  so 
hamper  analytic  solution  of  the  problem  that  it  becomes  practically  impossible  even 
with  the  use  of  digital  computers.  However,  solution  of  the  problem  nevertheless 
can  be  obtained  with  the  help  of  a  model  used  to  find  voltage  on  insulating  covering 
of  pipes  of  network.  Sequentially  modelling  diverse  variants  of  location  of  safety 
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devices,  it  is  possible  to  find  an  optimum. 

The  extent  of  networks  of  gas  conduits  is  measured  in  cens,  hundreds  and  even 
thousands  of  kilometers.  At  the  same  time  the  value  of  diameters  of  the  pipes  does 
not  exceed  one  meter  and  the  thickness  of  their  insulation  —  one  centimeter. 

Such  a  ratio  of  dimensions  gives  rise  to  great  difficulties  when  simulating  the 
field  of  stray  and  protective  currents  in  a  network  of  gas  conduits.  Actually  the 
dimensions  of  the  model  are  desirably  limited  to  a  value  of  2-5  m  and  at  the  same 
time  in  model  it  is  necessary  to  retain  the  actual  ratio  of  length  of  network  to 
diameter  of  pipes  and  thickness  of  insulation  cn  them.  Even  if  the  extent  of  the 
gas  conduit  model  reaches  several  kilometers,  the  diameter  of  pipes  on  the  model 
will  be  measured  in  hundredth  parts  o‘  a  millimeter  and  the  thickness  of  insulation 
in  microns.  To  prepare  such  a  model  and  to  make  the  necessary  measurements  on 
it  is  technically  impracticable.  This  circumstance  compels  abandoning  attempts 
at  straight  simulation  of  the  field  and  switching  to  a  more  complicated  model  using 
characteristic  peculiarities  of  the  structure  of  the  field  investigated. 

Let  us  consider  a  long  rectilinear  pipeline  of  radius  ft  covered  with  a  thin 
layer  of  imperfect  insulation  and  located  at  a  depth  m  frcm  the  surface  of  the 
Earth  Let  us  join  one  pole  of  the  source  of  electromotive  force  to  the 

pipeline,  the  other  pole  we  will  ground  at  a  great  distance  from  it.  Disregarding 
potential  drop  along  the  pipe  and  considering  the  surface  of  the  insulation 
equipotential  and  the  grounded  pole  infinitely  remote,  we  find  the  field  of  current 
in  ground  near  the  pipe. 

Applying  method  of  mirror  images,  we  replace  the  investigated  field  by  the 
field  of  two  parallel  pipes  of  indentical  potential  in  a  uniform  medium  (ground). 
The  overall  potential  of  the  sought  field  is  expressed  thus  [7]: 
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Q-Qc 
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Here  Iq  is  the  current  flowing  through  surface  of  pipe  per  unit  length;  y  is 
the  conductivity  of  ground 
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ft(z)  is  the  function  infinite-sheet ly  conformally  mapping  the  entire  plane  with 
rne  exception  of  circular  sections  of  pipes,  onto  an  Infinite  band  of  width  h  and 
translating  the  circuit  of  the  upper  pipe  to  upper  limit  of  band  v  =  h,  the  circuit 
of  the  lower  pipe  to  the  lower  bound  of  band  v  =  0.  Here  the  point  i.t  infinity 
passes  onto  the  band  in  a  series  of  equidistant  points  with  coordinates 

0*  =  2ak  -f-  ~  (k  —  any  Integer) 
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Presenting  function  9^  in  the  form  of  a  series  we  obtain 
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Placing  these  values  in  formual  (41.3),  we  have 
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Placing  this  /alue  of  the  constant  in  formula  (41.13),  we  obtain 

U(x, 
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(41.15) 
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We  write  the  equation  of  the  line  of  equal  potential 

.  ch  2d  —  cos2c 

in-H-A.  ; - o  —const. 

ch  2d  +  cos  2c 


(41.16) 


According  to  the  removal  from  the  pipes,  the  form  of  lines  of  equal  potential 
approaches  a  circle.  Indeed,  considering  Z^R  and  z>/n,  from  formula  (41.10) 


we  obtain 
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Here 


r=Vx?  +  y*  ,  Y  =  arctg-^. 

More  exactly  the  equation  of  equipote.itials  z^>/?  and  z^m  can  be  deriveu  .©placing 
the  pipe  by  parallel  charged  axes  with  charges  on  them  of  + 1<J2  and  distance  between 
them  2n 
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Con 3 id e ring  Uk (0, 0)  =  0,  we  find 
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(41.17) 


Let  us  derive  the  equation  of  equipotential  line  passing  through  point 
Potential  at  this  point,  calculated  by  the  formula  1.15>  we  designate  U 
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We  have 
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then 
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We  set  x  =  vn.  y*  =  z,  then 
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Considering  x=0  (v  =  0),  we  find 
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hence 
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Placing  this  value  of  v  in  the  equation  of  the  equipotential  line  (4i.l8),  we  obtain 

y=± _ S! _ \/\f MV"'-  »  *»( 


As  can  be  seen  from  Fig.  80  the  line  of  equal  potential  for  yl  >  20/?  differs  very 
little  from  a  semicircle  with  its  center  on  the  surface  of  the  ground. 

Let  us  take  the  assumption  made  during  derivation  of  formula  (41,15)  and  apply 
conditions  which  take  place  in  reality,  i.e.,  we  will  consider  that  travel  along 
the  pipe  the  potential  slowly  changes,  the  grounded  pole  is  located  at  e  finite 
but  sufficiently  great  distance  from  the  pipe  and  the  pipeline  consists  of  separate 
rectilinear  sections  connected  to  one  another  at  different  angles.  Here  the  picture 
of  the  field  near  the  pipe  in  a  cross  section  normal  to  its  axis  is  almost  unchanged 
although  the  value  of  potential  at  identical  points  of  different  sections  will  be 
different.  The  picture  of  the  field  of  various  sections  will  be  similar  to  each 
other.  Only  the  field  near  the  points  of  break  and  branching  of  the  pipeline  will 
be  changed,  however,  even  at  these  p’aces  the  form  of  the  field  will  be  nractically 
independent  of  position  of  remote  poles  and  can  be  determined  beforehand. 

This  characteristic  peculiarity  —  independence  of  form  of  field  near  the  pipe 
from  position  of  remote  sources  —  is  used  for  construction  of  a  model  [35]. 
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Let  us  divide  the  investigated  field  into  two  parts  including:  1)  pipeline, 
insulation  and  nearby  layer  of  ground  bounded  by  a  surface  which  is  formed  by  the 
family  of  lines  of  equal  potential  equally  remote  from  the  axis  of  the  pipe: 

2)  the  whole  remaining  ground.  For  each  of  these  parts  of  the  field  we  construct 
own  model,  but,  both  models  are  combined  in  such  a  way  as  to  immediately  obtain  a 
solution  to  the  problem.  The  final  object  of  simulation  is  determination  of  voltage 
on  the  insulation  of  the  pipeline,  in  other  words  determination  of  potential 
difference  between  two  equipotential  lines  in  every  cross  section  of  the  nipeline. 
From  this  point  of  view  the  distribution  of  field  intensity  along  lines  of  equal 
potential  are  not  of  interest,  therefore,  considering  constancy  of  form  of  field 
near  the  pipe,  it  is  possible  to  regard  it  as  two-dimensional  in  coordinates 
counted  off  along  the  axis  of  pipe  (in  units  of  length)  and  along  any  flow  line 
(in  units  of  potential). 
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Fig.  8l. 

Let  us  find  the  connection  between  otential  on  the  surface  of  the  pipe  U0 
and  potential  on  the  surface  of  a  separated  layer  of  ground  (Fig.  8i ) , 
Considering  the  portion  of  current  flowing  along  the  insulation  and  ground  along 
the  axis  of  the  pipe  equal  to  zero,  which  is  very  close  to  the  actual  case,  we 
obtain 


+  dzj=r0idz, 

(*1.21) 

i~[l+l£dZ)  “  U^dZ- 


Hence  after  differentiation  and  elimination  of  current  i  we  obtain 
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(41.22) 


Here  rQ  is  the  resistance  of  unit  length  of  pipe;  g„  is  the  conductivity  of 
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Fig.  82. 

insulation  and  separated  layer  of  ground  happening  per  unit  length  of  pipe. 

Precisely  the  same,  with  the  same  assumptions,  will  be  the  equation  connecting 
potential  on  rails  of  railroad  with  potential  on  surface  of  separated  layer  of 
ground.  Here  by  r^  one  should  understand  the  resistance  of  a  unit  length  of  rail, 
by  gQ  —  the  conductivity  of  the  separated  layer  of  ground  happening  per  unit  length 
of  rail. 

Equation  (41.22)  is  similar  to  the  equation  of  a  long  line  and  potentials 
entering  it  can  be  modelled  by  the  distribution  of  voltages  in  a  recurrent  circuit 
containing  the  longitudinal  resistances  and  transverse  conductivities  g. 

In  the  remaining  part  of  the  ground  the  field  is  essentially  a  three-dimensional 
potential  which  satisfies  the  Laplace  equation.  It  is  expediently  modeled  by  a 
field  of  current  in  a  volumetric  bath.  Consequently,  the  model  should  contain  two 
main  parts  —  a  recurrent  circuit  and  volumetric  bath  filled  with  a  conducting 
composition  to  replacing  ground.  Both  parts  have  to  be  interconnected  In  such  a 
manner  so  as  to  preserve  values  of  potential  on  border  of  connexion  of  the  models 
corresponding  to  the  outer  surface  of  the  separated  layer  of  ground.  Potential 
on  this  surface  Is  changed  only  along  the  axis  of  the  pipe.  Therefore,  to  preserve 
its  values  it  is  necessary  to  make  the  surface  metallic.  In  order  to  ensure  a 
change  of  potential  along  the  axis  of  the  pipe  the  metallic  surface  must  be  cut  into 
on  small  element  of  identical  length  with  cross  sections  normal  to  the  axis  and  to 
insulate  the  metallic  element  from  each  other  with  thin  insulating  separators 
(Fig.  82).  To  each  element  of  length  l  is  coupled  a  conductivity  g—g0l  of  the 
recurrent  circuit. 

We  have  seen  that  a  line  of  equal  potential  remote  from  axis  of  pipe  by  a 
distance  greater  than  20F  is  close  to  a  semicircle.  A  line  of  equal  potential  near 
a  railroad  has  the  same  form.  Therefore  element  for  connection  of  both  parts  of 
the  model  are  expediently  prepared  from  segments  of  metallic  tube.  The  radius 


Fig.  83. 


of  the  semicircles  3^  should  be  selected  such  that  in  the  scale  of  the  model  the  radius 
of  tubes  of  element  be  not  less  than  3-4  mm.  In  the  bath  the  tubes  are  emersed 
in  conducting  composition  to  one  half  of  their  diameter. 

In  place  of  branching  of  pipes,  the  forr  of  element  can  be  found  replacing  the 
pipeline  and  its  mirror  image  in  the  surface  of  the  ground  by  two  charged  filaments 
coinciding  with  axes  oz  and  oy  (Fig.  83).  At  great  distances  from  the  pipes  such 
replacement  is  permissible.  The  potential  of  the  field  of  intersecting  filaments 
equals : 


U(x,y,z) 


(41.23) 


The  equation  of  the  surface  of  equal  potential  is 


(41.24) 


Constant  c  we  find  from  the  condition  that  point  (0.  yu  1 )  belongs  this  surface 


Consequently,  the  equation  of  the  surface  will  be 

*=±  or  ±  {/“ xt£yt  (41.2S) 

The  form  of  a  surface  plotted  according  to  this  equation  is  shown  in  Fig.  33. 

The  distribution  of  voltage  on  the  insulation  of  the  pipes  which  is  of  interest 
to  us  will  be  modelled  by  the  distribution  of  voltage  on  conductivities  g  of  the 
recurrent  circuit.  Each  of  conductivities  g  replaces  the  joint  conductivity  of 
insulation  and  ground  present  on  a  section  of  pipe  of  length  i.  The  value  of  2 
is  defined  thus: 
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Here 


=  2*K/Yta. 


(41.27) 


g  Is  the  conductivity  of  insulation  present  on  length  l  of  a  pipe  of  radius  R; 


2*/V. 


(41.28) 


In 


g is  the  conductivity  of  a  separated  layer  of  ground;  Y*,  is  the  conductivity  of 
a  unit  of  an  area  of  insulation. 

Knowing  the  value  of  conductivities  and  g it  is  easy  to  find  the  voltage 
on  a  section  of  insulation  of  the  pipe  u by  the  formula 


&M3 


(41.29) 


where  u  is  the  voltage  on  conductivity  g  of  a  link  of  the  recurrent  circuit. 

If  a  gas  conduit  consists  of  two  closely  located  pipes  electrically 
interconnected,  the  form  of  element  will  be  the  same  as  for  a  single  pipe  but  in 
this  case  the  conductivity  of  the  separated  layer  of  ground  cannot  be  calculated 
by  the  formula  (41.28).  The  value  of  conductivity  is  most  easily  found  by  simulation 

on  a  model  of  resistance  paper  (Fig. 

84).  The  model  constitutes  a  circle  of 
radius  y^,  cut  from  resistance  paper. 
Along  its  circumference  is  connected 
a  copper  wire  ring.  To  sections 
corresponding  to  sections  of  pipes 
and  their  mirror  images  on  the  surface 
of  the  Earth  are  soldered  copper  disks 
of  radius  R  which  are  interconnected. 

The  model  is  connected  in  a  dc  circuit 
in  series  with  a  rectangular  band  measuring  L  x  H  cut  from  the  same  paper  as  was 
the  circle  and  the  voltage  between  contacts  of  the  model  and  line  Uv  are 


measured.  Conductivity  is  calculated  by  the  formula 


(*1.30) 

Replacement  of  the  separated  layer  of  ground  and  insulation  of  the  pipes  by 
conductivities  of  a  recurrent  circuit  permits  practically  a  100  fold  decrease  in 
scale  of  simulation,  however  for  too  large  an  extent  of  the  pipeline  network  the 
entire  field  cannot  be  modelled,  i -mediately.  It  is  necessary  to  model  the  field 
by  sections.  The  model  constitutes  volumetric  bath  filled  with  a  conducting 
composition  with  adjoint  recurrent  circuits.  So  that  the  field  of  current  in  the 
model  will  be  similar  to  the  field  of  current  in  the  modelled  section  of  the  network 
it  is  necessary  on  the  borders  of  the  modelled  section  to  assign  values  of  potential 
proportional  to  those  occurring  in  the  actual  field.  These  values  are  not  beforehand 
known  and  can  be  determined  only  by  solving  the  entire  problem.  In  order  to  avoid 
this  uncertainty  it  was  necessary  to  prepare  the  model  In  such  a  manner  so  that 
during  simulation  in  it  any  section  is  considered  to  always  influence  the  entire 
remaining  pipeline  and  railroad  network  with  the  ground  surrounding  it.  This  can 
be  achieved  with  the  help  of  a  model  of  an  element  of  unlimited  space.  The  depth 
of  laying  of  the  pipes  in  the  ground  is  negligeably  small  as  compared  to  the 
dimensions  of  the  modelled  sections  of  the  network.  For  planning  only  the  voltage 
on  the  Insulation  of  the  pipes  is  of  interest.  Consequently,  it  is  Important  to 
ensure  conformity  of  the  field  of  current  in  the  model  and  object  only  on  the 
surface  of  the  conducting  composition  of  the  model.  Therefore  as  an  element  of 
unlimited  space  it  is  expedient  to  select  a  square. 

The  metallic  housing  of  a  model  of  an  element  of  unlimited  space  is  equivalent 
to  an  infinitely  remote  surface  of  zero  potential.  Replacing  the  branches  of 
pipeline  ana  railroad  network  extending  beyond  the  limits  of  the  modelled  section 
by  equivalent  resistances  -onnecting  the  ends  of  the  chain  diagram  with  the  metallic 
housing  of  the  model  we  will  consider  thereby  an  influence  of  all  remaining  parts 
of  the  network  on  the  field  of  current  from  -ounces  located  within  the  limits  of 
area  of  the  given  section.  The  value  of  resistances  equivalent  to  branches  of  the 
network  exceeding  the  limits  of  the  modelled  section  can  be  measured  collecting  for 
this  on  the  model  a  circuit  of  substitution  of  each  of  the  branches. 


The  field  in  the  part  of  interest  to  us,  that  is  near  to  the  surface  of  the 
pipes,  is  determined  by  the  current  flowing  through  the  insulation  of  the  pipes. 
Sources  of  opposite  sign  located  in  a  neighboiing  section  are  removed  to 
comparatively  great  distances  and  their  influence  on  the  value  of  voltage  on  the 
insulation  of  pipes  of  a  given  cross  section  is  the  same  as  if  they  were  infinitely 
distant.  Therefore,  for  simulation  of  a  field  of  sources  located  in  a  neighboring 
section  it  is  sufficient  on  the  ends  of  the  circuits  of  substitution  of  the  branches 
of  a  pipeline  and  a  railroad  network,  at  the  intersections  with  these  branches  of 
the  border  between  sections,  to  set  the  value  of  currents,  equal  to  earlier  occurring 
resistances,  equivalent  to  the  same  branches  during  simulation  of  a  field  in  a  cross 
section  with  sources.  Connecting  sources  of  current  with  one  pole  to  the  metallic 
housing,  the  second  to  the  ends  of  the  circuits  of  substitution  of  branches, 
serving  as  a  continuation  of  branches  of  the  section  with  sources  and  setting  the 
necessary  values  of  currents,  we  ensure  thereby  boundary  conditions  close  reality 
[32]. 

In  such  a  way  it  is  possible  to  model  by  sections  the  field  of  the  entire 
nipeline  net  created  by  sources  located  in  only  one  section.  Modelling  in  series 
a  field  created  by  sources  of  each  of  the  sections  separately,  and  superimposing 
the  results  of  simulation,  we  find  the  resultant  field  during  simultaneous  action 
of  all  sources. 


§  42.  Model  for  Calculating  Electroprotection 
°f  Underground  Constructions 
from  Corrosion 

In  preceding  paragraph  we  clarified  the  possibility  of  simulation  of  a  field 
of  stray  currents  in  a  network  of  underground  pipelines  and  railroads  and  showed 
that  the  modelling  device  must  consist  of  the  model  of  an  element  of  unlimited 
space  having  the  form  of  a  section  of  a  plane,  and  a  set  of  chain  circuits  with 
sources  of  current.  In  1  J>7  is  examined  a  model  with  a  zero  mean  value  of  potential 
of  distortion  on  the  section  of  free  surface  of  the  conducting  com  osition.  Let 
us  give  consideration  in  favor  of  application  of  it  for  simulation  of  a  field  of 
stray  currents.  During  simulation  the  ends  of  branches  of  chain  circuits  replacing 
sections  of  branches  of  the  pipeline  network  exceeding  the  limits  of  the  given  section 
are  joined  to  the  metallic  housing  of  the  model  through  resistances .  T'ne  current 
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In  these  resistances  are  measured  and  during  subsequent  simulation  of  the  field  in 

neighboring  sections  the  measured  value  of  it  is  set  in  continuations  of  the 

same  branches.  This  current  basically  also  determines  the  intensity  of  the  field 

* 

in  neighboring  sections.  The  value  of  current  is  proportional  to  the  potential 
difference  between  the  end  of  the  branch  of  the  chain  circuit  and  the  housing  of 
model.  Inasmuch  as  the  potential  of  the  model  housing  is  equal  to  zero,  the  value 

of  current  is  proportional  to  the  potential  of  the  end  of  the  branch. 

We  saw  that  it  is  impossible  to  destroy  completely  the  distortion  inserted 
by  the  wall  of  the  model  onto  the  field.  The  field  of  the  sources  is  partially 
reflected  from  the  wall  of  the  model  and  affects  the  value  of  potential  of  the 
branches  of  the  chain  circuits  replacing  the  pipelines.  This  influence  will  be 
reflected  in  the  value  of  current  in  the  branches  and  will  lead  to  error  during 
simulation.  Properties  of  model  have  to  be  such  that  this  error  is  as  small  as 
possible. 

The  reflected  field  in  the  model  can  be  regarded  as  a  field  of  sources 
distributed  over  its  wall.  Let  us  estimate  the  influence  of  this  field  on  the 
value  of  potential  of  a  branch  of  the  chain  circuit  replacing  a  metallic  pipeline. 
Let  us  assume  tnat  in  the  field  of  sources  is  introduced  an  uncharged  conductor 
(pipeline).  Free  charges  migrate  to  the  surface  of  the  conductor  and  create  their 
own  field.  Inside  the  conductor  it  is  equal  to  and  opposite  in  sign  to  the  external 
field  of  the  sources  and  the  potential  of  the  resultant  field  there  is  constant. 
Outside  the  conductor  the  field  of  charges  induced  on  it  is  similar  to  the  field  of 
a  dipole  since  the  total  induced  charge  cf  the  conductor  is  equal  to  zero.  The 
zero  equipotential  surface  of  this  field  necessarily  will  pass  inside  the  conductor 
and  will  dissect  it  into  two  approximately  identical  parts.  Inside  the  conductor 
it  coincides  with  one  of  the  equipotentials  of  the  external  field  of  sources, 
outside  the  conductor  it  goes  to  infinity.  Inasmuch  as  the  resultant  potential  is 
equal  to  the  sum  of  potentials  of  the  field  of  sources  and  the  field  of  charges 
induced  on  the  conductor,  the  constant  value  of  potential  of  tne  conductor  U  =  C 
will  be  equal  to  that  valus  of  field  potential  of  external  sources  which  it  takes 
inside  the  conductor  on  the  section  of  the  surface  of  zero  potential  of  the 
field  of  induced  charges.  As  was  shown  by  G.  A.  Grinberg1  potential  induced  on  a 

1G.  A.  Grinberg,  "Izbrannyye  voprosy  matematicheskoj  teorii  elektricheski.Kh  i 
magnitnykh  yavleniy,  Izd-vo  AN  SSSrt,  19^8. 
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long  thin  straight  wire  introduces  in  an  arbitrary  external  field,  is  very  close 
to  the  mean  value  of  potential  of  this  external  field  on  the  length  of  the  wire. 

In  our  case  the  mode  Lied  pipeline  constitutes  a  totality  of  long  thin  conductors 
located  or.  the  surface  of  the  conducting  composition  of  the  model.  The  error 

introduced  by  the  wall  of  the  model  in  the  value  of  potential  of  the  circuits  of 

substitution  of  the  pipeline  will  also  be  close  to  the  mean  value  of  potential  of 
distortion  in  the  volume  occupied  by  the  pipeline.  Therefore,  It  is  expedient  to 
study  such  a  model  in  which  the  mean  value  of  potential  of  distortion  will  equal 
zero.  The  model  examined  in  §  37  possesses,  besides  this,  one  more  valuable  property, 

namely:  a  small  value  of  potential  of  distortion  in  the  entire  region. 

During  design  of  electrosnieiding  of  pipelines  the  field  only  on  rne  surface 
of  the  conducting  composition  of  model  is  of  interest,  therefore,  it  is  possible  to 
apply  a  solid  medium  for  simulation  of  <,hc  field.  A  solid  solution  of  gelatin  in 
glyce'-'oe  is  most  suitable.  The  solution  is  poured  into  a  tank  in  the  liquid 
state  and  it  fills  all  openings  in  the  walls.  After  that  it  is  cooled  and  its 
surface  leveled. 


The  least  value  of  potential  of  distortion  is 
attained  with  a  spherical  surface  of  model  wall. 

However,  to  prepare  such  a  surface  is  difficult  and 
can  be  replaced  with  the  surface  of  an  octahedral 
B-l  truncated  pyramid  embracing  a  spherical  segment  (Fig. 

3b)  The  cor.d  ictivity  of  .coles  in  the  wall  of  the  model 
is  determined  by  the  formula  (37.3).  As  region  D  it 
is  expedient  to  take  a  square  (Fig.  68).  Here  integrals 
in  formula  (37.3)  are  expressed  in  terms  of  elementary 
functions.  Calculation  of  conductivity  g  can  be  performed  on  a  digital  computer 
programed  for  calculation  of  multiple  integrals.  Results  of  calculation  of 
conductivity  g  for  the  model  shown  in  Fig.  35  are  giver,  in  Table  21. 

The  second  part  of  tne  model  ~  a  set  of  chain  circuits  and  sources  of  current  - 
is  composed  of  wire  adjustable  resistances  and  assembled  on  a  special  frame. 

Values  oi  conductivities  and  resistances  replacing  joint,  conductivity  of  tne 
insulation  and  separated  layer  of  ground,  and  che  longitudinal  resistance  of  the 
pipes,  are  set  in  a  selected  scale  depending  on  the  ratio  of  conductivities  of 
ground  and  the  conducting  composition  of  the  model. 
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Table  21 
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In  accordance  with  the  plan  of  pipeline  and  railroai  networks  on  the  surface 
of  the  conducting  composition  of  the  model,  semicircular  grooves  '  re  c-  t  with  a 
specie-  cutter  in  which  a>-e  fused  preliminarily  heated  tubular  "le-  .t?  dividing 
them  by  *hin  insulating  separator?.  Then  tc  t..em  are  . .  ir.e 5  cor.duc  vl~i-e  of  toe 
chain  circuits.  Toward  the  end  of  a  branch  of  the  chain  circuit,  5.  replaces 
itsc-lt-  a  part  of  a  branch  of  the  pipeline  or  railroad  intersecting  the  border  r 
the  modelled  section,  a  resistance  is  connected  equivalent  to  the  part  of  the 
branch  not  included  in  the  model. 

Nodes  of  the  chain  circuit  replacing  a  railroad  line  are  joined  to  the  contacts 
of  a  step  switch,  at  the  input  of  whic.n  a  source  of  current  Is  include;.  Travel  of  ar 
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electric  locomotive  along  the  line  Is  imitated  by  series  switching  of  contacts  of 
the  stepping  switch. 

The  problem  at  hand  is  solved  thus: 

A  source  of  current,  one  end  of  which  is  connected  to  the  input  of  a  stepping 
switch,  is  connected  by  the  other  end  to  the  node  of  the  circuit  of  substitution 
of  the  railroad  corresponding  to  the  point  of  connection  of  a  traction  substation. 
Current  is  set  in  the  source  in  a  selected  scale  proportional  to  the  current 
consumed  by  the  electric  train.  After  that  the  stepping  switch  is  activated  and  the 
voltage  u  on  conductivity  g  of  a  link  of  the  chain  circuit  replacing  a  pipeline 
with  insulation  and  a  layer  of  ground  and  the  value  of  currents  in  resistances 
connected  to  the  housing  of  the  model  are  measured.  Knowing  the  values  of 
conductivity  and  gB 3  (hi. 27),  (Al.28),  voltage  drops  on  the  corresponding  section 
of  insulation  «*,  are  calculated  by  the  formula  (11.29)-  Making  measurements  on 
all  conductivities  and  calculating  the  voltage  on  the  insulation,  distribution 
curves  of  voltage  along  branches  of  the  pipeline  are  traced.  The  same  is  done  for 
all  neighboring  sections  of  the  pipeline  network  however  in  this  case  sources  of 
current  are  connected  to  beginnings  of  tne  branches  of  the  pipeline  and  railroad 
networks  which  are  a  continuation  of  branches  of  the  basic  section  and  to  tne 
housing  of  the  model  and  with  these  sources  is  provided  a  current  of  the  same  value 
as  was  measured  on  the  first  model  in  corresponding  resistances.  The  stepping 
switch  in  this  cast  is  not  included  but  the  current  in  the  sources  connected  to  the 
beginnings  of  the  branches  change  in  tne  same  stepwise  fashion  as  in  the  first  model 
during  operation  of  the  stepping  switch. 

Performing  similar  operations  as  many  times  as  there  are  sections  of  the 
modelled  pipeline  network,  we  obtain  a  'cries  of  distribution  curves  of  voltage  on 
the  insulation  of  the  pipeline  during  action  of  sources  of  each  of  the  sections 
separately.  Summing  these  curves  we  obtain  resultant  distribution  curves  of  voltage 
on  the  insulation  of  the  pipes  of  the  network.  The  form  of  the  curves  and  value 
of  their  ordinates  will  permit  finding  sections  of  the  pipeline  subjected  to 
destruction  and  to  select  a  device  for  their  protection.  Placing  stations  of 
cathodic  protection  and  drainages  along  the  pipeline  we  go  on  to  simulation  of  the 
field  taking  into  account  the  influence  of  safety  devices.  Stations  of  cathode 
protection  on  the  model  will  correspond  to  sources  of  .urrent  connected  to  nodes  of 
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the  chain  circuit  of  substitution  of  the  pipeline,  and  the  point  of  the  surface  of 
conducting  composition  of  the  model  corresponding  to  the  grounding  point.  Drainages 
are  modelled  by  connecting  wires  of  definite  resistance  between  nodes  of  the  chain 
circuits  of  substitution  of  the  pipeline  and  railroad.  Having  made  all  necessary 
conections  on  the  model  we  begin  to  take  new  measurements  and  plot  curves  of 
distribution  of  voltage  on  the  insulation.  If  obtained  results  are  unsatisfactory, 
a  new  location  for  the  safety  devices  is  selected  and  modeling  is  repeated  until 
the  optimum  variant  of  shielding  Is  selected. 
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Ts,  ts 

3 

* 

3  s 

Z,  z 

H 

H 

Y 

V 

Ch,  ch 

H 

K 

H  u 

I,  i 

m 

UI 

UI 

vu 

Sh,  sh 

fl 

A 

H  i 

Y,  y 

UI 

m 

Ul 

Shch,  shch 

K 

K 

K  K 

K,  k 

*b 

% 

2> 

% 

n 

31 

It 

J1  * 

L,  1 

bi 

u 

bl 

y 

Y,  y 

M 

M 

M  M 

M,  m 

b 

b 

b 

b 

i 

H 

K 

H  H 

N,  n 

3 

* 

3 

9 

E,  e 

0 

0 

0  o 

0,  o 

JO 

K> 

10 

10 

Yu,  yu 

n 

n 

77  it 

P,  P 

x 

B 

M 

Ya,  ya 

*  ye  initially,  after  vowels,  and  after  t,  b i  £  elsewhere. 
wKen  written  as  8  in  Russian,  transliterate  as  y8  or  8. 
The  use  of  diacritical  marks  is  preferred,  but  such  marks 
may  be  omitted  when  expediency  dictates. 
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FOLLOWING  ARE  THE  CORRESPONDING  RUSSIAN  AND  ENGLISH 
DESIGNATIONS  OF  THE  TRIGONOMETRIC  FUNCTIONS 


Russian 

English 

sin 

ain 

cos 

cos 

tg 

tan 

ctg 

cot 

seo 

sec 

C086C 

cac 

sh 

ainh 

eh 

cosh 

th 

tanh 

cth 

coth 

ach 

aech 

each 

each 

arc  a in 

sin-1 

arc  cos 

cos”1 

arc  tg 

tan"1 

arc  ctg 

cot”1 

arc  aac 

aec"A 

arc  coaac 

esc"-1 

arc  ah 

ainh"1 

arc  ch 

cosh"1 

arc  th 

tanh"1 

arc  cth 

coth"1 

arc  ach 

aech"1 

arc  each 

each"1 

rot 

curl 

!g 

log 
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distribution  list 


Organization 
AIR  FORCE 

Hq  USAF  (AFNIEBA) 
AFNIEBB 
ACIC  (ACDEL-7) 
Rand  (Calif) 
OAR  (RRYA) 

AFCRL  (CRXLR) 

A RL  (ARB)  WP,AFB 
SAC  (DISC) 

Hq  AFSC  (SCFT) 
AEETR  (ETW) 

AFWL  (WLF) 

AI4D  (AMFR) 

ASD  (ASES-2) 

ESD  (ESY) 

ESDDP  (i 

ESDT  d: 

RADC  (EMY) 

RAEMC  (i) 

RAEMI  (i) 

SAMSO  (SMFA) 

FTD 

TD3DP-2 

TDBTL 

TDBXP 

ATD  (2) 

PHS  (1) 

TDBXT 
TDCAR 
TDCT 

CTE  (1) 

CTP  (i) 

TDDEI 
TDDP 

TDE  (PHE) 

PH  (!) 

PJ  (2) 

TDEE 

EEG/X  (!) 
EER/K  (H 

TDET 

ETT1/I  (1) 

ETTR/M  (1) 

TDPC 

ECC/G  (1) 

ECO  (1) 

PCO/E  (1) 


Nr.  Cys. 


Organization 
OTHER  POD  AGENCIES 
DDC 

Hq  USAREUR 
Army  Map  Service 
Mai  Intel  Dir  RDST 
U.S.  Army  (FSTC) 

Army  Security  Agency 
Harry  Diamond  Lab 
NOTS  China  Lake 
PAC  Msl  Range 


Nr.  C\ 


OTHER  GOVERNMENT  AGENCIES 


AEC  (Tenn) 

AEC  (Wash) 
NAFEC 

NASA  (ATSS-T) 


DISTRIBUTION  TO  BE  MADE  BY 

DIA  (DIACO-3)  j 

DIAAP-1C1  (1) 

DIAAP-1H2  (1) 

DIAST-A  (!) 

DIAST-5C  (1) 

U.S.  Navy  (ONR)  (!) 

0P922F2  (1) 

CIA  (SD)  (5) 

NSA  (CREF/CDB)  (6) 

AIR  FORCE  (Contld) 


TDF3F/R 

TDGS 

Set  #4  (FTD) 
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